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1. Overview

Around 1900, Drude (Paul Karl Ludwig Drude) improved the theory of classical conduction
given by Lorentz. He reasoned that since metals conduct electricity so well, they must contain free
electrons that move through a lattice of positive ions (the discovery of electron by J.J. Thomson in
1897). This motion of electrons led to the formation of Ohm’s law. The free-moving electrons act
just as atomic gas; moving in every direction throughout the lattice. These electrons collide with
the lattice ions as they move about, which is key in understanding thermal equilibrium. The
average velocity due to the thermal energy is zero since the electrons are going in every direction.
There is a way of affecting this free motion of electrons, which is by use of an electric field. This
process is known as electrical conduction and theory is called Drude-Lorentz theory;
Conventionally we call the Drude model here.

In Modern Physics (Phy.323 in Binghamton University)) and Solid State Physics
(Phys.472/572 in BU) of the undergraduate physics courses in U.S.A., it is taught that the electrical
resistivity of metal can be explained in terms of the quantum mechanical model (Sommerfeld
model) that the electrons are fermions and obeys the Fermi-Dirac statistics. In this model, only the
conduction electrons near the Fermi surface contribute to the electrical resistivity. These electrons
have the Fermi velocity v, (~10° m/s) for copper (Cu) metal. The mean free path is evaluated as

A, =vT= 10°x107"* =10 m = 100 A, which is much larger than the lattice constant (3.61 A in

Cu). This means that electrons behave like wave. In quantum mechanics, only electrons at the
Fermi surface (having the Fermi velocity) contributes to the electrical conductivity of metals;
7 =1(&,) 1s the relaxation time of electrons at the Fermi energy. For Cu metal, the relaxation time

of conduction electrons is 10"'* sec from the electrical resistivity measured at room temperature.
The electrical conductivity of metals can be clearly explained by using the concept of quantum
mechanics, in particular, solid-state physics. If there are n particles per unit volume, the electrical
conductivity of metals is given by the formula

2
ne

=—1(g;)> (Sommerfeld model)
m
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where g (=-e) is the charge of electron. This conductivity depends only on the properties of the
electron at the Fermi energy ¢, , not on the total number of electrons in the metal. The high
conductivity of metals is to be ascribed to the high velocity of the few electrons at the top of the

Fermi distribution, rather than to a high total density of free electrons which can be set slowly
drifting.



In spite of our understanding of physics, unfortunately the conductivity of metals is
conventionally explained in terms of the classical Drude model in the General Physics Course of
the universities in U.S.A., including our Binghamton University (Phys.132, Calculus based,
General Physics). According to Drude model, the electrical conductivity is given by

ne
co,=—T7, (classical Drude model)
m

where 7 is the relaxation time (classical model) and is also the same as the relaxation time in
quantum mechanical model; relaxation time of electrons at the Fermi energy. In a classical gas of

particles of mass m at temperature 7, the root-mean square velocity v, . of the particle is given

by

N

llnvrmv2 = ikBT' *
2 ‘ 2

where kg is the Boltzmann constant. For electrons at room temperature, this root-mean square
velocity is about 10’ m/s; v, =1.168 x10°> m/s using the mass m of free electron. If we use this

value as the velocity, the mean free path can be evaluated as A, =v, 7=10’x10"*=10"m = 10

A, which is on the same order as the lattice constant of Cu atoms (a =3.61A). It means that
electrons behave like a particle, colliding with positive ions at the lattice sites.

It seems to us that undergraduate physics students in this country (U.S.A.) may be very confused
about the different explanations, depending on the classes (for classical model in general physics
and for quantum mechanical model in modern physics and solid-state physics). Here we try to
present a proper understanding of the electrical resistivity of metals in terms of the Boltzmann
transport equation of conduction electrons obeying Fermi-Dirac statistics (Sommerfeld). The
Kubo formula for the electrical conductivity will be also discussed. With the use of this formula,
the expression of the electrical conductivity can be derived for both Drude model and Sommerfeld
model without the use of Boltzmann equation.

2. Four probes method of electrical resistivity: validity of Ohm’s law

How can we measure the electrical resistivity of metals such as copper experimentally? We
use the four probes method for the measurement of electrical resistivity of metals; two probes for
the current and two probes for the voltage measurement. We use the constant current source. The
constant current (/) flows through two current probes. The voltage () between two voltage probes
is measured by using the digital voltmeter (such as nanovolt meter). The resistance R is evaluated
as

R=—. Q)



V. V_

Voltage V

4’///1’/'

-

Cur

Fig.1 Four probes measurement of electrical resistivity of metal. The cross-sectional area is A.
Two current probes (1, , I ). Two voltage probes (V,, V). [ is the distance between two
voltage probes. The current is fed to one of the current probe (/+) using constant current
source. The voltage between the voltage probes can be measured using a digital nano-
voltmeter.

The electrical resistivity p (Q m) is related to the resistance by
R=p—,

or

VA
—=, Q
77 (Qm)

y
iy
P

where 4 (m?) is the cross-sectional area of sample and / (m) is the distance between two voltage

probes. We consider the case of copper (Cu) with the electrical resistivity at room temperature,

p=172x10" Qm at 7=300 K (room temperature)
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Experimentally we wuse the sample of copper having typical dimensions such as
A=1mm*=10"°m’ and /=1 cm = 10> m. Thus, the resistance R can be evaluated as

/
R=p—=0.172 mQ,
pA

When the constant current /=1 A flows through the current probes, we obtain the voltage across
the voltage probes by

V=IR=0.172mV =172 pV.

Although this voltage is very small, we can measure it by using a digital nano-voltmeter. The
magnitude of the electric field £ is evaluated as

v

E= 1 =1§= 1.72x 10 V/m,

which is sufficiently small. So that the Ohm’s law ( J=0FE ) is valid. No quadratic term
(proportional £?) is significant. Thus, there is no Joule heating.

4. Electrical resistivity of Cu metal at low temperatures
We find the data for the temperature dependence of electrical resistivity copper at low

temperatures in the book of G.K. White. The electrical resistivity is proportional to 7° at low

temperatures (Bloch-Griineisen 7° law). The resistivity at the lowest temperature around 4 K is
called a residual resistivity, It depnds on impurituries.
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Fig.2 Temperature dependence of electrical resistivity (left) and thermal resistance (right)
for copper at low temperatures.[G.K. White, Experimental Techniques in Low-
Temperature, 3™ edition (Oxford, 1979)]. For Cu sample (used in this Fig),

£ =(0.00458 +2.75x107*T°) 1 cm at liquid “He temperature (T = 4.2 K).
0 =0.00458036 Qcm at T=4.2K.

((Kittel, 1996))

It is possible to obtain crystals of copper so pure that their conductivity at liquid helium
temperature (4 K) is nearly 10° times that at room temperature; for these conditions 7z =2x10" s
at 4 K. The mean free path A of conduction electron at 4 K is defined as A(4K)=0.3 cm.

[(4K)=0.3 cm.

4. Conversion of cgs units and SI units for resistivity using the Klitzing constant



In general physics, we mainly use the S.I. units for the resistivity (2m), while in solid state
physics, we often use the cgs units for the resistivity (s). Here we discuss how to change of the
units of resistivity or conductivity between the cgs units and SI units.

Suppose that we have the following two expressions

qV =ho (energy)

and

=99 (current)
2r

where g (= —e) is the charge of electron, V' is the voltage, @ is the angular frequency, 7% is the

) ) ) ) 2 . )
Dirac constant, / is the current, and 7, is the period; 7, =——. The resistance is evaluated as
@

_V _hodr 2

2

R

I q qow e
We calculate this value of R in the SI units;

R=R, =25812.80755718 Q (von Klitzing constant)

where we use the values of 7 and e in the SI units. We also calculate this value of R in the units
of cgs;

R =2.87206x10"" (s/cm)
where we use the values of 7 and e in the cgs units. Thus we get the relation as

_ 25812.80755718

YT =8.98756x10" (Q)
. X

(s/cm)

or
(s) = 8.98756 x 10'! (Q cm) = 8.98756 x 10° (Q m)

The resistivity of Cu at room temperature is p =1.72 (¢€cm). This value of p in the cgs unit is
evaluated as



1.72x10° i
= —0.19138x107"(s).
P = 898756 x10" ®)

Correspondingly the conductivity of Cu at room temperature is

o =L =52250x10"7 (1/s).
Jo,

(see Kittel, ISSP 2" edition,1956).

5. Historical perspective: Drue -Sommerfeld - Kubo

In 1900, Paul Drude derived his famous formula for the electrical conductivity of metals. His
theory assumes that electrons are formed of a classical gas. Such a classical model survives even
after the quantum mechanics appears in 1920’s. The propagation of conduction electrons inside
the metal is a quantum mechanical behavior. Electrons are fermions, and obey the Fermi-Dirac
statistics. According to the Pauli’s exclusion principle, two electrons cannot occupy the same state.

In other words, the state of electron is clearly specified by k,s> , where k is the wave number and

s 1is the spin state (s =%1), depending on the up state or down state. The electrical resistivity can
be explained only using the quantum mechanical model, but not in terms of classical model.

The characteristic properties of metals are due to their conduction electrons: the electrons in
the outermost atomic shells, which in the solid state are no longer bound to individual atoms, but
are free to wander through the solid. A proper understanding of metallic behavior could not begin,
obviously, until the electron had been discovered by J.J. Thomson in 1897, but once this had
happened, the significance of the discovery was at once recognized. By 1900 Drude had already
produced an electron theory of electrical and thermal conduction in metals, which (with
refinements by Lorentz a few years later) survived until 1928.

Not surprisingly, this very early theory did not manage to explain everything — after all, the
structure of the atom itself was quite unknown until Rutherford and his co-workers discovered the
nucleus in 1911 — but it did have one or two striking success, and it is worth starting with a brief
look at this classical model, because it already contained many of the right ideas.

Historically, the Drude formula was first derived in a limited way, namely by assuming that
the charge carriers form a classical ideal gas. Arnold Sommerfeld considered quantum theory and
extended the theory to the free electron model, where the carriers follow Fermi—Dirac distribution.
Amazingly, the conductivity predicted turns out to be the same as in the Drude model, as it does
not depend on the form of the electronic speed distribution.

In the Drude model, each atom is assumed to contribute one electron (or possibly more than
one) to the gas of mobile conduction electrons. The remaining positive ions form a crystal lattice,
through which the conduction electrons can move more-or-less freely. This gas of conduction
electrons differs from an ordinary gas (e.g. O2) in three ways. First, the gas particles — the electrons
— are far lighter than an ordinary gas molecule. Secondly, they carry an electric charge. Thirdly,
they are travelling through the lattice of positive ions, rather than through empty space, and
presumably are colliding constantly with these positive ions. They may also collide with each other,
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as ordinary gas molecules do, but we can expect these electron-electron collisions to be less
frequent, and less important, than the electron-ion collisions.

We can work out the properties of this model very easily, using the kinetic theory of gases. If
m and v are the mass velocity of an electron, then according to classical physics the average kinetic
energy at temperature 7 is given by

: 2
where f, is the Boltzmann constant and V,, denotes the average value of Mz over all the
conduction electrons, so that , is their rms speed. Note that this equation is in fact wrong for

electrons. Quantum mechanics gives a different answer (Sommerfeld, Bloch). Every so often the
electrons will collide with the ions of the crystal lattice. We assume that between collisions an
electron travels with constant velocity v, and that the effect of a collision is to randomize the
direction of v, but to leave its magnitude v practically unchanged, because the ions are far heavier
than the electrons. For any one electron, the collisions occur at more or less random intervals, and
the average time interval between collisions is called the relaxation time, 7. The corresponding
average distance between collisions, A = vz, is called the mean free path.

More general expression of the electrical conductivity of metals is given by the Kubo formula.
Using this formula, one can derive the form of the electrical resistivity.

6. Contribution of Niels Bohr to the Lorentz-Drude theory (1911)

L.Hoddeson, E. Braun, J. Teichmann, and S. Weart, Out of the Crystal Maze; Chapters

from the History of Solid State Physics (Oxford, 1992).

Niels Bohr began his epoch-making study of the structure of matter with his master’s thesis on
the electron theory of metals - a topic that he further elaborated in his Ph.D. dissertation completed
in 1911. The theory on which Bohr based his study was the Lorentz-Drude model, according to
which metals were depicted as gases of electrons moving almost freely in a potential generated by
positive charged ions fixed in a crystal structure. The Lorentz-Drude theory explained some of the
electrical and thermal properties of metals, but several experiments disagreed with the values
predicted by the theory. By generalizing the assumptions of the Lorentz-Drude theory, Bohr
deduced that it was not possible to derive the diamagnetic and paramagnetic properties of metals
from the accepted laws of electromagnetism. This conclusion was fundamental in giving Bohr the
conviction that a revision of classic electromagnetism was necessary, in order to deal with atomic
phenomena. The problem Bohr underlined in his dissertation was, indeed, resolved only after
fundamental developments of quantum theory, such as the formulation of the exclusion principle
by Wolfgang Pauli in 1925 and the independent development by Enrico Fermi and Paul Dirac of
the statistics of the particles obeying said principle in 1926.

The following steps of Bohr’s intellectual life concerned his research in England with two of
the most authoritative experimental physicists of the period: J. J. Thomson, who had received the
Nobel Prize in Physics in 1906 for his discovery of the electron; and E. Rutherford, who had been
awarded the Nobel Prize in Chemistry in 1908 for his studies on radioactivity. Both Thomson and
Rutherford had established two flourishing schools of experimental physics housed in two



different laboratories. The former succeeded Lord Rayleigh as the third director of the Cavendish
Laboratory in Cambridge in 1884, while the latter had instituted his laboratory in Manchester in
1907. They had also formulated two different models of the atom. Thomson had been building the
first well-known dynamical model of the atom since 1903. At that time, electrons were the only
subatomic particles whose existence was widely accepted because of various experimental
observations, culminating in Thomson’s verification of the constancy of the electron charge-mass
ratio in 1897. In the Thomson model, the negatively charged electrons were the only corpuscular
constituents of the atom, while the electrical neutrality was obtained by hypothesizing a substance
that surrounded the electrons and whose positive charge perfectly balanced that of the atomic
electrons.

Rutherford proposed a different model in 1911 after the result of the Geiger-Marsden
experiments performed at the Manchester laboratory had convinced him that all the positive charge
was concentrated in the point-like center of the atom, which he later called the nucleus. Rutherford
hypothesized a planetary model of the atom in which a sphere of negative electrification of charge
—Ne (where e is the charge of the electron) surrounded the nucleus of total charge +Ne due to the
attraction generated by the Coulomb potential of the nucleus. In his proposal of the nuclear atom,
however, Rutherford did not attempt to resolve the theoretical issues concerning the mechanical
and electromagnetic stability of the atom. The major outcomes of Rutherford’s proposal were the
clarification of the role of the nucleus in the scattering of alpha particles as well as of its
contribution to the total atomic mass. In spite of its success in explaining some specific
experimental results, the Rutherford atom lacked the mathematical refinements of the Thomson
model and was rarely cited by the scientific community in the period 1911-1913.

7 The advantage and disadvantage of the Drude theory

In the textbook of Modern Physics, Taylor et al. discussed why the Drude formula is still used
to explain the conductivity of metal, in spite of wrong concept. In about 1900, long before an exact
theory of the solid state physics was available, Drude described metallic conductivity using the
assumption of an ideal electron gas in the solid. In this model, all the electrons contribute to the
current. This view is in contradiction with the Pauli exclusion principle. For the Fermi gas, this
forbids electrons well below the Fermi level from acquiring small amounts of energy, since all
neighboring higher energy states are occupied.

Only the electrons with the Fermi velocity contribute to the electrical conductivity.

Electrons are fermions, and obey the Fermi-Dirac statistics.

The number density of electrons is tremendously large.

The relaxation time of electrons at the Fermi energy is significant.

The Drude theory is not correct, even though the expression of conductivity is similar.

Newton’s cradle model. The scattering occurs only at the Fermi energy.

In the Drude model, all electrons contribute to the conductivity, with the scattering with the
same relaxation time. Using this expression, we get an unrealistically small drift velocity. The drift
velocity is completely different from the Fermi velocity.

Here is the discussion given Taylors et al of the textbook of Modern Physics. We have
mentioned before, Drude’s work was done well before the advent of quantum mechanics, so there
was no way for Drude to evaluate the Fermi velocity or the mean free path. Why then was Drude’s
model immediately successful? It was because Drude’s calculations contained two large mistakes

ANl S e
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that canceled! From the known values of the conductivity of metals, Drude used his formula,
o, =ne’t/m, to correctly evaluate the relaxation time 7. As a check on the theory, he also
evaluated the relaxation time using 7 = A, / v, where A ,is the mean free path and v is the mean

electron velocity. But his values for / and v were both too small by an order of magnitude. He
assumed, incorrectly, that the electrons scattered from individual ions, so his estimate of the mean
free path / was a few nanometers (order of 10A) — smaller by a factor of at least 10 than the correct
value for metals at room temperature (order of 100 A). He also incorrectly assumed that the
velocity of the electrons is given by the thermal velocity of about 10° m/s, which is about 10 times
smaller than the correct Fermi velocity. Because both numbers were wrong appeared to be nicely
self-consistent and it was immediately accepted by physicists. More than 30 years passed before
enough quantum mechanics was known for the correct picture to emerge. Today we remember
Drude because his simple but wrong model leads to the correct formula, o, = ne’r(e,)/ m.

m

The Drude theory and his formula of the electrical conductivity are still used in standard
textbook of general physics and modern physics. One of the reasons is that the form of conductivity
derived by Drude is very similar to that derived from the quantum mechanical model,

; . [1 = cl (classical) or gqm (quantum)]

8. What is the Drude model?

Here we discuss the Drude model which is a simple but powerful model of electrical
conductivity of metals. This model is a typical example of a semi-classical model, which means
the combination of classical and quantum ideas. In the Drude model we think of conduction
electrons as classical particles with a definite position and velocity, but to understand the
interaction of these electrons with their surroundings, we use the results of quantum calculations.
The classical view of electrons that are point particles can be made roughly consistent with the
quantum view of electrons as de-localized wave function through the notion of wave packets. In a
periodic lattice, the wave function of electron is well described by the Bloch theorem. These
electrons move about as a cloud through the spaces separating the ion cores. Their motion is
random, bearing some similarities to gas molecules, especially scattering, but the nature of the
scattering is different. Electrons do not obey classical gas laws; their motion in detail must be
analyzed quantum-mechanically. However, much information about conductivity can be
understood classically.

We can now work out the electrical conductivity o of a metal on the Drude model; that is, we
can work out the current density

J=oF,
produced by an electric field E. Macroscopically, J is given by

J=py,
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where V; is the velocity at which the charge density 0. is moving. If our metal contains »
conduction electrons per unit volume, each carrying charge ¢ = —e, we have

p(,’ :qn:_en7 J:_nevdy

if all the electrons have the same velocity. More generally, if the i-th electron has velocity V;,
we have

J= qivi

If E =0, the electron gas as a whole, is in thermal equilibrium, with as many electrons moving
to the right as to the left, so that

and there is no net current. But in a field E, each electron experiences a force —eE, and an
acceleration —eE / m . If, at any instant, the average electron has travelled for a time 7 since its last
collision, it will therefore have acquired a drift velocity

er
v,=—FE,
m

which is different form thermal velocity V,,, discussed above. Thus we have the current density

as

2
ne’r
J=-nev,=——EFE
m

b

so that we have

nezr

o, = , (Drude model; classical model)

m
which is called the Drude model, if we assume that the relaxation time 7 is the same for all

electrons. If instead, we assume that the mean free path A is the same for all electrons (and this
would be more plausible on the Drude model) we have

11



evr eA
v,=—"E=——E.
my my

where A =v7 is the mean-free path. Here we discuss the magnitude of the drift velocity for typical
values of E and 7. When we use £ =1.72 x 102 V/m (which is obtained above)
and 7 =107" s, we get

Iv,| == E=3.025%10 " m/s
m

which is too small compared to the Fermi velocity; v, =1.57x10° m/s for Cu; v, /v, =1.93x10™",

In quantum mechanics, the electrical conductivity is given by

_ne'z(e;) r) :
= (Sommerfeld model, quantum mechanical model)
m

Using the mean free path A(¢, ) = r(¢, )v, atthe Fermi energy, o can be rewritten as

o ne’r(e,)v, _ ne’A(e;,) ’ ©)

my, mv,

where y, 1s the Fermi velocity and ¢, is the Fermi energy. This formula is based on the quantum

mechanics with the duality of wave and particle, gives a proper evaluation of real electrical
resistivity of metals.

9. Role of the relaxation time: first order differential equation
In order to understand the role of the relaxation time in the Drude theory, we discuss the
solution of the first order differential equation,

dv v
—+—-)=¢qF,
m(dt T) q

or

v _4f

dt m

b

where ¢ =—e, and ris the relaxation time. For simplicity, we introduce the terminal velocity v
which is defined by
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v, =—T1 (the terminal velocity)

In the steady state (dv/dt =0), the above equation becomes

y =9E .
m

Using the terminal velocity y_, the differential equation can be rewritten as
d 1
—@Wv-v )+—(v-v,)=0,
7 (v=v,) . (v=v,)
The solution of this equation is given by
t
v=v,[l-exp(=—)]
T

When E = 0 (E-off), we have the differential equation

t
dv % T
=, v=ver’,
dt T

or
/T
p=m=pe
where p = mv_ . The time used for the terminal velocity is the same as the relaxation time.

After the cut-off of the electric field E, the momentum obtained by the electric field decays with
the same relaxation time. The electrons are scattered by phonons as well as impurities.

13
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At t =0 the electri field £ is turned on. After sufficiently long times, the velocity v
reaches the terminal velocity. v, = gE7 / m . After that, the electric field £ is turned

off. The velocity is reduced to zero with the relaxation time z. v, = gE7 /m . Note

that the relaxation time for the terminal velocity is the same as the decay time due
to the relaxation.
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The electric field £ is turned on at # = 0. The velocity increases with increasing time
and reaches a terminal velocity v, = gE7/m, where r1is the relaxation time 7.

14



1.2¢

y=vivy

1.0%
:E—Oﬁ
0-8f
06/
0.4]
0.2
x=t/r
r L Il T
1 2 3 4 5 6
Fig.5 At t = 0, the velocity v is equal to the terminal velocity v,. The electric field is

turned off at # = 0. The velocity is reduced to zero with the relaxation time 7.

vo =qEt /m

10.  Physical properties of Copper

Here we discuss the electrical properties of copper (Cu), which is one of typical metals. Copper
has a fcc (face-centered cubic) structure. There are four Cu atoms per conventional cubic unit cell
with the lattice constant a =3.61 A. Here is a list of the electrical resistivity of copper at 295 K
(ISSP, 8-th edition, C. Kittel, 2005).

n=845x10"*m> (number density)

v =1.57x10° m/s (Fermi velocity)

k. =136x10"/m (Fermi wave number)

&-=17.00eV (Fermi energy)

1.=8.12x 10°K (Fermi temperature)

p=1.72x10"° Om (electrical resistivity at 300 K)

a=361A (conventional cubic unit cell, fcc structure)

From the value of electrical resistivity, the relaxation time can be calculated as

m
pne

T=—"7=244165x10" 5.
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where 1 =8.45x10%m~ and p=1.72x10"° Q m. Correspondingly we have the mean free path as
A(&,)=v,7=3.8334x10"m = 383.34 A

This value of A(g F) is much larger than the lattice constant of copper, suggesting the wave-like

nature of the conduction electrons in copper. Note that A(EF) /a=106.

((Note-1)) Calculation of Fermi energy and Fermi velocity from the number density in
Cu

There are four Cu atoms in the conventional cubic unit cell with the lattice constant a =3.61
A. From this we can derive the physical properties of Cu.

The number density:

n= 4 8.50234x10% (/m?).

a3

The Fermi wave number:
k.= (372'2 n)l/3 = 1.36036><1010(1/m).
The Fermi energy:

hszz
2m

&= =7.5065¢V.

The Fermi velocity:

hk,

=1.57485x10°m/s.

Ve =

((Note-2)) The ground state of electron in the hydrogen atom (see Appendix-III)
For comparison, we show the velocity of electron and the period of orbit in the ground state of
electron in the hydrogen atom;

v o =2.18679x10° m/s. t . =1.51983x107" s.

orbit orbit

11. 1D-energy dispersion of electrons in the presence of periodic potential
(a) Electron in a quantum box
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The energy dispersion is essentially the same as that of free electron. However, the energy
level is quantized, since the wave number becomes discrete.

where £ has a discrete value, L is the size of the system, and V,, is an integer. The separation of

states in the k-space is

2r
A =—.
L,
A E( k) U
D . k
e il »
O
. o : 2r . :
Fig.6 1D-energy dispersion curve for electrons in a quantum box. Ak =—_ [ is the size

of the system.

(b) Energy of electron in a periodic potential (Bloch theorem)
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The occupied states below Fermi energy is shown below.

Fig.7

Half-filled energy band (first Brillouin zone). Band-1 (in the first Brillouin zone)
and band-2. The total number of states is 2/ states for the first Brillouin zone when

the system consists of N unit cells. The Brillouin-zone boundary is &k = + 7
a

12. 1D-energy vs k diagram with and without the electric field

Fig.8(a)

E(k)

Er

The energy vs wave number of the 1D system. The states below the Fermi energy

(|k| <k, ) are fully occupied in thermal equilibrium. No electric field is applied.
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Fig.8(b)

E(k)

Er

The 1D energy vs k diagram after the electric field £ is applied along the negative
k-axis. In other words, the force is applied along the positive axis, because of
negative charge of electrons. The occupied states below the Fermi energy at £ =0
shfts to the positive k-axis. A part of states (denoted by red dots) is outside the

Fermi surface with k >k

»», accompanied with the appearance of the the empty

states (denoted by the green dots) in the vicinity of & = —k, below the Fermi energy.

Such an asymmetric distribution becomes stable well after the relaxation time 7.

|
|
l o—

E(k)
A//

\
i

Fig.8(¢)

Y

The energy vs k of the 1D system, after the electric field £ is turned off. The
occupied states above the Fermi energy (with &k > k,.) are shifted to unoccupied

states (near k=-—k, ) below the Fermi energy by both elastic and inelastic

scattering. After the sufficiently large times, the distribution becomes into the
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original one at £ = (. Such a redestribution after the switch-off of £ is characterized
by the relaxation time 7. Note that this value of 7 is the same as that for the shit
Ak =7qE / h in the presence of the electric field E.

13. 2D energy vs k diagram with and without the electric field

Fig.9(a) Ground state of electrons in the two-dimensional (2D) k — space in thermal
equilibrium. All the states are occupied inside the Fermi surface (k <k, ) .The

Fermi surface of a hypothetical solid containing N free electrons. The occupied
electron energy levels fill a sphere of radius &k, , which is known as the Fermi

wave number.
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Fig.9(b)

0000000000 OCOCGOGCOFS
‘................
00000000000 0O0C0COCFS

The effect of a constant electric field £, on the k-space distribution of quasi-free

electrons. Red circle denotes the 2D Fermi surface when the electric field is applied
along the negative x axis. The center of the Fermi surface is displaced to the positive

k. axis well after the relaxation time z. Such an asymmetric distribution becomes

stable. Note that the displaced Fermi distribution only differs significantly from the
equilibrium distribution in the vicinity of the Fermi energy (Fermi radius). What
happens to the distribution when the case when the electric field is turned off ?
Elastic scattering of an electron at 4 by a static imperfection or impurity can carry
the electron to any point such as B (on the green circle) which lies above the sphere

of constant energy &, =6‘B(> EF) . Inelastic scattering will reduce the total
momentum to zero by redistribution the occupied states (C, denoted by blue dots)
with energy 8C(<8F), but phonon processes such as B— C are needed to relax

back to the original distribution centered at k = 0.
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Fig.9(c)

Here we assume that the Fermi surface is a circle in the 2D k-space. However, the following

(L oo " EEXNENNNNNNENNN)

wavevector and angular frequency.

discussion is also true for the Fermi sphere in the 3D k-space.

(a) The case of E=0

When the electric field is equal to £ = 0, the center of the 2D Fermi surface is at £ = 0. It means
that as many electrons would be travelling to the right as there would be to the left. The
contribution from all of the free electrons would give an average electron velocity of zero, and no
net electric current.

(b) The case of £#0

By contrast, what happens to the surface of a 2D Fermi surface an electric field, £, is applied
to the system. Every electron in the Fermi gas will be accelerated in a direction opposite to the
field, so there will now be more electrons travelling in one direction than the other. The center of
the Fermi surface is shifted to the direction of force due to the applied electric field, leading to a
current flow.

22

When the applied force is turned off, collision processes tend to return the system
to the ground state. The electrons are transferred from those filled states (denoted
by blue dots) to those empty states (denoted by green dots). An electron at 4 can
make a transition to an empty state, say B, by the emission of a phonon of suitable



When current flows in a conductor it does not just keep increasing in magnitude with the same
electric field applied. Instead it quickly rises up to a central value that depends on the magnitude
of the field, then remains steady as that value. This can be explained in terms of the Fermi surface.

Free electrons in the energy states near to the Fermi surface (which has the energy ¢, ) suffer

collisions with other electrons, lattice ions, and defects, which causes them to be scattered. This in
turn will mean that their wave vector will change, or in other words, the change in direction and
speed that their scattering produces means they have to go to a new k state. It is only those electrons
near the Fermi surface that can find vacant states into which they can be scattered. The vacant k&
states that the scattered electrons take are those with a lower value of energy situated to the left
side of the Fermi sphere. The current does not therefore increase indefinitely in size, because to do
so the electrons would have to keep increasing in energy (so they could travel along faster). This
would mean they would have to move to k states with higher and higher energies rather than
moving into states with lower energies. For example, an electron in state B will move into state A
rather than a higher energy state, limiting the current.

14. Density of states of electrons (Sommerfeld)
The density of states for conduction electrons (the 3D system) is given by

D(g)= a\/; 5

where «a is constant. The electron states are fully occupied below the Fermi energy ¢, (Fermi-Dirac

statistics). The total number density of electrons below € is
N o 2a
n=—=[D(e)de=a[Jede ==¢,".
V j (¢) j 3o

Note that

n 2ag,”” 2

= _—g ,
D(s;) 3ag? 3"

or
2
n= EgFD(gF) .

The conductivity is given by

2
nerte
__nét(s,)

m
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since only the electrons at the Fermi level undergo collisions, where 7(¢,) is the relaxation time. Using

the expression of n described above, the conductivity can be rewritten as

2
e
o=—-r(g.)e-D(er)
3m

2

= %wA(eF )D(s,)

where A (8 F ) =VipT (8 F ) is the mean-free path. This shows that the conductivity depends only on

the properties of the electrons at the Fermi level. The high conductivity of metals is to be ascribed to the
high current carried by the electrons at the top of the Fermi distribution

15. Significance of the drift velocity

When a current flows in a conductor, it does not just keep increasing in magnitude with the
same electric field applied. Instead it quickly rises up to a central value that depends on the
magnitude of the field, then remains steady as that value (the terminal velocity). This can be
explained in terms of the Fermi surface. Free electrons in the energy states near the Fermi surface

(which has the energy &) suffer collisions with other electrons, lattice ions, and defects, which

causes them to be scattered. This in turn will mean that their wave vector will change, or in other
words, the change in direction and speed that their scattering produces means they have to go to a
new £k state. It is only those electrons near the Fermi surface that can find vacant states into which
they can be scattered. The vacant k states that the scattered electrons take are those with a lower
value of energy situated to the left side of the Fermi sphere.

The current does not therefore increase indefinitely in size, because to do so the electrons
would have to keep increasing in energy (so they could travel along faster). This would mean they
would have to move to & states with higher and higher energies rather than moving into states with
lower energies. For example, an electron in state B will move into state 4 than a higher energy
state, limiting the current.

The change of momentum:

quEzhd—k.
dt

The energy change:
As=hy, Nk

16. Root-mean square velocity
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We now consider why conduction electrons in metals have such a large intrinsic velocity, the
Fermi velocity. We first note that the Fermi velocity is not simply the thermal velocity of the
electrons. In a classical gas of particles of mass m at temperature 7, the average root-mean square
velocity v of the particle is given by

LI :ikBT.
2 2

rms

For electrons at room temperature, this root-mean velocity is about 10° m/s, factor of 10 smaller
than the Fermi velocity. Another difference between the thermal velocity and Fermi velocity is as
follows. The Fermi velocity is independent of temperature, while the thermal velocity rises with
increasing temperature.

17.  Validity of the Ohm’s law in electrical conductivity

The fact that the electrical conductivity of a metal is independent of the applied electric field
E is surprising for the following reason. The conductivity depends on the collision time 7
according to the Drude formula. At first glance, it might seem that the collision time 7 should
depend on the field E. After all, if the field E is increased, the acceleration a of a conduction
electron will increase (according to a = ¢E /m ); and if the electron accelerates more quickly, it

will surely encounter an impurity or phonon more quickly, resulting in a shorter collision time and
a smaller conductivity O . The argument, which implies that O depends on E, would be correct
if conduction electrons had zero initial velocity after a collision. However, because of the Pauli’s
exclusion principle, the electrons in a metal always have a very large intrinsic velocity, called the
Fermi velocity v, . The Fermi velocity is about 0.3 % of the speed of light (v, =0.003 ¢ ~10°m/s). In

contrast, the magnitude of the drift velocity ,, (the mean velocity due to the applied field E), is

minuscule (mm/s). Consequently, the increase in velocity due to the E field is completely
negligible compared to the initial huge Fermi velocity of the conduction electron, and the collision
time is almost completely independent of the field E. The fact that 7 is independent of E is the
origin of Ohm’s law.

18. Definition of mean-free path

The motion of conduction electrons is thus one of extremely rapid motion due to the large
Fermi velocity and, superimposed on this, a very small bias toward one direction due to the tiny
drift velocity. A conduction electron in a metal follows a random zigzag path even with zero
applied field (£ =0), regardless of the temperature. This is an example of random-walk diffusive
motion. The mean free path is defined as the mean distance an electron travels between collisions,
that is, the step length in the random walk. The mean free path related to the Fermi velocity and
the collision time Zby

Agp) =1V
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The mean free path depends on the purity and temperature of the sample. Vey dirty samples, such
as alloys, or metals at very high temperatures, may have a mean free path of nanometers or less.
Metals of ordinary purity at room temperatures may have a mean free path of roughly 10-100 nm.
While high-purity (clean) samples at low temperatures may have a mean free path of many
micrometers or even millimeters.

19. The Boltzmann equation (Ziman, Chambers)
Here we discuss the Boltzmann equation to derive the formula of conductivity based on the

quantum mechanics. We know that a uniform electric field, acting for a relaxation time 7 ,

would displace an electron in the k-space by the (extremely small) amount

£ = (k) kv, Lo
o€

= £ )+ (R)
= ) —qrEv, Do
og

where ¢ =—e, f,(K) is the Fermi distribution function in thermal equilibrium, and drift velocity
is defined by

Tk, =mv, =qr, E-

Note that if the electric field is turned off, the distribution function would decay to the distribution

function in thermal equilibrium with the same relaxation time 7, ;
0
fik)=et, E v, A
oe

In the case of free particle with ¢ = L P,

2m
fzme—qrv-Ehfo(zi(p—qrE)ﬁ
m

The center of the Fermi circle is displaced from the origin to g7z E.

20. Boltzmann transport theory: Fermi-Dirac distribution
In order to evaluate the electrical conductivity, we need the corresponding current density:
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J= %2 (—ep, f,(k)

1L
v 2r)

2
=(-e) kv, fi(k)

[ dk(=eyv, f; (k)

where V' is the volume of the system and

k

2V
Z - (2”)3
and

dk = dk dS .
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Fig.10 Density of states in the 3D k-space. There are 2 states per (277/ L0)3 ; 2 for spin

factor.

The factor 2 arises from the spin freedom (spin of electron is 1/2). The group velocity is given by

d
|v g| th ’ ko_ = h_\:i s

1 O¢
Vi :%Vka, ak

v, 1s normal to the surface with constant energy (Fermi surface S). We use the deviation of the

distribution function from that in thermal equilibrium, which is given by

=B ek 22 e

gk

where g = —e is the charge of electron, and e>0.

_ e_: j dkv, (E -vk)T(k)(—%)
og,

o= j de—r(k)vk(E v, )(~ afi)
S ] et £ v 2
since
cﬂc=a&ﬂg=a§’%,
Noting that
~ o _s(a -y,

o€

the current density can be expressed by

_ ezr(‘jF).[vk(E'vk)dS'
4r°h Vi
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The density of states is

1% ds
D(e)de=——=des|—
() 47 m,’
or
Vo ¢dS
D=

Then the conductivity is obtained as

J =0 FE

X XXX

with

XX

2
o :@J‘dk "xz(_%)-
4r og,

We now consider the conductivity for the free electron fermi gas model,

v zﬁkx :Eksin fcos g,
m m

o, . o, of.
Jaho 20 = [[ [k sim a4 sin” Ocos” 421

- Z_zz j j j dikk* sin® 6d 6 cos> ¢d¢(—§—g)

hz © 5f T 2z
== [ dik* (-2 [ sin® 640 [ cos” gd
m- o0&, 0

Note that
V4 4 2
fsin3¢9d¢9:—, jcosz¢d¢:ﬂ.
0 3 0

Then we get
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jdkvj(—gf()) dz jdkk( af°)
&k

The energy dispersion of free electron is given by

2 1/2
_ k=(2—mj Ve

" 2m n’

5/2
[k v 2( afO)_Z”h j(z’?) dee (- oy
3m* J\ n os,

The conductivity is

ez’(8)27rh2( j”T des™ 8f0)

’“ 4r*
er(e,) 22k 2m(2m Y %
= (3F) 2 T(_zj J‘d(%‘m(_ﬁ)’
47> 3m~ h” \ h os,
_e T(EF) 2m S/ZTd 32 f())
37°m
where
_ 9 ~ (g, —¢&,) Di 1 i
g = (g, — &5 (Dirac delta function)
k
Noting that

dee’* (-2 ==\ dee"* f.(¢),
{ o) 2! f,(&)

we have the conductivity

30



er(ey) 1 (2m)" %
=-=—_— hZ

XX 2 dggl/zf (8) *
m 2z’ '([ 0

Using the number density given by

N 1 2m 3/20O 12
=—=—(— dse g),
V 27{2(#)! 1,(&)
2
o, =0, =200
m

In summary, only the electrons near the Fermi energy is partially filled bands have to be
considered to calculate the conductivity. So the mass in a semiclassical version would be replaced
by the effective mass at the Fermi energy and the relaxation time would be that for electrons at the
Fermi energy. The electron density #» would still appear but not because all the electrons contribute
to the current. The reason for having # is that the number of electrons at the Fermi energy depends
on the electron density (Hoffmann, 2015).

21. Physical meaning of the role in the drift velocity

Now we imagine the same system in an infinitesimal electric field. Since the electric field is
capable of changing the electron energy by only infinitesimal amounts, the contribution to the total
current from electrons of a particular energy will depend only on the distribution function for that
and immediately adjacent values of the energy.

We consider the electron state whose energy is very close to the Fermi energy &r. When the

electric field E is applied to the system, the wave vector of the electron changes as

k—k+0ok,
. qE
with Sk = 77(%) and the energy changes as
e(k) > e(k)+ de(k)

with

Se(k) = hv, - Ak
= I, ~%r(gp)

= qT(gF )vk -E
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where |Vk| X Vp and Vg is the Fermi velocity

0
L)
oL

px.

>
k
Fig.11 The change of wave number 0k =7(&,)qE and the change of energy d¢ = hv, -5k,

where g = —e and the electric field E is applied. The separation between adjacent

vertical blue lines is 277 / L, , where Lo is the size of the system. This discreteness

of k comes from the plane wave form ¥ (x) = e "X With the periodic boundary

condition; ¥ (x+ L,) =w (x+ L,).

Here we consider the electron system with the finite size (Lo is the side for cubic system). In
the periodic boundary condition, the wave function of electron can be described by the plane-wave
form

<r‘k> =exp(ik-r),
with the energy eigenvalue
2 hZ

y4 2
sky=—=—k",
®) 2m  2m

with the discrete values of kx, ky , and kz ;
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where 1., 1, and 1, are integers.

XK=qr(&)EINn
Fig.12 Displaced 2D Fermi surface. The force F = gE is applied along the positive x axis.

21. Evaluation of At and A¢
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v 2 » K
= 7 4 -
Lo
i : . 2r
Fig.13 Energy & vs the wave number  for the 1D system in the vicinity of &. Ak = 7 V.
0
2

V, is a positive integer. The separation between adjacent vertical lines is 7 L,
0

is the size of the system.
Suppose that we use the electric field £ as
E=1.72x107V/m (typical experimental value)

Then we get the value of Ak

Ak =%TE —15.1927E = 0.261/m

We note that Ly, is the size of the system. We now consider a possibility that the state of the

electron changes from ‘k > to ‘k + dk> . Such a change in state can occur only if
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where k is very close to Kz, V, is a finite positive integer (V,=1, 2,3,...). This may be related to

the Heisenberg’s principle of uncertainty:

b

Ly ]>h or AxAp>E,
2 2

w[ B
4rv,

L, 24.08
0 =1.915m, and Ap = RAK . When Ak = 0.261/m, the lower limit of

drv, 4Am

where Ax =

the size (Ly) is obtained as

27 _0.261
LO - VO ’
or
1,=2408 v, (m),

leading that , is at least larger than 24.08 (m). Using this value of L , we can estimate the energy

separation between the states ‘ k > to ‘k + dk>. The condition for the energy separation is

As > v, Ak = v, v, = v, —2— = 27.05 neV |
L, 24.08

where v, =1.575%10° m/s for Cu. This may bealso related to the Heisenberg’s principle

uncertainty as

As Ly >E, or AgAt>ﬁ,
4vyv, ) 2 2

where

L, _24.08 “1217 ns.
drvyv, 4rv,
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2 Heisenberg’s principle uncertainty and Pauli exclusion principle

((R.P. Peierls, 1955)) Quantum Theory of Solids, p.52

The modern electron theory of metals started with the remark by Pauli that the exclusion
principle, and hence Fermi-Dirac statistics, must be applied to all the electrons, in particular, all
the conduction electrons, in a piece of metal. This removed at once the difficulty about the
paramagnetism of metals (Pauli paramagnetism).

By Fermi-Dirac statistics, most electrons are in orbital states already containing two electrons
of opposite spin. They cannot therefore align themselves with the external field without violating
the exclusion principle. This is possible only for electrons in states of motion which are not

completely filled, i.e., those with energies within a distance kg7 from the Fermi energy, &z. Their

number is less than the total number of electrons by a factor of the order of k;T/ & and this factor

explains both the temperature independence and the small value of the susceptibility. This step
opened the way to the solution of many other paradoxes of a similar kind. However, although the
application of the Pauli principle to all the electrons in the system was clearly required by the basic
rules of quantum mechanics, and confirmed by empirical knowledge, it left people with a rather
uncomfortable feeling: if two electrons are at opposite ends of a metal wire of macroscopic
dimensions (such as the size of the system Lo) , say a meter in length, is it not surprising that they
can manage to avoid being in the same state of motion? How can each of them know what the
other is doing? The answer to this question is that it would indeed be difficult for two electrons
located far from each other to affect each other’s motion, but that this is also not required by the
exclusion principle. In this law, “state of motion” comprises both position and momentum, as far
as the uncertainty relation allows us to know then; if we can specify that the two electrons are in
different regions of space, this is enough to ensure that they are in distinct states of motion, and
thus to satisty the Pauli principle. No further restriction on their motion is required.

23. The electrical conductivity: spherical symmetry

We consider a simple case: free electron Fermi gas model. The electrical conductivity based
on this model is found to be equivalent to that derived by Kubo (Kubo, 1965), using Kubo formula.
The density of states:

V
&de=2 A7k
De)d o
W, 2me 1 2m 1
g k= dk=— "= 4
‘= om 7 N 70

where V' is the volume of the system. Thus we have the expression of the density of states,

2 2
T h

D(eg)de = 2L(2—mj Jede
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or

223
w°h

v o(2m)" v2e

We note that

or

Dg,)

3
N 2

The conductivity can be obtained as

Q

1 2 —F
= ; er(er )vavﬂ D(er)

af
1, 2, 3N
=—e1(e 0, ,——
14 (r) 3m 7 2e,
ne’r(s,)
=25,

m

which agrees with the Drude formula for the electrical conductivity. The component of the
electrical conductivity tensor is

0= [ LDerds,
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where D (&) is the density of states, and v,v, the average of V,V; taken over the energy surface &.

This formula is the same as that derived from the Kubo formula (as will be discussed later).

24, Kubo formula for the electrical conductivity (Kubo, 1957)

B (Current density J)

_+

A (Elec

Fig.14 Kubo formula for the electrical conductivity. External field 4 (£) and response B

)

In 1957, Ryogo Kubo (/Af& 5EH.) discussed how the linear response to a small perturbation

of a system in equilibrium can be expressed in terms of the fluctuations of dynamic variables of
the unperturbed system. His linear response theory, which extended and unified work on the
statistical description of transport properties, has since become an important tool in fields such as
condensed matter physics.

The fundamental concept of the electrical conductivity is to observe a current density J, when
an external field E (electric field) is applied to the system. The state of the system is deviated from
the thermal equilibrium state in the presence of this electric field. Thus, it enters into the non-
equilibrium state. Theoretically it is very difficult to treat directly such a non-equilibrium state.
However, in the range of linear response where the electric field is linearly proportional to the
response (the current density), the deviation of the state of the system from thermal equilibrium is
equivalent to the thermal fluctuation in the thermal equilibrium state. Based on this concept, the
Kubo formula is a general formula of the statistical mechanics where the exact physical quantity
can be calculated from microscopic Hamiltonian.

We now consider the conduction electrons in metals in the presence of the electric field. The
un-perturbed Hamiltonian is given by

1
H, :%ZPI‘Z

where m is the mass of electron, and P, is the momentum. The perturbation Hamiltonian is given
by
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Hext :_qzrz 'Ea

where g = —e (charge of electron) and the electric field is given by E', and the g~component of
the vector A is defined by

Ay = qz(”, ),u = qzxiy
1 i
with
X, = (1),
and J is the current density,

_lg
J_lezpi.

where V' is the volume of the system. The Kubo formula for the electrical conductivity is derived
as

J u= GWEV
and
o B
0, =V [di[dA{],(=in2)J, (t)>eq , (Kubo formula)
0 0

where J, 4 1s the £ -component of current density (response), E, is the V-component of electric

field, and <...>eq is the average in the thermal equilibrium,;

1
ﬂ_ﬂa

where kg is the Boltzmann constant and 7 is the temperature. Note that J(¢) is the quantum
mechanical operator of current of the current density in the Heisenberg picture.
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itH itH
it O)Jexp(—lt 0

J(t) = exp( 2 2

).

When [J , HO] =0, the conductivity can be rewritten as

o, = VTdtT dA(J,(0)],@) ,

eq
0 0

or simply, for £ =v =Xx, we have

o, = VT dtf dA(J,(0)J,(D)),, -

(a) Application of the Kubo formula to the quantum case (Sommerfeld formula)

We consider the quantum case. The current density JX(O) is given by
l <« qh N
Jx(o) :;;Zkuak ak s
For simplicity we assume that J_ (?) has the exponential decay form as

1 —t/7y, qh +
Jx(t):;ze [ ;k;{ak ak 5

k

+ . g o .
where @, and @, are the creation and annihilation operators.

Now we calculate the conductivity using the Kubo formula;
_ I/OC dtﬂd/l 1 qh k' + —t/ty, qh k +
O, = -(l; -! ;;; A ak.zk:e ; ﬂak a,

T qh ’ —tlt ' + +
:J'dtjdﬁ(—j Ze k,k, <ak, a,a, ak>
0 0

m) g

eq
eq

Here we use the Bloch-De Deminicis theorem for the expansion of <a agata k> (Kubo,
eq

Toda, and Hashitsume, 1978);
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+ + + +
a, a,a a>=<a.a><a,a>
<k K% Y/, R Y AN A

=0 (1— 1)
with
<ak+ak>eq =n, <akak+>eq =1l-n,
<akak'>eq =0, <ak+ak,+ >eq =0

Note that 77, is the Fermi distribution function and is expressed by f(¢),

1
=18 =

Ble—er)

m(l=n) = f@lI-f (&)= c

e 11
and

B f(&)]= —% ~S(c-5,),

where & is the Fermi energy and ole—¢ F) is the Dirac-delta function. Using this, the

conductivity can be rewritten as
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eh

Ou =3, Zf(é‘)kfﬂf (&)= f(&)]

22DO

Jdé‘f(é‘)D(é‘) K Bf(e)1-f(&)]

iy dern@ @;(;)]

2200

jd gr(g)D(g

_F)

e hz 2m
= szﬁgFT(gF)D(gF)
2

= 2eV 5FT(5F)D(5F)

where kx2 - %k 2 . We note that D(é‘ F) is the density of states. For the above calculation we

use the following relations;

EFDV(SF) _ aong/z , . :gaong/z ,
or
epD(ep) _3n
4 2’
with

1 2]’}’1 3/2
%= 27t h_z ’

Finally, we get the expression of the conductivity as

eFD(gF) ne’

(5p) 7(&r) (Sommerfeld, 1927)

which agrees with the Sommerfeld result.

((Hoddeson et. al. 1992)): Result of Fermi liquid theory

One of the mysterious of the Fermi surface was the fact that states inside are fully occupied,
whereas those outside are completely empty in the ground state. This puzzling property known as
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the sharpness of the Fermi surface. The scattering lifetimes of electrons at the Fermi surface grow
longer as the temperature falls. Such a sharpness was eventually answered in 1951 by V.
Weisskopf, who showed the increase in lifetimes of particles close to the Fermi surface was a
consequence of the Pauli exclusion principle. Not until 1957 did Luttinger, Kohn, and Migdal more
fully explain the sharpness of the Fermi surface within the context of Landau’s Fermi liquid theory.

(b) Application of the Kubo formula to the classical case (Drude formula)

For convenience we assume that J_(¢) is defined by the exponential decay form

J(0)= () exp(-1)
Thus we get
0 B
o= VJ' e’ ’dtJ' dA <Jx2 >eq
0 0
= Vﬂr<Jx2 >eq

We note that
J = —1 E qv
X Ir - ix

and

’N
- ZV2 <v2 >eq

Since the root-mean square velocity V,,, is defined as

3 3
ﬂ<V2>eq :EkBT:ﬁ

b
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3y mp - mV
and
2 qzn nqu
o, = VﬂT<Jx >eq = Vﬂr mVﬁ = - (Drude, 1900)

which agrees with the Drude formula.

25. CONCLUSION

Drude’s work was done well before the appearance of quantum mechanics, so there was no
way for Drude to calculate the Fermi velocity or the mean free path. Why then was Drude’s model
immediately successful? It was because Drude’s calculations contained two large mistakes that
cancelled out! From the known values of the conductivity of metals. Drude used his formula

to correctly compute the collision time 7. He also computed the collision time using 7=A/v,
where A is the mean free path and v is the mean electron velocity. But his values for / and 7
were both too small by an order of magnitude. He assumed, incorrectly that the electrons scattered
from individual ions, so his estimate of the mean free path A was a few nanometers — smaller by
a factor of at least 10 than the correct value for metals at room temperature. He also incorrectly
that the velocity of the electrons is given by the thermal velocity of about 10° m/s, which is about
10 times smaller than the correct Fermi velocity. Because both numbers were wrong by about the
same factor, the ratio, 7, was correctly evaluated. Consequently, the model appeared to be nicely
self-consistent and it was immediately accepted by physicists. More than 30 years passed before
enough quantum mechanics was known for the correct picture to emerge. Today we remember
Drude because his simple but wrong model leads to the correct formula ¢ = ne’z / m

Finally, we discuss the physics on the electrical resistivity of metals. In the general physics, it
is based on the Drude theory where the electrons in metals are discussed in terms of a classical gas
model. First, we consider an electron of mass m and the relaxation time 7z,

dv v
—+—)=¢qF
m(dt T) q
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where m is the mass and ¢ is the charge of electrons. When E =0 is at ¢ = 0, the solution of this
differential equation is

v=v(0)exp(— %) .

The velocity exponentially decays to zero with the relaxation time 7. Next we consider the case
when the electric field E is turned on at = 0. In the steady state (dv/dt =0) in the limit of  —> 0,
the terminal velocity (or drift velocity) is obtained as

_9E
m

Va

This drift velocity is proportional to £ and 7. We note that the relaxation time is the same as that
of the terminal velocity.

(a) Shift of the wave number due to the electric field

h% =qE Ak = %E T (the change of wave number vector)
t
Ae=hv-Ak =qr(v-E) (the change of energy)

When V = V. (the Fermi velocity),
Ae = qv,7E = gA (e, )E

(b) Fermi-Dirac statistics

What happens to the conduction of electrons in metals? Electrons are fermions, obey the Fermi-
Dirac statistics. We consider the Fermi sphere
In the k-space, all the electrons are occupied below the Fermi momentum. These electrons do not
contribute to the conduction of electrons in the presence of electric field.
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APPENDIX-I Definitions
SI units
h Dirac constant (=i) Js)
2
h Planck constant (Js)
ky Boltzmann constant (J/K)
c Velocity of light (m/s)
q=-e Charge of electron; e>0 ©)
p Momentum ( p =mv)
k Wave number (k= p/h)
m Mass of electron (kg)
& Energy of electron J)
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N Total number of particles
4 Volume of the system (m?)
T Temperature (K)
1
= 1/J

B B T (1)
y Velocity (m/s)

s Root-mean square velocity (m/s)
J =ngv = %qu Current density (A/m?)
n Number density (m™)
A Mean-free path (m)
T Relaxation time (s)
L Size of the system (side of cubic system)  (m)
R Resistance (Q)
P Resistivity (Qm)
o Conductivity [(Qm)]
0. Charge density (C/m?)

F =qE =-VV =-V(q¢),
Force on charge ¢ due to the applied electric field

V:  Potential energy; V=—qE-r
9. Electric potential (V =q¢)
E: Electric field
APPENDIX-II Units of physical quantities in the cgs units
Conductivity O 1/s (Qm)™
Resistivity Jo s Qm

1s (cgs) = 8.98756 x 10° Qm (SI).

APPENDIX-III Ground state of hydrogen atom (for comparison)
In order to understand the magnitudes of the Fermi velocity and the relaxation times for Cu,

for comparison, here we put the information on the velocity and period ¢ ,, of electron in the

ground state (the inner most orbit) of hydrogen. The velocity v is given by

2 2

v =5 =% c=qc =2.18769 x 10° m/s
h ke
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with « is the fine structure constant. The Bohr radius 7, is

h2
r,=——=0529177 A
me
with
L _137.035999084.
(04
The period ¢, 1s
3
(=2 0r 151983 x 107°s
2 me

The energy of the ground state:

4
me

h2

=-13.6057 eV

&y =—
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