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1. Electric potential
The electrostatic force is a conservative force. This means that the work it does on a

particle depends only on the initial and final position of the particle, and not on the path
followed. With each conservative force, a potential energy can be associated.

AK=W =-AU, (energy-work theorem)

where K is the kinetic energy and W is the work due to the electrostatic force (conservative
force). The potential energy U associated with a conservative force F is defined in the
following manner

W =F-dr=—dU .

To describe the potential energy associated with a charge distribution the concept of the
electric potential // is introduced. The electric potential } at a given position is defined as
the potential energy of a test particle divided by the charge g of this object:

U(r)y=qV(r).

Since F = ¢E , this equation can be rewritten as
W =qE-dr=—dU=—qdV

or
E-dr=-dV,

or

E = —EV =-VV
or

where VIV is the gradient of V.

For the Cartesian coordinate (x, y, z)
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V=e —+e —+e —
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For the spherical coordinates [ x = rsin @ cos @, y = rsin sin ¢,z = rcos 0 |

0 10 1 0
V=e _—+e,——+e,———
r 00 rsin@ o

" or
For the cylindrical coordinates [ x = pcos @, psin @,z = z |
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V=e, —+e ——+e —
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The unit of the electric potential is the volt (V) and The unit of the electric field is V/m.
1V=1J/C=1Nm/C.
IN/C=1V/m
A unit for the energy commonly used in physics is defined the electron volt (eV).
1 eV =(1.602176487 x 10" C)(1V) = 1.602176487 x 107'° J
ge 1s the charge of electron (negative charge) and is given
ge=-e

with e = 1.602176487 x 10!° C

((Note-1)) Relation between work done and potential energy (Work-energy theorem)

F =gFE
W:J.F-dr:qIE-drz—qIVV-drz—qV=—U

((Note-2))
We consider the work to move charge (¢>0) from infinity to a finite distance », where
the positive charge Q is located at » = 0.



AW = j(—F).(—dr)
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where F is the repulsive force, and is given by

Fo_49 :
dre,r

e

The displacement vector is

dr =dre, +rd0e, +rsinfdge,.

The scalar product is



4rg,r 4dre,r

Using the work energy theorem, we have

AW =-U=-9_
4dre,r

or

v=-9 gy y=--2
dre,r

Using the electric field E,

F =qE, U=gqV,

we have the final form for the electric potential,

V=- .[ E-dr
or
E=-VV.
((Note)) The path integral

E

Fig. Path integral I E-dr= I E ds along the path 1 52—3 and the path 3—>4—1



qSE-dr: I E -dr+ I E-dr
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We use the Stokes’ theorem for the path integral,
qSE-dr :j(vXE)-dr

Suppose that the electric field E is expressed by
E=-VV.

Leading to Vx E =0. Then we have
$E-dr=0
and

j E-dr=- I E-dr= I E-dr

1523 341 15453

Thus the path integral is independent of any path between the points 1 and 3.

2 Potential differences in a uniform electric field

We consider the two parallel conducting plates which are separated by a distance d. A
battery V' is connected between these two plates. The electric field £ is assumed to be
uniform.

V(d)-V(0)=-V =—E(d -0)=—Ed
or
V=Ed

Note that the direction of the electric field is from the higher electric potential to the
lower electric potential.
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((Example)) Walter Lewin: 8.02x-MIT Physics II Electricity and Magnetism (Chapter 5)

Suppose that the two parallel conducting plates are separated by a distance d. A battery
V'is connected between these two plates. The electric potential V is linearly proportional to
the position x: ¥=0atx=0and V'=10° V atx=d = 0.01 m. So the electric potential V is
given by

v =10°x (0<x<d).

as a function of x. The electric field is constant,



E=-Y _10°Vim,

! dx
The direction of the electric field is from the high voltage point to the low voltage point.
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The direction of the electric field (denoted by the green line) is along the negative direction.
The red line denotes the constant V" with V=0 — 1000 V. The equi-potential line with the
constant ¥ is perpendicular to the electric field E.



3. Electric potential due to point charges
The electric field due to a point charge ¢ is given by

1
E= %e
dre, r

r

V(r)—V(oo):V(r):—IE-dr:—.[ %e,-erdrz— 4 I:—zdr=4;g%
®© 0

“dng, r 4re,

0

where V(0)=0.

or
1l ¢ : :
Vir)=——-= (electric potential)
4re, v
((Mathematica))
Plot3D of the electric potential due to a positive charge located at x =y =0
((Mathematica))

Plot3D of the electric potential due to a negative charge located at x =-0.1, y=0and a
negative charge located at x = 0.1 and y = 0.



The electric potential at a point P in space due to two, or more point charges is obtained
from the superposition principle.

G ol
dre, ‘T T3

where r; is the distance from the point P to the charge g;.

In the case of a continuous charge distribution, the electric potential is the integral of
all the contributions from the point-like charge elements

1 r)dr'
V(r)= J‘ pr') -
4re, |r —-r |
4. Electric field and equipotential surface

Equipotential surface

The electric field lines are everywhere perpendicular to the equipotential surfaces.



If the points A and B are lie on the same equipotential surface, then by definition, we
have Va = I, or

AV =0.
The electric potential difference is described as
AV =-E-dr,

where dr is a displacement (= AB) that lies entirely on an equipotential surface (4V = 0).
leading to

E-dr=0

or, E must be perpendicular to the equipotential surface.
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Fig. The electric field line is perpendicular to the equipotential surface.

S. Electric potential energy
5.1 Two charges (proton and electron) Bohr model in a hydrogen atom



Q

q1

We now consider the potential energy of a system of the two charged particles. If V> is
the electric potential at a point P due to a charge ¢», the work an external agent must do to
bring a second charge g1 from infinity to the point P without acceleration is gi1/2. The
electric potential energy of a pair of point charges is given by

1 gq
U=qV,= B
4re, 1,

The hydrogen atom consists of a proton (a charge e) and an electron (a charge —). The
potential energy is given by

1 ¢

drg, r

U=-

where the electron rotates around a proton, with a radius ». U is negative since the
interaction is attractive.

The total energy of the electron is



2 2
E=K+U=dime-_L ¢ __ 1.1 ¢
2 dre, r 2 4ne, r
: v 1 € ) 1 ¢
since m—= — or my” = —
r  Arne,r dre, r

where 7 = rp is the Bohr radius; 78 = 0.529177 x 101" m.
E is negative and equal to -13.6 eV.

((Mathematica))
Physconst = {eV » 1.602176487 10™*°, qe » 1.602176487 107*°,
me » 9.1093821545 107>, rB - 0.52917720859 107, €0 -+ 8.854187817 107}

{ev—>1.60218x107"%, ge »1.60218x107"7,
me > 9.10938x 107!, rB»5.29177x10 ", €0 »8.85419x10 %}

1 1 e?

El= - |- il

2 47re0 rB
-
8 mrBel

El/eV /. Physconst

-13.6057

5.2 More than two charges

If there are more than two charges present, the potential energy of the system is
obtained by finding the energy of each pair of charges and then summing to obtain the total
energy. For three charges we obtain

U= 1 (%Q2+%%+%%)
4rg, 1, M3 5

q3

23
31
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I
a1 12



For g1, the electric potential V1 due to g2 and g3 and the potential energy U are given by
1
4me,\n, 1y
U =4 (@JFQJ: ! (qlqz +q3qlJ
dre,\ 1y, 1y 4rmey \ 1y 73
For ¢», the electric potential /> due to g1 and ¢3 and the potential energy U are given by
- L(ﬁ . &J
4y \ 1, 1
S (ﬁJF@J: ! (%qz +612613j
2
4rme\ 1, 1) 4w\ I3
For g3, the electric potential /3 due to g1 and g2 and the potential energy Us are given by
1
dmey \ 1y 1y
U - % (iJrgj: 1 (ngl +q2q3J
3
e\ 1) Ame,\ 1y I3

Therefore we get the potential energy for the three charges as

1 1 1
UZE(%VI +q,V, +q3V3)=§(U1+U2+U3): (%% LY E +q3q1)

& s F3 By

where the factor 1/2 is necessary since we count twice for each pair. In general case,
1 N
U= _qu‘Vi
2 i=1
for the N-charges system. This equation can be rewritten as
U= j oWV (r)dr
2

for the continuous system.

((Example)) Potential energy of sphere with constant charge density p .



The electric potential is given by

1

V(r):L(RZ—ErZ) (for r <R)

2¢,

(see APPENDIX). Then the potential energy is obtained as

Uzlpjf
0

P (R* - 1 r*)Axridr
27« 2¢ 3

0
T, 1
:—,02.[(R2r2 ——rdr
& % 3
47[ ZRS
15¢,
_ 30
207, R
1.0
4re (éR)
"6

2

The energy is proportional to the square of the total charge and inversely proportional to
the radius. We can also interpret this equation as saying that the average of 1/, for all

pairs of points in the sphere is 6/(5R).

6. Electric potential due to an electric dipole moment
Find the electric potential due to an electric dipole moment far from the dipole.
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Fig.  Finding the electrical potential }" at the point P.

(a) Approximation-1

Line BA is on the z axis. The positive charge is at (0, 0, @) and the negative charge is
at (0, 0, -a). We consider an electrical potential at the point P, due to the electric dipole
moment ( p = 2ga ).

r =r—acos, v, =r+acos@.

where 6 is an angle between the vector OP = r and the z axis. The electric potential due
to the electric dipole moment p = (0,0, p) is given by



o1 4_4
drng, r 1,

_ 1 9 _ 4q
4re, r—acos@ r+acosf
_q 1 B 1 )
A Lo 1+ Lcosd

r r

~ 1 [1+£c050—(1—£cosﬁ)]
drg,r r r

= pzcosH
4reyr

or

V= p3r0050=

TE ¥

P

where p=(0,0,p) and p-¥=p-r=prcosd. p=2qa . Using the electric potential given
by



V:pcosé’

Ay’

the electric field can be expressed by

o 3 3 3 .
S =——= pzxs = fzx N P 3 sinfcos b,
ox Areyr”  Angy(z”+x7) 4meyr
L4
Oz
P 322 B 1 ]
472'80 (22 +x2)5/2 (ZZ +x2)3/2
p )
= 3cos"0-1
dre,r’ ( )

Note that in the polar coordinate

E=-VV(r,0)
oV 1oV 1 oV
=e Ty e
or r 06 rsin@ o¢
ov 1oV
= — r__eg__
or r 060
leading to
_ oV _2pcost __lor _psiné
o dmeyr o0 Amsy’
since
oV

0g



E =FE cos@—-E,sind
_2pcos’@ psin’0

drgr  Amer”
_ p(3cos® O-1)
Are’

p (Bz*-r")
drg, 1

E =FE sinf+E,cosd
_3psinfcost
dre,r’

p_3zx

dre, 1’

1
When cos@ = i—3, E_ becomes equal to zero.

In general case, the electric field due to the electric dipole moment can be expressed by

1
3(p-e)e. —
4m90r3[ (p-e)e —p]

E =

- Bp-rr—rip
dre,r
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Electric field of the electric dipole moment p at the origin.
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Fig.  Electric field due to an electric dipole moment (Purcell and Morin). E.M. Purcell
and D.J. Morin, Electricity and Magnetism, 3" edition (Cambridge, 2013).

((Mathematica))



Electric field produced by an electric dipole moment

P
Clear["Global *"]; Vi[r_, & ] := — Cos[Z] ;
4mtedr

z
r2xRule = {r-> \/ x2+y2+ 22 , 6 ->ArcCos[ ],
A\ x2+y?+ 22

¢ -» ArcTan([Xx, y] };

V2D1 =V1i[r, 6] /. r2xRule/.y-» 0 // Simplify;
rulel= {P->1, €0 1};
V2D11 = V2D1 /. rulel;

Ex1 = -D[V2D11, x] // Simplify;
Ez1l = -D[V2D11, z] // Simplify;

gl = Contour‘Plot[Evaluate[Table[VZDll =a, {a, -1, 1, 0.01}]11],
{X: ‘4_’ 4}: {Z: ‘4: 4}:
ContourStyle -» Table[ {Thick, Hue[0.03i]}, {i, @, 60}],
RegionFunction - Function[{x, z}, x*+2?>0.2]];



g2 = StreamPlot[Evaluate[{Ex1, Ez1}], {x, -4, 4}, {z, -4, 4},

RegionFunction - Function[{x, z}, x*+2* > @.2]];

g3 = Graphics[{Blue, Thick, Arrowheads[0.05],

Arrow[{{0, -0.4}, {0, 0.4}}],

Text[Style["p", Italic, Bold, 15, Black], {0.3, 0}1}1;
Show[gl, g2, g3, PlotRange - All]
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(b) Approximation-2: Calculation using the Legendre generating function

where



1 1 1 1

"o N+ —2arcosd r\/

1+(%2-2%cos0
r r

1 1 1 1

", Na® +r? +2arcosd ’”\/

1+(*?+2%0s06
r r

We use the generating function of the Legendre function,

1 o0
1,xX)=——=Y P ()"
8() N1=2xt+¢1 ; ) for |t| <1

= P(x)+ P(x)t + B(x)t* + B(x)t’ +..
where x = cos @, t = a/r, Pu(x) is a Legendre polynomial.

B(x)=1
R(x)=x

R0 =G5 -1
P(x)= %x(sz -3)
P(x)= %)6(35)(4 —30x” +3)

P(x)= éx(63x4 —70x" +15)

Then we have

_q d 1
V= 4rs, (rl r2)
=3 T A[R(x)+ @)+ B(0)E + P +.1-[B(=x) + B(~x)t + B(~x)* + B(~x)F* +..]
TE,
=3 T A[B(x)+ B+ B,(0)E + P +.1-[B(x) = B(x)t + B(0)E = B(x)E +..]
TE,T

9 [Pl(cos9)£+P3(cosé?)(gj +P.5(cosé?)(ﬂj +...]
2re,r r r r

&y

The first term (and the dominant term for 7>>a) is



_ 2aq B(cosd) p B(cost) 1 pcost

2 - 2 - 2
drs, r drg, r drg, r

V=—9[B(cos®)“]
2rgyr r

which is the electric dipole potential and p = 2agq is the electric dipole moment.

7. Electric potential of the electric dipole (general case)
The electric potential of the electric dipole is given by

1 r-
V(r)= P
drg, r

The entire electric potential at point r is obtained by summing the contributions from all
parts of electric dipoles at the point r’,

~r)-P(r)

r=r

V)= 4715 I(r

where P is the electric polarization vector. Using the relation

1 r—r'

v: 3
|r—r| |r—r'|

'

we have

1 1
V(I‘):EIP(I‘V)'VYWCPI"
0

Note that
vi PO L g pey Py v
|r—r'| |r—r'| |r—r'|
or
P(rl).vl 1 :vl.P(r')_ 1 VI'P(r|)
|r—r'| |r—r'| |r—r'|

Thus we get



 P(r)
[r=r

—_L L ' N30 1 3.
V(r)= 47z50'f|r—r'|v P(r'Yd'r +47z<90 IV d’r

1 1

— 1 N30 1 P(rV) X [

- 4rs, |r—r'|v Prdr +47z50'f|r—r'| da

:_L 1 V!.P(rv)dBrv+ 1 jp(r')'n'dav
4rg, |r—r'| 4rg, |r—r'|

The volume charge density is defined by
V-P(r)=-p,(r),

The surface charge density is defined by
P(r)-n=0,(r)

Thus we have

1 o,(r") 5, 1 o,(r") .,
V(r)_47zgoj|r—r'|d ’ Jr47zgoj|r—r'| da

7. Electric potential due to ring

L

X

Charge Q is uniformly distributed on a ring of radius a. Determine the electric potential
at a point on the axis of the ring a distance z from the center.

yo 1 0

4rney Nz +a’



The electric field E is directed along the z axis.

oV 0O d 1 0 z
E =—=- - = N SVp/2
0z 4re, dz \/22+a2 4re, (z +a)3
g,
ox
E--Y_9
7 ox

8. Electrical potential due to disk
(a) Simple case

A disk of radius (a) carriers a uniform surface charge density o. Find the potential on
the axis at point A, a distance z from the center.

X

dV - 1 o2mdr
4rey Nz + 17
1 ¢ o2mdr o ¢ rdr
V= - J'
Ame, N 417 283N 417

= i(\/ 2 +a’ —|z|)
2¢,



The electric field E is along the z axis.

For z>0, we have

g =" ——2—7(\/z +a’ —z)

Oz

_ O

1
( \/zz+a2 9

For z<0, we have

E =- g ———[\/Z +a’ +z]]

62 2¢, dz




((Mathematica))

L3 r
-J-—d.r.-"a"
o

Simplify[#, {z€ Reals, a>0}] &

‘\;'Iaﬂ""+zﬂ"" —Abs|[z] .
(b) The application to the calculation of the electric potential due to sphere
(outside)

We show that the electric potential V' (outside the sphere charged with Q) is given by

V_Q

Arer

In the previous calculation, we choose the following replacement in the the calculation of
V due to the disk.

z—=>(r=9),
a—> R -7,
o - pdg




or

-

Then we have an electric potential outside the sphere (radius R),

V=jdV=L%N(r—;)zmz—gz—(z—;)]

= A=) + R =& = (2= )]

P
2¢,
ﬁ [dcyr —20r+ R = (z— )]

-R

_P2R_pR_ 0
26, 3r &, 3r 4drng,r

((Note))

This is a good lesson for the calculation of V. Through this calculation, we realize that
it is much easier for one to calculate the electric field first using Gauss’ law. Then the
electric potential can be calculated from the integral of electric field.

((Mathemtatica))



Simplify[#, {z>0, R> 0, z>R}] &

2R3
3z 1

9. Electric potential due to spherical shell
A spherical shell of radius R carries charge Q uniformly distributed over the surface.
Determine V inside and outside.

A spherical shell of radius R carries charge Q uniformly distributed over the surface.

1
Determine V inside and outside. For 7>R, we have V' = Y . For r<R, there is no charge.

4re, v
So we have E = 0 (Gauss’ law). leading to E:—aa—Vzo. V' should be constant
r
1 0 . .
(V:4_E) inside the shell. Note that V' should be continuous at » = R (boundary
&

condition). The potential inside a shell is equal to the potential at the surface of the shell.

((Mathematica))



10.
10.1

1
£=If[x<1, 1, G]+If[x>1, .y D];
X

Plot[£f, {=x, 0, 6},
PlotStyle - {Red, Thick},
PlotRange - {{0, 6}, {0, 1}},
AxesLabel > {"x/R", "V/(Q/4me0R) "},
Background -+ LightGray]

V/(Q/4melR )
1.0,
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Electric potential due to sphere
Direct calculation of the electric potential (method-1)



An insulating sphere of radius R has uniform volume charge density p. Determine the
potential everywhere. Later we realize that the method-2 (using the Gauss’ law) is much
easier than the method-1. The method-2 will be shown after this discussion.

For >R, we have the electric potential given by

yo Lo _ 1 147pR*  pR* R
drne, r dme,r 3 3801’.

The electric field is directed along the radial direction.

p_ W _ 10

r

o dme, 1t
For r<R, the charge within a sphere (radius r) is

- 4m” 4 P
Q = p = Q 3 = Q 3 -
3 3 4nR R
3
Then the electric potential V; arising from the part within » (0 — r)

1 0 1 147R°p _pR® 'R

14 (2—)
).

- 4dreg, r - dre,r 3 6¢,



The electric potential > arising from the charge between  and R, is calculated as a sum
of the shell (»’ — »’+dr’) (r<r’<R). We note that the potential inside a shell is equal to the
potential at the surface of the shell.

out[8]=

Fig.  Sphere (blue) with radius ». Sphere (black) with radius R. Spherical shells (regions
between spheres with black and brown, brown and green, green and red, red and
blue), and so on are schematically shown.

Then we have

dv, = L—,0(47z7f‘2 dr'),
4rg, r
or
t p(4m)dr' _P = P (R,
v, = =—(R -r).
: 47&90'!. r' J. 26‘0( ")

Thus the resulting electric potential is

2
V=V +V,=2 1+ L (R~
3e, 2¢,

_p’ pt PR prt pR

3¢, 2¢, 2¢, 6g, 2¢,
o
6¢, R’



V/(pR%/6¢0)
3.0,

2.5}
20
L}
10

05]

0.0

10.2 Method-2 (using the Gauss’ law)
The electric field E is given by

ot = 0 3 for >R.
dre,r
in = o 3 for 0<r<R
4me R

Then the electric potential inside the sphere is

R r
vV =-[E,dr—[E,dr
0 R
R r 3
:_I g 2dr__[ 1 2Q7”3 dr
© dme,r w4rne;r’ R
R r
=—J-L2dr—.[ 1 Q—:dr
© dre,r w4ne, R
_ o3
4me, 2R 2R’
PR
6¢, R’

11. Electric potential due to a charged rod (case-I)

0 1 2 3



X x+dx

A total charge Q is distributed uniformly along a straight rod of length L. Find the
potential at point P at a distance 4 from the midpoint of the rod. The potential at P due to a
small segment of the rod, with length dx and charge dQ, located at the position is given by

1 d0 1 Jdx

dv = =
472'80 \/xz + h2 472'80 \/xz + h2

with the line charge density A = Q/L

L2 L2
A dx

ane, LJ./ZVX P+ h’ 27ng0 j«/x Ptk

0 ln[L+«/4hz +L2]
21Le, 2h

V:jdV_

((Mathematica))



L/ 2 1
j‘ —_—dx //
° Y %2 + h?

Simplify[#, {L>0, h>0}] &

L+%4 h2 + L2 ]

Log|
J Z2h

12. Electrical potential due to a charged rod (Case-II)
A rod of length L has a uniform linear density A. Determine the potential at a point P
on the axis of the rod a distance from one end.

- = L
0 x  x+dx L L+d
L
v=[dv = l [ G S R A [ 1n(d+Lj
dreyy L+d —x 4re, 4re, d

13. Electric potential due to a circled wire

A rod with uniform linear charge density A is bent into the shape above. Find the
potential at the center for this configuration. We use the above results. Then we have



A (R+Rj 1 Az(2R) 1 An(R)
In + +
4re, 2R 4re, R

14. Method of images
(a) A point charge near a conductor plane

We assume that there are two point charges as shown in this figure. The distance
between the two point charges is 2a. We notice that the plane, since it is halfway between
the two charges, has zero potential. This implies that the right-half plane picture is the same
as that obtained from a point charge in front of a conducting sheet.

*q 4 4

a a
E
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Fig. 6-10. The field of a charge near a plane conducting surface, found by the
method of images.

(Feynman Lectures on Physics)

P

3,

-2+

We consider a point on the conducting sheet at the distance p from the point directly
beneath the positive charge. The electric field at this point is normally to the surface and is
directed into it. The electric field resulting from both the positive point charge and the
negative point charge is normal to the sheet and is given by



2aq
drg,(p’ +a’)

E(p)=

3/2

From the Gauss’ law, the surface charge density is given by

2aq
472_(p2 +a2)3/2 .

a(p)=&,E(p) =
We note that the total induced charge is - g as it should be.

j o(p)2mpdp =—q

0

We show the ContourPlot of the normalized surface charge density which is given by

_op) 1
( q j_ x* yz 3/2
s —+ 5 +1
2t (a2 a’ )

Fig. ContourPlot of the normalized surface charge density in the (x/a, y/a) plane.

((Mathematica))
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(b) A point charge near a conducting sphere

We find the fields around a conducting sphere which has a point charge near it. Now
we must look for a simple physical situation which gives a sphere for an equipotential
surface. As shown in this figure, the field of two unequal point charges has an equipotential
that is a sphere. If we choose the location of an image charge- and pick the right amount of
charge- may be we can make the equipotential surface fit our sphere.
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Fig. Electric field lines for @ = 1, b = 3, ¢ = 3, and ¢'= —¢g(a/b) =-1. The zero-

equipotential surface exists as a sphere of radius 1 centered at x =0 and y = 0. The
charge of (¢ = 3) and the charge (¢’=-1) are located at x = 1/3 and x = 3, respectively.

Fig. The point charge ¢ induces charges on a grounded conducting sphere whose fields
are those of an image charge ¢’ placed at the point shown. AP =71, P’A =1, OA =
a,OP=b, 0P’ =d?/b,q’ = (-a/b)q. We choose b=3,a=1,9g=3,q’=-1. OP’ = 1/3,
OA =1, OP = 3 in the above figure (using Mathematica).

Assume that one wants the equipotential surface to be a sphere of radius a with its center
at the distance b from the charge. Put an image of the strength ¢'= —(a/b)q on the line

from the charge to the center of the sphere, and at a distance a?/b from the center. The
sphere will be at zero potential.

The mathematical proof'is given as follows. The potential V' at P from ¢ and ¢’ is given
by

V:L(g +i) .
dmg, b

The potential will be zero at all points for which

4.9 g o Lod

h n h q

If ¢’ is placed at the distance OP* = @*/b from the center, the ratio (2/r1) has the constant
value a/b.
In fact, suppose that AAOP is similar to APOA . Then we have

oP

AP'_o04 _oP B
AP OP 04

a
n b a

or



2
a '

OPZE and % =——

What is the attractive force between the point charge ¢ and the conducting sphere? This
force is equal to the attractive Coulomb force between ¢ and ¢’.

1 qq' 1 abq’

“4ze, PP dme, (B —a)

(©) A conducting sphere in the presence of a uniform electric field
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How does the electric field change when the conducting sphere (radius a) is put in the
uniform electric field Eo along the x axis. Suppose that this electric field is generated by
two point charges of O at x = -R and —Q at x = R. The electric field at the sphere is
20/(47&R?). In the limit of R—0, the field is parallel to the x axis.



20

° 4 R?

Now we consider the image charges of Q at x = -R and —Q at x = R, concerning the

conducting sphere. The image charges ( + Q%) are located atx = +a° /R . Then these

image charges form an electric dipole with the electric dipole moment,

_20ad’ 204 A4ng,RE’
R R F R’

_ 3
=4rs E,a

The electric potential of the electric dipole moment is given by

3 3
Vd[pole = 2 2 OSH = EO?
dre,r 4re,r r

cosd

From the superposition principle, the resulting potential is a sum of Vaipole and original
uniform field (Eo) along the x axis,

3 3
a a
C—cos6 + const= E (- +—)cosd + const
r

2
r

v

tot

=-FEx+
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Fig. Electric field distribution near a conducting sphere in the presence of a uniform
electric field. a = 3 and Eo = 1. The electric field should be zero everywhere inside
the sphere.

15. Typical examples
15.1 Problem 24-22 (SP-24)

In Fig.(a), a particle of charge +e is initially at coordinate z = 20 nm on the dipole axis
through an electric dipole, on the positive side of the dipole. (The origin of z is at the dipole
center.) The particle is then moved along a circular path around the dipole center until it is
at coordinate z = -20 nm. Figure (b) gives the work W, done by the force moving the
particles versus the angle @ that locates the particle. The scale of the vertical axis is set by
Was= 2.0 x 10° J. What is the magnitude of the dipole moment?



6 = 0 6
b3 =
gﬁ _ﬂ/(lx

(a) (®)
((My solution))
R=20nm

yo__pr _ pRcos®  pcosd

" Agey’ Ang,R 4ne,R’
U=eV, = epcosf’
4re R

U can be rewritten as
U=W cod)

where

=—L _—40x107
- 4rg R

Then we have

W _4ng,R’
P

=1.11114x 10°° Cm

15.2 Problem 24-30 (SP-24)

Figure shows a thin plastic rod of length L = 12.0 cm and uniform positive charge Q = 56.1
fC lying on an x axis. With V' = 0 at infinity, find the electric potential at point P; on the
axis, at distance d = 2.50 cm from one end of the rod.



((Solution))
0 =156.11{C
d=2.50cm
L=12.0cm
L0

L

4rs,

4rs,

- 4re,L

R FFFFFFFFF FIX

[y 0 P P—

Adx
d+x

/Ij dx

In(

A
= In(d + x)]}
d+x 4nrg, [In( Do

d+ L
p, )

0

7.39mV

lmd;an

15.3 Problem 24-114

A point charge g1 = +6.0e is fixed at the origin of a rectangular coordinate system, and a
point charge g2 = -10e is fixed at x = 8.6 nm, y = 0. The locus of all points in the xy plane
for which V= 0 (other than infinity) is a circle centered on the x axis, as shown in Fig. Find
(a) the location x. of the center of the circle and (b) the radius R of the circle. (c) Is the xy

cross section of the 5 V equipotential surface also a circle?



((Solution))

qi=6¢e

qg2=-10¢

a = 8.6 nm

e=1.602176487x 10° C Charge of electron

(a) and (b)
The electric potential V is equal to zero,

V — ql 4 qZ — O
drey  Ameyr,

or

h_ 4%

r 9,

Noting that



n=Axt )
v =q/(x—a)2+y2

i_?’

q, 5

we have

25 +y*) =A(x—a) +)°]

or

8 16

or

9 9a Y’ 9 9a\’
‘v oax 4| — | ]+ =+—a’+| —
[+ gax (16j] T (16%

This is the circle of radius (15a/16) at the center (-9a/16, 0).

(c)
__4 n 4 _ 4, _ |q2|
dreyr,  Amsr, 47r£0\/x2 +y° 47r50\/(x —a)’ +y’
_ 4 _ |q2|
¥ 2 y 2 ¥ , y 2
drsya,|| — | +| — 4rgy,|(—=1)"+| —
a a a a
4 4

e Je-vrg

where
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16.  Hint of HW-24

16.1 Problem 24-11 ***

A nonconducting sphere has radius R = 2.31 cm and uniformly distributed charge g = +
3.50 fC. Take the electric potential at the sphere’s center to be Vo = 0. What is V" at radial
distance (a) » = 1.45 cm and (b) » = R.

((Solution))



q=47” R =3.50 fC

R=231cm

Gauss’ theorem

E(4m™)=—L 3%
4re, 3
E=Fr"
3e,
V = —J-ﬂdr
0 3&0

16.2 Problem 24-33***
The thin plastic rod shown in Fig has length L = 12.0 cm and a nonuniform linear charge

density 1= cx’, where ¢ = 28.9 pC/m?. With V' =0 at infinity, find the electric potential at
point P on the axis, at distance d = 3.00 cm from one end.
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((Solution))
L=12.0cm
c=28.9 PC/m?
d=3cm
J!
T‘PL,
D
" A dx |
P
I S X
le d ote—o I _—I
L
_ 1 jidx _ 4 ln(a’+L)
dre, v d+x  4re, d

16.3 Problem 24-56

Figure a shows an electron moving along an electric dipole axis toward the negative side
of the dipole. The dipole is fixed in place. The electron was initially very far from the
dipole, with kinetic energy 100 eV. Figure b gives the kinetic energy K of the electron
versus its distance » from the dipole center. The scale of the horizontal axis is set by rs =
0.10 m. What is the magnitude of the dipole moment?
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(b)
((Solution))
rs=0.1m
Intial kinetic energy Ki= 100 eV atx =
po pr _(pd)r  —px
dreyr®  Ameg’  Ameg?
When r=x
drex’  Amex’
The potential energy is given by
ep
U=(—e) =
) dre, X
APPENDIX-I Van der Graaff generator

R.A. Serway and J.W. Jewett, Jr. Physics for Scientists and Engineers, 8™ edition
(Brooks/Cole, 2010).
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The charge is deposited
on the belt at point & and
transferred to the hollow
conductor at point .

In 1929, Robert J. Van de Graaff (1901-1967) used this principle to design and build
an electrostatic generator, and a schematic representation of it is given in Fig. This type of
generator was once used extensively in nuclear physics research. Charge is delivered
continuously to a high-potential electrode by means of a moving belt of insulating material.
The high-voltage electrode is a hollow metal dome mounted on an insulating column. The
belt is charged at point A by means of a corona discharge between comb-like metallic
needles and a grounded grid. The needles are maintained at a positive electric potential of
typically 10* V. The positive charge on the moving belt is transferred to the dome by a
second comb of needles at point B. Because the electric field inside the dome is negligible,
the positive charge on the belt is easily transferred to the conductor regardless of its
potential. In practice, it is possible to increase the electric potential of the dome until
electrical discharge occurs through the air. Because the “breakdown” electric field in air is
about 3 x 10° V/m, a sphere 1.00 m in radius can be raised to a maximum potential of 3 x
10° V. The potential can be increased further by increasing the dome’s radius and placing
the entire system in a container filled with high-pressure gas.



The electric potential V" of the Van der Graaff generator is given by

__ 9
Are,R’

where Q is the surface charge of the conducting sphere (radius R) for the Van der Graaf
generator. The electric field £ is expressed by

Y
A, R’

or
V=ER.
The capacitance C is given by

C=4m,R.

For the Earth, C = 708.981 uF. For the Sun, C = 0.0774393 F. For the Van de Graaff, C =
700 pF (for R = 0.27 m).



Suppose that £ =3 x10° V/m.
V=ER=(3x10°)R

Using this relation, we have

R V
3mm 10 kV
3cm 100 kV
30 cm 1 MV
3m 10 MV

APPENDIX-II
The electric potential from a uniformly charged sphere
(Griffiths Example 2.8)
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We find the electric potential of a charged sphere of radius R, which carries a uniform
density o . The electric potential at the point P is given by

I P 5
V(z)= ~d’r
@) 4re, -[r'

where



&r =1 sinOdrdOd

r':\/rz +2z* —2rzcos®

0
r= 4—”R3
3

2
Noting that _[ d¢ =2r, we have
0

J- r2drsin 0d 6
\/r 2 _2rzcosb

V(z)=

Using the integral formula

sin8d 6 :L[,,+Z_|r—z|]

'[\/r +z°—2rzcos@ 1z

we get

R
V(z)= 458 27Z'J.7'2dI”L[F +z-— |r - Z|]
0

0 rz

(a) z>R (outside the sphere)

V(z) = 4/’

R
2ﬂjr2er[r +z—(z-r)]
TEy % rz

—L4—”Tr2dr
dre, z
p 4r R’

- 4re, z 3

0

4re,z

(b) z<R (inside the sphere)
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APPENDIX-III: Lightning rod

A lightning rod (US, AUS) or lightning conductor (UK) is a metal rod mounted on a
structure and intended to protect the structure from a lightning strike. If lightning hits the
structure, it will preferentially strike the rod and be conducted to ground through a wire,
instead of passing through the structure, where it could start a fire or cause electrocution.
Lightning rods are also called finials, air terminals or strike termination devices.

In a lightning protection system, a lightning rod is a single component of the system.
The lightning rod requires a connection to earth to perform its protective function.
Lightning rods come in many different forms, including hollow, solid, pointed, rounded,
flat strips or even bristle brush-like. The main attribute common to all lightning rods is that
they are all made of conductive materials, such as copper and aluminum. Copper and its
alloys are the most common materials used in lightning protection.
https://en.wikipedia.org/wiki/Lightning_rod

Now, suppose two metal spheres with radii 4 and 7, are connected by a thin conducting

wire, as shown in Figure 1.

Q2 . \

Fig. Two conducting spheres connected by a wire.



Charge will continue to flow until equilibrium is established such that both spheres are at

the same potential ¥, =V, =V . Suppose the charges on the spheres at equilibrium are ¢,

and ¢, . Neglecting the effect of the wire that connects the two spheres, the equipotential
condition implies

= s =t Vi=h=V
TIE T, 4re,r,
or

4 _%

I8 I

assuming that the two spheres are very far apart so that the charge distributions on the
surfaces of the conductors are uniform. The surface charge densities on spheres 1 and 2
are related to the charges g1 and ¢> as

The two equations can be combined to yield

2 2
1, O, v, O
171 72 72 or ]/10'1:]/'202207'
h 7

The surface charge density O is inversely proportional to the radius 7. It is concluded
that the regions with the smallest radii of curvature have the greatest O . Thus, the
electric field strength on the surface of a conductor is greatest at the sharpest point. The
design of a lightning rod is based on this principle.
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((Feynman))

R.P. Feynman, R.B. Leighton, and M. Sands, The Feynman Lectures on Physics vol. II
(Basic Books, 2010).

We would like now to discuss qualitatively some of the characteristics of the fields
around conductors. If we charge a conductor that is not a sphere, but one that has on it a
point or a very sharp end, as, for example, the object sketched in Fig., the field around the
point is much higher than the field in the other regions. The reason is, qualitatively, that
charges try to spread out as much as possible on the surface of a conductor, and the tip of
a sharp point is as far away as it is possible to be from most of the surface. Some of the
charges on the plate get pushed all the way to the tip. A relatively small amount of charge
on the tip can still provide a large surface density; a high charge density means a high field
just outside.



Fig.1 The electric field near a sharp point on a conductor is very high.

One way to see that the field is highest at those places on a conductor where the radius
of curvature is smallest is to consider the combination of a big sphere and a little sphere
connected by a wire, as shown in Fig.2 It is a somewhat idealized version of the conductor
of Fig.1. The wire will have little influence on the fields outside; it is there to keep the
spheres at the same potential. Now, which ball has the biggest field at its surface?

Qp

Qa



Fig.2 The field of a pointed object can be approximated by that of two spheres at the same
potential.

The electric potential is the same when two spheres are connected with a wire,

0, _ 0
dre, R, 4re R,
or
OR, _ OR,
47R;} 4nR}
or
Ro,=R,0,
where
A,=47R/, A, =47R; .

Noting that the electric field is

EA = ﬂ ’ EB = ﬁ
80 80
we have
RAEA :RBEB

Thus the electric field becomes large when the radius of curvature becomes small.

APPENDIX-IV Van de Graaff generator and standard value of electric field
for air dielectric break down
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Although air is normally an excellent insulator, when stressed by a sufficiently high
voltage (an electric field of about 3 x 10° V/m or 3 kV/mm), air can begin to break down,
becoming partially conductive. Across relatively small gaps, breakdown voltage in air is
a function of gap length times pressure.



Schematic diagram of the van de Graaff. R = 0.3 m. C = 33.4 pF. The standard

Fig.
value of air dielectric breakdown is 3kV/mm = 3000 kV/m=3MV/m).

The voltage and the electric field of the Van de Graaff;

__ 9
dre, R

E= O >
4mg,R

V =ER
The capacitance:
C=4mg,R

When R=0.3m, C=334pF.

For E =3x10°V/m = 3000 kV/m (which is the breakdown electric field of air),



V=3x10°V =300 kV, 0 =10 pC.

REFERENCES

R.A. Ford, Homemade Lightning, Creative Experiments in Electricity, 3 edition
(McGraw-Hill, 2002).

APPENDIX

—-q

Here we find the electric potential at the point P(x,z) due to the electric dipole moment
with p = 2qd . We also find the expression of the electric field at the point O(x,0).

Electric potential from the electric dipole moment:

For X* >> (d —Z)2 and x° >> (d +Z)2 , the distances between the electric dipolements
and the point P(x,z);

_ 2

ro=~(d-2)" +x° zx,/1+(dx22)
(d+z)

ro=d+z)+x* ~x I+T

or
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2x

r =

2
r+ zx_'_@
2x

where

r.o—r zi[(a’—z)2 —(d+2)°]
2x
_2:d

X

The electric potential:

Vo)=L

nE, ¥, T

q
~ r—r
drgx’ (r=r)

__pz
4rg,x°

where p =2qd . Thus the electric field is obtained as
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