Chapter 16
Waves-1I
Masatsugu Sei Suzuki
Department of Physics, SUNY at Binghamton
(Date: August 15, 2020)

1 Introduction

1.1 Types

There are two main types of waves.
(1) Mechanical waves

Some physical medium is being disturbed.
The wave is the propagation of a disturbance through a medium.

(i1))  Electromagnetic waves
No medium is required.
Examples are light, radio waves, x-rays. All electromagnetic waves propagate in
vacuum with the same speed ¢ = 3.0 x 10% m/s.

(ii1))  Matter waves (de Broglie wave in quantum mechanics). All microscopic particles
such as electrons, protons, neutrons, atoms etc have a wave associated with them
governed by Schrodinger’s equation.

1.2 General feature of wave

In wave motion, energy is transferred over a distance. Matter is not transferred over a
distance. A disturbance is transferred through space without an accompanying transfer of
matter. All waves carry energy. The amount of energy and the mechanism responsible for
the transport of the energy differ.

1.3 Transverse wave
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A traveling wave or pulse that causes the elements of the disturbed medium to move
perpendicular to the direction of propagation is called a transverse wave. The particle



motion is shown by the blue arrow, while the direction of the propagation is shown by the
red arrow.

1.4  Longitudinal waves

Compressed
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A traveling wave or pulse that causes the elements of the disturbed medium to move
parallel to the direction of propagation is called a longitudinal wave. The displacement of
the coils is parallel to the propagation. The sound wave is one of examples.

1.5  Phonon in the solid (quantum mechanics of lattice vibration)
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In solids, there are both longitudinal waves and transverse waves.

2 Traveling pulse

The shape of the pulse at # = 0 is shown. The shape can be represented by y = f(x).
This describes the transverse position y of the element of the string located at each value
of x at t = 0. The speed of the pulse is v. At some time, ¢, the pulse has traveled a distance
vt. The shape of the pulse does not change. The shape of the pulse at 7 is given by y = f(x-
vt).
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(a) Pulse at t=10 (b) Pulse at time ¢

For a pulse traveling to the right,

y(x,0) = f(x—vi).
For a pulse traveling to the left,

y(x,t)= f(x+vt).
The function is also called the wave function. The wave function represented the y
coordinate of any element located at position x at any time ¢. The y coordinate is the
transverse position. If # is fixed, then the wave function is called the waveform. It defines

a curve representing the actual geometric shape of the pulse at that time

((Example-1))
We consider the traveling of the Gaussian wave packet.

C(x- vt)’

Wt = éﬁ exp| ]

The Gaussian wave packet propagates along the x axis with the velocity v. The shape of
the wave packet remains unchanged.

Fig. Plot3D of Gaussian wave packet given by



w(x,t)= exp[—@] withv=1and 6=0.2
o
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((Example-2)) Propagation of wave packet along the x axis.
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Fig.  Plot of Gaussian wave packet

(xz_ "1 with v=1and o= 0.2
o

as a function of x, where ¢ is changed as a parameter, t =0 — 1 with Az =0.25.

w(x,t) = exp[-

((Note))
Propagation of the wave packet of the electron (Qquantum mechanics).

The dispersion relation of the electron is rather different from that of light and sound.
The energy is expressed by
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where % (= h/2m) is the Dirac’s constant and / is the Planck’s constant. In this case, the
probability of finding the wave packet at (x, ¢) is described by
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as a function of x, where the time ¢ is changed as a parameter.

Fig. The plot of |1//(x,t)

The position of center:

k,th
(x)=x, + ni .

The velocity of center

dt m o

The width of the wave packet increases with time ¢.

1 / *h?
Ax = 1+ —(Ak)*,
«/EAk m (A6)

where o= 1/A4k. The amplitude of the wave packet decreases with time ¢,

Ak 1

«/;\/ *h*
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The evolution of the wave packet is not confined to a simple displacement at a velocity vo.
The wave packet also undergoes a deformation.
The Heisenberg’s principle of uncertainty:

2

(AX)(AK) = f ”Z(Ak) [

3 Wave function of the traveling waves

A continuous wave can be created by shaking the end of the string in simple
harmonic motion. The shape of the wave is called sinusoidal since the waveform is that
of a sine curve. The shape remains the same but moves. We consider the wave function

y(x,t) = Asin[k(x —vt)] = Asin(kx — o) ,

for the travelling wave along the +x direction, where

k=2m/A, a)=27_zf=vk:27z%,

v=fA1, Tzl.

f




Note that y(x, ?) is the displacement, 4 is the amplitude, and (kx — wt) is the phase.

Fig. Plot3D of 4 sin(kx-awf) withA =1, A=1,v=1.4.
We also have a wave function given by
y(x,t) = Asin[k(x + vt)]

for the travelling wave along the (-x) direction.



Fig. Plot3D of 4 sin(kxtawt) with4A=1,A=1,v=14.

4 The speed of a traveling wave
The displacement y(x, ) must remain constant when the phase factor is constant.

@ = kx — ot = constant
We take the derivative of this equation, getting

Ozkﬂ—a)
dt

dx @
or

o =vk . (so- called dispersion relation)

5 Wave equation
First we calculate the following from

v(x,t) = Asin[k(x —vt)] = Asin(kx — o),

¥ = Ak cos(kx — wt) & =—Awcos(kx — wt)
Ox ot

62y 5 . ’ 82)} 5 .

—= =—Ak” sin(kx — wt =—Aw’ sin(kx — ot
Y ( ) o ( )
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Fig. Plotofyand v, at7=0, as a function of kx.

From these equations, we get
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In general, the wave function satisfies the wave equation given by

Dy (x,t) 1 Dy(x.t)
ox’ viooat
This applies in general to various types of traveling waves. y represents various
positions. For a string, it is the vertical displacement of the elements of the string. For a
sound wave, it is the longitudinal position of the elements from the equilibrium position.
For electromagnetic waves, it is the electric or magnetic field components.
The solution of this wave equation is as follows.

2 2
2
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We introduce new variables



So that the equation for i becomes

O’y
ocon

The solution obviously has the form

w = L&)+ f,(n)

where fi and f> are arbitrary function.

or
w= L=+ fot+D)
\% \%

The function fi represents a plane wave moving in the positive direction along the x axis.
The function f> represents a plane wave moving in the negative direction along the x axis.

((Another method)) using the Fourier transform

We use the Fourier transformation technique.

¥ (x,0) = ﬁ j ey (x,t)dt

Y (x, w)do

)= [e

2 0 2 2
0 Ly 1 je"”f[82\11(x,a))+”—2\1'(x,a))]da)=0
\%
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Then we have

2

9 W(r,0)+ ¥ (o) =0
ox



where k=2 (the dispersion relation)
v

The solution of this equation is

X
ti—

ot e v
Y(x,0)=g(0)——=g(0)——
where g(w) is an arbitrary function of @. Finally, we get

1 2 iw(tif)
v =2 [g@e "do
2r )

This is an arbitrary function of (x £ vt).

6 Wave traveling in the string (transverse wave)
6.1 Simple model: the speed of waves on strings

We consider a string symmetrical pulse moving from left to right along a string with
speed v. We consider a reference frame, in which pulse remains stationary.



Fig. The element of string (4s) under the tension 7 = Ts. OC =0B =R. The element
of string is denoted by thick green line. ZAOB=6. ZCBA=6/2. ZABD=6.




We consider one small string element of length As. The net force acting in the y
direction (vertical line, toward to the origin, centripetal force) is

F,=2T sin0~2T0.

Note that uAs is the mass of the element and that As is equal to 2R6. At the moment, the
string element As is moving in an arc of circle. We apply the Newton’s second law to
this element (centripetal force).

2 2

/JASVEZ F,=2T0, or ,UZRH%: F,=2T0

The velocity is obtained as

V= \/z (m/s)
Y7,

where tension: 7. (N=kg m/s?) and u (kg/m).

6.2 More general case

~
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T

Fig. A snapshot of s travelling wave on a string at time ¢. Tension 75 on the string
(denoted by thick green line).

Suppose that a traveling wave is propagating along a string that is under a tension 7s. Let
us consider one small element of length Ax. The ends of the element make small angle Ga
and & with the x axis. The net force acting on the element along the y-axis is



ZF} =T sin@, —T sinb,
=T (sin@, —sinf,)~ T, (tand, —tang,)

or
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where we use the Taylor expansion. We now apply the Newton’s second law to the

element, with the mass of the element given by m = pAx, |1+ (8

o’y
F,=ma, = ,quW
Then we have
o’y 3’y pud'y oy
L =T A, £y 27
phx ot o’ T o ox°

which leads to a wave equation given by

where

6.4  Energy density in wave motion

Although no matter is transported down the string as the wave propagates, the energy
is carried along by the wave with velocity v. As a piece of the string moves up and down
executing simple harmonics, it has kinetic energy as well as potential energy (because the

string is stretched like a spring).

The infinitesimal mass of the string is Am = pAx. The kinetic energy contribution AK

is given by



2
AK = lAmvy2 = yAxl(a—yj
2 2 ot

How about the potential energy? The potential energy AU is given by

2
AU = EM[O_J’J .
2 ox

The derivation of the potential energy will be given in the APPENDIX because of some
difficulty. Then the energy density is given by

2 2
AE=AK+AU=Ax[£(a—yJ +ﬁ[a—y) 1.
2\ ox 2\ ot

7 Average power for the sinusoidal wave on a string

Waves transport energy when they propagate through a medium. We can model each
element of a string as a simple harmonic oscillator. The oscillation will be in the y
direction. Every element has the same energy.

Each element can be considered to have a mass of 4m (= uAx). Its kinetic energy is
given by

4K = (Bmpy,” == (udsy,” =20 cos? ke~ )i

Note that y = Asin(kx — @) and v, = % =—Awcos(kx — wt) . Integrating over all the

elements, the total kinetic energy in one wavelength is

A 21
K, = IO dK = jo E,qua)2 cos’ (kx — awt)dx
Lol {11+ cos(2kx — 201)Jdx
2 2%
1 2 42
=—uw A4
e
The potential energy is given by

du = %(,uabc)a)zy2 = %,ua)zA2 sin’ (kx — ot )dx .

Integrating over all the elements, the total potential energy in one wavelength is



A a1 .
U,= jo dU = IO Eya)zAzsmz(kx—a)t)dx

1, 51
:E#A w ), [1—-cos(2kx —2wt)]dx

1 2 42
=—uw A1
i

Note that U, 1s exactly the same as Kj (equi-partition law of energy). The total energy in
one wavelength of the wave is the sum of the kinetic energy and the potential energy,

E,=K,+U, =2K, :%,ua)zAz/I.

The power transmitted by a sinusoidal wave on a stretch string is given by

E,1 1 2 42 ﬂ' 1 2 42 1 2 42 T 1 2 42
=2 =—puw' A" —=—puw' A v=—uw' A" |+ =—Jul.o" 4.
CmF 2 F Al M TV
((Example)) Problem16-26

A string along which waves can travel is 2.70 m long and has a mass of 260 g. The
tension in the string is 36.0 N. What must be the frequency of travelling waves of
amplitude 7.70 mm for the average power to be 85.0 W?

((Solution))
_0-26ke _ ) 0963kg /m
2.70m
T =36.0N
A=7.70x10"m

The velocity is given by

V= L =19.33m/s

Y7,

The average power is

The angular frequency is

®=1.24x10" rad/s,



or
f=198 Hz.

8 Reflection and transmission of waves
8.1 Reflection of a Wave, Fixed End

When the pulse reaches the support, the pulse moves back along the string in the
opposite direction. This is the reflection of the pulse. The pulse is inverted when it is
reflected from a fixed boundary.

Toneichei

punlse

" Rellected

B e
LR

R0 T iraci i

8.2 Reflection of a wave, free end
With a free end, the string is free to move vertically. The pulse is reflected. The pulse
is not inverted when reflected from a free end.

Incident
pulse - |

(bl

Reflected

Rl
o= pulse 1
e S _!.~

8.3 Transmission of a wave (I)



Assume a light string is attached to a heavier string. The pulse travels through the
light string and reaches the boundary. The part of the pulse that is reflected is inverted.
The reflected pulse has a smaller amplitude

Refleciod —

8.4 Transmission of a wave (II)
Assume a heavier string is attached to a light string. Part of the pulse is reflected and
part is transmitted. The reflected part is not inverted

Refleciod e— Transmmiiee] se—
pulse 5 pnlse

((Note))

Conservation of energy governs the pulse. When a pulse is broken up into reflected
and transmitted parts at a boundary, the sum of the energies of the two pulses must equal
the energy of the original pulse

9. Superposition of waves

If two or more traveling waves are moving through a medium and combine at a given
point, the resultant position of the element of the medium at that point is the sum of the
positions due to the individual waves. Waves that obey the superposition principle are
linear waves. In general, linear waves have amplitudes much smaller than their
wavelengths

(a) ===t o N

¥1 Y2

Two pulses are traveling in opposite directions. The wave function of the pulse
moving to the right is y1 and for the one moving to the left is y2. The pulses have the same
speed but different shapes. The displacement of the elements is positive for both
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Yyt Vo

When the waves start to overlap (b), the resultant wave function is y1 + y2. When crest
meets crest (¢) the resultant wave has a larger amplitude than either of the original waves

P— . | i, S b ey —
(d) g i i

The two pulses separate. They continue moving in their original directions. The shapes of
the pulses remain unchanged.

((Mathematica))
Superposition of two Gaussian wave packets traveling in the +x and —x directions

((Example-1))



Fig.  Plot3D of superposition of two Gaussian wave packets which is expressed by

2 2
v = exp[—w] + exp[—w] ,with =0.2 and v=1.
20 20

((Example-2))



Fig. Plot3D of superposition of two Gaussian wave packets which is expressed by

2 2
v =exp[— (x vzt) 1+ 2.5exp[— (x + vzt)
20 o

], with =0.2 and v=1.

Fig. Plot of y as a function of x, where ¢ is changed as a parameter. = -1 to 1 with Az
=0.1

10 Interference of pulse waves

Two traveling waves can pass through each other without being destroyed or altered.
A consequence of the superposition principle. The combination of separate waves in the
same region of space to produce a resultant wave is called interference



Constructive interference occurs when the displacements caused by the two pulses are
in the same direction. The amplitude of the resultant pulse is greater than either
individual pulse.

Destructive interference occurs when the displacements caused by the two pulses are
in opposite directions. The amplitude of the resultant pulse is less than either individual
pulse. When they overlap, their displacements partially cancel each other.

((Example))




Fig. Plot3D of superposition of two Gaussian wave packets which is expressed by

N2 2
v = 2.5€xp[—w] - exp[—w] ,witho=0.2andv=1.
20 20

11. Superposition of sinusoidal waves: phasor diagram
Assume two waves are traveling in the same direction, with the same frequency,
wavelength and amplitude. The waves differ in phase.

We consider the resultant wave of the two waves given by

v, = A, sin(kx — o)
¥, = A, sin(kx — ot + @)

The phasor diagram is shown in this figure. The wave y1 corresponds to the vector

—_—

OA=(A4,,0) and the wave )» corresponds to the vector OT4=(A1,0) and
OB = (A4, cos¢, 4, sin ).

Y

s} A

Note that the validity of the use of phasor diagram for this is discussed in the Appendix.

Then the amplitude of the resultant wave is given by ‘O_C"‘ and is calculated as

follows.

OB = (A4,cos@, A, sing)

04 =(4,,0)

oC = (4, + A4, cos @, A,sin @)

‘af‘ = \/(A1 + A4, cos ¢)2 + (A2 sin ¢)2

=A%+ A +24.4,5in



When ¢ = 0 (in-phase),

FC‘ becomes maximum. ‘&f =A1 + A>.

When ¢ = 0 (out-of-phase),

&f‘ becomes minimum. [OC :|A1 —A2|

We now consider the special case where 41 = 4> =A4. |OC|= Z‘OH ‘ =24 cosg .

(a) Constructive interference

When ¢ = 0, then cos (#/2) = 1. The amplitude of the resultant wave is 24. The crests
of one wave coincide with the crests of the other wave. The waves are everywhere in
phase. The waves interfere constructively.

(b) Destructive interference

When ¢ = 7, then cos (#/2) = 0. Also any even multiple of 7. The amplitude of the
resultant wave is 0. Crests of one wave coincide with troughs of the other wave. The
waves interfere destructively

(¢) Intermediate state.
When ¢ is other than 0 or an even multiple of 7, the amplitude of the resultant is
between 0 and 24. The wave functions still add

12. Standing waves in a string
We consider the wavefunctions for two sinusoidal waves having the same amplitude,
frequency, and wavelength but traveling in opposite directions in the same medium.

v(x,t) = Asin[k(x —vt)]+ Asin[k(x + vt)]
= 2 Asin(kx)cos(wt)

. 2 . . .
with k = o where A is the wavelength. The equation represents the wave function of a

standing wave. A standing wave is an oscillation pattern with a stationary outline.



The points of zero amplitude are called nodes;
x/A=0,1/2,1,,3/2,.....

The positions in the medium at which the maximum displacement occurs are called
anticode;

x/IA=1/4,3/4,5/4,.....

The distance between adjacent antinodes is equal to A/2. The distance between
adjacent nodes is equal to A/2. The distance between a node and an adjacent antinode is
A/4.




13 Resonance (standing waves in a string)

(a)

We consider a string fixed at both ends. The string has length L. Standing waves are
set up by a continuous superposition of waves incident on and reflected from the ends.
There is a boundary condition on the waves.

The ends of the strings must necessarily be nodes. They are fixed and therefore must
have zero displacement. The boundary condition results in the string having a set of
normal modes of vibration. Each mode has a characteristic frequency. The normal modes
of oscillation for the string can be described by imposing the requirements that the ends
be nodes and that the nodes and antinodes are separated by 1/4

P
h =

This is the first normal mode that is consistent with the boundary conditions. There are
nodes at both ends. There is one antinode in the middle. This is the longest wavelength
mode

1
~A1=L
%

A =2L



(d) <"

Consecutive normal modes add an antinode at each step. The second mode (c)
corresponds to A» = L. The third mode (d) corresponds to A3 = 2L/3
The wavelengths of the normal modes for a string of length L fixed at both ends are

A=2Lnwithn=1,2,3, ...

where 7 is the nth normal mode of oscillation. These are the possible modes for the string
The natural frequencies are given by

foy_m_n L
" A, 2L 2L\ u

14. Typical problems
14.1 Problem 16-21 (SP-16)

A sinusoidal transverse wave is travelling along a string in the negative direction of
an x axis. Figure shows a plot of the displacement as a function of position at time ¢ = 0;
the scale of the y axis is set by y, =4.0 cm. The string tension is 3.6 N, and its linear
density is 25g/m. Find the (a) amplitude, (b) wavelength, (c¢) wave speed, and (d) period
of the wave. (e) Find the maximum transverse speed of a particle in the string. If the
wave is of the form y(x,f) =y, sin(kx = ot + @), what are (f) £, (g) @, (h) ¢, and (i) the

correct choice of sign in front of @?



Vs
0 I 1 | I |
— 20 40
s
x (cm)

((Solution))
Since the wave travels along the negative x axis,

y =y, sin(kx + ot + @)

dy

—— =y wcos(kx + wt +
bl ( P)

1=2.50x10"kg/m
T =3.6N

a The amplitude: vy =5.00x107m
(a) p Vo

(b) The wavelength is 4 = 0.40 m. The wavenumber is

k:2—7[215.71/m
A

(c) The velocity is given by

V= E =12.0m/s
U

(d) The angular frequency w is
o = kv =188.5 rad/s

The period 7'is



T= 2z =0.033s
w

(e) The maximum transverse velocity is

y,0=943m/s

)  k :27”=15.71/m

(2) o =kv=188.5 rad/s
(h)  y=y,sin(kx+¢)
Atx=0m, y=4.00 cm

4.00cm = 5.00cmsin(¢)
sing =0.8
¢=0.927

(1) plus sign.

14.2 Problem 16-38 (SP-16): Phasor diagram
Four waves are to be sent along the same string, in the same direction:

v,(x,t) = (4.00mm)sin(2x — 4007)
V,(x,t) = (4.00mm)sin(2mx — 4007z + 0.7 )
V;(x,t) = (4.00mm)sin(2zx — 4007t + )

Vv, (x,t) = (4.00mm)sin(2mx — 4002 +1.77)

What is the amplitude of the resultant wave?
((Solution))

A=(4,0)

B =(4co0s(0.77),4sin(0.7 7))

C =(4cos(r),4sin(r)) =(—4,0)

D =(4cos(1.7x),4sin(1.77)) = (=4 cos(0.77),—4sin(0.7 7))

Then we have

A+B+C+D=0



The amplitude of the resultant wave is zero.

14.3 Problem 16-57 (SP-16): Standing wave
The following two waves are sent in opposite directions on a horizontal string so as to
create a standing wave in a vertical plane:

v,(x,¢) = (6.00cm)sin(4.00zx — 4007)
V,(x,¢) = (6.00cm)sin(4.00x + 40072)

with x in meters and ¢ in seconds. An antinode is located at point A. In the time interval
that point takes to move from maximum upward displacement to maximum downward
displacement, how far does each wave move along the string?

((Solution))

Ym=6.00 mm =6.00x 10> m
k=4.00 © (1/m)

® =400 1 (rad/s)

7=2% _ 54107
w
v=2= 4007 =100m/s

47

v,(x,t) =y, sin(kx — ort)
V,(x,t) =y, sin(kx + ot)

y =y, sin(kx —ot) + y, sin(kx + wt)
=2y, sin(kx)cos(wt)
=12.00 x 10”° sin(47x)cos(400t)

When cos(wt) changes from 1 to -1, it takes half the period (= 7/2).
We define the two phases for the two waves,

@, =kx— ot
@, = kx + ot

From the condition that both phases do not change

AP, =kAx — At =0



Ar=2LAr=vAr = v L 21002 x 1075 = 0.25m
k 2 2
Ad, = kAx+ wAt =0
Ar=—PAr= A= v L = 100x2x107s = —0.25m
k 2 2

One wave moves along the + x direction by 0.25 m, while the other wave moves along
the (-x) direction by 0.25 m.

—-0.010

APPENDIX-1

A. Derivation of the potential energy

Vibration and Sound

P.M. Morse second edition (McGraw-Hill, 1948, New Y ork)

The total force along the y direction for the element (x — x+4x) is given by

Fy =AxTY§.

Then we can imagine changing the string from the equilibrium form (y = 0) to the final
form by making its intermediate form be ky, where & changes from zero to unity. The
force on any element of string of the form ky is

2
ar S8
SOx

As we displace the string from equilibrium by changing £, the element of displacement is
ydk. The work required to bring this element of string into place is



1 2
0" (ky) o’y
AxT. dk:AxT kdk = — AxT
f o ky yf 5 Pl

0

Then the total work is given by

L 2 L 2 L 2
ol oy , 1 oy , 1 oy . 1 oy
vy Srasgrhtasym( 2 -2 e

0

by integrating by part. The first term is equal to zero since y = 0 at x = 0 and L. The
potential energy U is related to the work W by

1 toyY
U=—W=—7;j(—yj dx
2 "o\ox

Then the potential energy of the element (x — x+A4x) is

2
AU = ! —T (ay] Ax.
2 "\ ox
B Superposition of sinusoidal waves: (using the complex plane)

Assume two waves are traveling in the same direction, with the same frequency,
wavelength and amplitude. The waves differ in phase.

—ot+ 7) i(kx—at— )

y, = Asin(kr — ot) = Acos(kx — ot ——) Re[de "2 ]=Re[4e "]

. is i(kxfthrE)
v, = Asin(kx — ot + ¢) = Re[4e’e ]

y=y+y,=24 cos(g) sin(kx — ot + g)

. i(kx—wwf)
=Re[(4+ Ae”?)e ]

The resultant wave function, y, is also sinusoidal. It has the same frequency and
wavelength as the original waves. The amplitude of the resultant wave is 24 cos(¢@/2),
while the phase of the resultant wave is ¢/2.

We use the phasor diagram in the complex plane. As ¢ approaches 7, the magnitude
of the vector OQ becomes zero and the angle becomes 772.
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APPENDIX-II
W. Lawrence Bragg, Lecture on Waves and Vibrations
https://www.youtube.com/watch?v=pc93R2u3pjE

The reflection of waves is described and their expansion and compression is then
illustrated experimentally. Sir Lawrence demonstrated the effect of waves crossing each
other and explains this effect with the aid of models and animated diagrams. The Doppler
Effect is described and illustrated dramatically by means of ASDIC recordings. Finally,
Sir Lawrence considers and demonstrates the effect when a body is travelling through a
medium faster than the waves travel in that medium.

Waves and Vibrations - with Sir Lawrence Bragg



