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Abstract

This note is presented to the undergraduate students who are interested in the oscillations and
waves. One of the simplest models in the classical mechanics is a simple harmonics. A more
general oscillation is described by a superposition of the so-called modes. This mode is
quantized into elementary excitation in quantum mechanics. In this sense, the concept of the
oscillations and waves is fundamental but is essential to understanding the physics from the
classical mechanics to the quantum mechanics. The duality of waves and particles plays a central
role in quantum mechanics.

This note is written on the basis of a book (Oscillations and waves) [in J apanese]1 written by
Prof. M. Ogata of the University of Tokyo. This summer (July, 2009), we visited Japan. We
stopped by Kanda Book Stores near the University of Tokyo, in order to buy used books on
physics (mainly written in Japanese), which are usually much cheaper than the new books.
Fortunately we found a very interesting book on oscillations and waves, which was written by
Prof. Masao Ogata. According to the preface of the book, this book was written for
undergraduate students in Japan who major in physics, as one of the text-book series published
from Syokabo. We read some part of this book, standing at the book store. We were very
impressed by the contents of the book; the physics of the oscillation and wave for both the
longitudinal waves and the transverse waves. After we came back from Japan, we have written
this lecture notes using the Mathematica (variational method) along the content of the book
(written by Prof. Ogata). It took several weeks for us to finish writing this note. We think that
this note will be useful for the undergraduate students in U.S.A. who are interested in the physics

of oscillations. This lecture note will be helpful for understanding the fundamental concept of the



oscillations and waves. We note that the lecture notes of Phys.131 and 132 (general physics
course), which is given in the Chapters 16 and 17 of our home page

http://bingweb.binghamton.edu/~suzuki/

will be also useful in understanding the fundamental concept of the longitudinal and transverse
waves. Note that we use the Lagrangian and the Lagrange’s equation, which simplify the
derivation of the equations of motion for the N (= 2, 3, 4, and 5) systems. The spread of the wave
packet will be discussed with the concept of duality principle (wave and particle). We strongly
suggest the undergraduate students to use Mathematica since there are some complicated
calculations including integrals. Through the use of the Mathematica , students may understand
the concept of physics with minimum effort in mathematics.

There are many excellent textbooks on the waves and oscillations (see References). We refer
to 6 references for the writing this note.'®. There is an excellent description on the wave packet

in the Quantum Theory written by D. Bohm.”
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1. Longitudinal waves in chains
Longitudinal waves are waves that have same direction of oscillations or vibrations along or
parallel to their direction of travel, which means that the oscillations of the medium (particle) is

in the same direction or opposite direction as the motion of the wave.

1.1. N =1 longitudinal wave
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Fig.1 A system with a mass m (located at x = x;) and two springs with a spring constant £. a is
the length of un-stretched spring. x; is the position of the mass along the chain. The total distance

1s 2 Lo. Both sides are fixed.

For simplicity, we use the Lagrange’s method for the motion of the spring systems with one
point mass (mass m). The spring constant is k. We assume that both sides of the chain are fixed.
The Lagrangian is defined as the difference of the kinetic energy and the potential energy and is
given by

L:%mU“ﬂf—%kMKO—af—%kpﬁfﬂﬂﬂ_af’ (1.1)

where a is the length of un-stretched spring and 2L, is the total length of the system. The

Lagrange’s equations are obtained as

mi, (¢) = kL, — 2kx, (¢) + kx,(¢) . (1.2)

= 0)

In equilibrium ()‘C'1 , we have

0 =—2kx! +2kL,
or

xlo =L,
Here a new variables as the deviation of the displacement from the position in thermal
equilibrium, is introduced,

. 0

y=x-—x (1.3)
Note that y is a just variable and the displacement along the chain. This notation (y) has nothing
to do with the displacement along the direction perpendicular to the chain. Then we have

my =-2ky (1.4)
We assume that

y=Re[¥e"] (15)



where Y is the complex amplitude and @ is the angular frequency. Y satisfies the equation given
by

2
MO y_oy

Then we have
w:ﬁ\/E
m_ y=1, (1.6)

ui=1 forn=1.

or

We make a plot of U; as a function of the position n. (n = 0, 1, 2). Here we assume that the 0-th

and 2—th components of U; is equal to zero.

Fig.2 Plot of u; as a function of n (n =0, 1, and 2).

1.2 N = 2 longitudinal wave
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Fig.3 A system with two masses (m) (located at x = x; and x;) and three springs with a spring

0

constant k. a is the length of un-stretched spring. The total distance is 3L¢. Both sides are fixed.

For simplicity, we use the Lagrange’s method for the motion of the spring systems with two

point masses with mass m. The spring constant is k. The Lagrangian is given by



I . I . 1 1
L=—m[x,O)] +—ml%,(0)] ——klx, () —al’ = —k{x,(t) - x,(t) - a]’

2 2 2 2

- lk[3L0 —x,(t)—al’

2 : (1.7)
where a is the length of un-stretched spring and 3L, is the total length of the system. The
Lagrange’s equations are

m, () = ~2k (£) + oy (1)

mit, (£) = 3kLy + ko, () — 2kox, (1) (1.8)

In equilibrium (%, = X, =0), we have
0=—2kx” + kx)
0 = kx) — 2kxy + 3kL,

or

0
x =1L,

xy =21,
For convenience, new variables are introduced as the deviation of the displacements from the

positions in thermal equilibrium,

Yy =x =X

Yy =X, = X3 (1.9)
Then we have

my, = —2ky, + ky,

my, =ky, = 2ky, (1.10)

» =Re[Ye'”]

¥, =Re[%e™] (1.11)

where Y and Y, are the complex amplitudes, and o is the angular frequency. Y, and Y, satisty
the equations defined by

- m’Y, = -2kY, + kY,

—ma’Y, = kY, - 2kY, (1.12)

or



(M
-me =
Y, k- 2k)\Y,
mo (V) (2 kY,
& \n) =k 2k 7
5
oy
-1 2 A% Y (1.13).

2
This is the eigenvalue problem with the eigenvalue A* (/1=1/m;0 =a)\/% ). We use the

2

or

Mathematica to solve this problem for simplicity.
(a) The out-of-phase (mode-1)
1

Bk

V2 (1.14)

2

[3k [k
for 4, = mw,> = 3k; o=, —= \5 — .Since Y, =-Y, = 1/\/5, the movement of the mass m;
m m

(= m) is opposite to that of mass m, (= m) (the out-of-phase). The angular frequency of the mode

2 is the simple oscillation where the middle spring contributes to the restoring force.

(b) In-phase mode (mode 2)

2J, (1.15)

[k
for A, = mw)> = k; @,=,/—. Since ¥, = ¥, = l/x/E, the masses m; (= m) and m, (= m)
m

undergoes the same displacement in the same direction (in-phase). This means that the spring
between m; and m, remains un-stretched and un-shrunk. The mode 2 is the simple oscillation

where the middle spring remains unchanged. The angular frequency @, is smaller than .



() A =1.73205

. 0.707107
"1 -0.707107 (1.16)

where U; is the eigenvector and is normalized so that

Ju [=1
() =10
! (0.707107j
2:
0.707107 ’ (1.17)

where U, is the eigenvector and is normalized so that
lu, =1,

We make a plot of U; and u; as a function of the position n. (n =0, 1, 2, 3). Here we assume that

the 0-th and 3—th components of U; and U, are equal to zero.

Fig.4 Plotofu; (4; =1.73205) and u, (4, = 1.0) as a function of n (n =0, 1, 2, 3).

Here we make a plot of the sine function define by

. T
sin(—kn
(3 )

\/ isinz(ka)

a,(n,N =2)=

, (1.18)



as a function of n, where k is the mode number (k = 1, 2). We also make the plot of Uy, (k= 1, 2)

at integer n. We find that these points well fall on the curve of ax(n ,N = 2) vs n for each mode £.

Fig.5 Plot of ax(n, N=2) as a function of n (n =0, 1, 2, 3). The solid circles are denoted by the
two modes U; (4; = 1.73205) and u, (4, = 1.0).

1.3. N =3 longitudinal wave

k. a

0 419
Fig.6 A system with three masses (m) (located at the positions x = xi, x, and x3) and four
springs with a spring constant k. a is the length of un-stretched spring. The total distance is 4Lo.

Both sides are fixed.

For simplicity, we use the Lagrange’s method for the motion of the spring systems with three
point masses with mass m. The spring constant is k. Both sides are fixed. The Lagrangian of this
system is given by

L= OF + 2 i OF + S mbiOF -4 (0 - al = 4x 0 -x0) - aF

1 2 1 _ _ o
_Ek[xs(t)_xz(t)_a] 2k[4L0 x;(1)—a]

(1.19),



where a is the length of un-stretched spring and 4L, is the total length of the system. The
Lagrange’s equations:

mX, (t) = =2kx, (t) + kx, (t)

mx, (t) = kx,(t) — 2kx, (t) + kx, ()

mix, () = kx, () — 2kx;(¢) + 4kL, . (1.20)

In equilibrium (X, =X, =X; =0), we have
0=—2kx +kx)
0= kx) — 2kx) + k)
0 = kxy — 2kx) + 4kL,

or
x' =1L,
xy =2L,
xy =31, .

Here new variables are introduced as the deviation of the displacements from the positions in

thermal equilibrium,

V=X =X

Vo =X, xg

N (1.21)
Then we have

my, = _2ky1 + kyz

my, = kyl _2ky2 +ky3

mjy = ky, — 2ky, _ (1.22)

We assume that
y, =Re[Y,e]
y2 — Re[Yzeiwt]

¥y =RelYe"] (1.23)
where Y), Y», and Y3 are the complex amplitudes, and @ is the angular frequency, Y), Y, and Y3

satisfy the equations defined by

10



—ma’Y, = -2kY, + kY,
—ma’Y, =kY, - 2kY, + kY,
-ma’Y, =kY, - 2kY,

(1.24),
(Y) (2 -1 oYx,
’"7“’ Y, |=|-1 2 -1y
,) Lo -1 2)\r
2 -1 0¥, Y,
-1 2 -1|y|=2Y,
0 -1 2% L (1.25)

2
This is the eigenvalue problem with the eigenvalue A* (A= mZ) =a)\/% ). We use the

Mathematica to solve the problem. There are three eigenvalues

(1) 4 =1.84776

0.5
u, =|-0.707107

0.5 ), (1.26)

where U, is the eigenvector and is normalized so that

lu =1,

(i) A =141421

0.707107
u, = 0
-0.707107 ’ (1.27)
where U, is the eigenvector and is normalized so that

lu, =1

(iii) A3 =0.765367

11



0.5
u, =|0.707107

0.5 (1.28)

where Uj is the eigenvector and is normalized so that
luy =1

We make a plot of U, Uy, and U3 as a function of the position n. (n = 0, 1, 2, 3, 4). Here we

assume that the 0-th and 4-th components of U;, U,, and U5 are equal to zero.

—_04L

—06F

Fig.7 Plot of u; (1; = 1.8478), U, (1, = 1.4142), and u3 (43 =0.76537), as a function of n (n =0,
1,2,3,4).

Here we make a plot of the sine function defined by

. T
sin(—k
(4 n)

\/ i sin’ (% fem)
=0 , (1.29)

as a function of n, where k is the mode number (k = 1, 2, 3). We also make the plot of Uy, (k= 1,

a,(n,N =3)=

2, 3) at integer n. We find that these points well fall on the curve of ax(n, N = 3) vs n for each

mode k.

12
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Fig.8 Plot of ax(n, N = 3) as a function of n (n =0, 1, 2, 3, 4). The solid circles are denoted by
the three modes, U; (4; = 1.8478), U, (1, = 1.4142), and us (4, = 0.76537).

1.4. N =4 longitudinal wave

x1 5
0

Fig.9A system with four masses (m) (located at the positions x = xj, x», x3, and x4) and five
springs with a spring constant £. a is the length of un-stretched spring. The total distance is 5Lo.

Both sides are fixed.

For the system with 4 masses, the eigenvalue problem to be solved is as follows.
2

B2,

2
mao

Y, =Y, +2%, -,

2
mao

Y,=-Y,+2Y,-7,

2
mao

Y, =Y, +2Y,
(1.30)

or

13



2 -1 0 0YY, Y
L B DA AP
0 -1 2 -1|y Y,
0 0 -1 2)\v, Y,

(1.31)

((Mathematica)) We use the Mathematica to solve the eigenvalue problem.
Al = _{{_21 11 01 0}1 {11 _21 11 0}1 {01 11 _21 1}1 {01 01 11 _2}}
{{21 _11 O, O}! {_1’ 21 _11 O}! {01 _11 21 _1}! {01 O’ _11 2}}

Al // MatrixForm

2 -1 0 O
-1 2 -1 0
0 -1 2 -1
0O 0 -1 2

sl = Eigensystem[Al] // N

{{3.61803, 2.61803, 1.38197, 0.381966},
{{-1., 1.61803, -1.61803, 1.}, {1., -0.618034, -0.618034, 1.},
{-1., -0.618034, 0.618034, 1.}, {1., 1.61803, 1.61803, 1.}}}

(1) A4 =190211
0.371748
L ~0.601501
"1 0.601501

where U; is the eigenvector and is normalized so that

lu =1,

(i) A =1.61803
0.601501
| -0.371748

u, =
—0.371748

0.601501 (1.33),

where U, is the eigenvector and is normalized so that

14



U, [I=1,

(i) A3 =1.17557

0.601501
- 0.371748
3 1-0.371748

—0.601501 ’ (1.34)

where Us is the eigenvector and is normalized so that

luy =1

(iv)  A4=0.618043

0.371748
S 0.601501
*10.601501

where Uy is the eigenvector and is normalized so that
lugl=1

We make a plot of Uy, Uy, U3, and U4 as a function of the position n. (n =0, 1, 2, 3, 4, 5). Here we

assume that the 0-th and 5—th components of U;, U,, Us and U4 are equal to zero.

15



Fig.10 Plot of u; (4; = 1.9021), U, (4, = 1.6180), Uz (43 = 1.1756), and Uy (A4 = 0.6180), as a
function of n (n =0, 1, 2, 3,4, 5).

Here we make a plot of the sine function define by
sin(” kn)
> 7
D sin® (T km)
m=0 5

as a function of n, where £ is the mode number (k= 1, 2, ..., 4). We also make the plot of Uy, (k=

a,(n,N=4)=

(1.36)

1,2, ..., 4) at integer n. We find that these points well fall on the curve of ax(n, N = 4) vs n for

each mode £.

Fig.11 Plot of ax(n, N = 4) as a function of n (n =0, 1, 2, 3, 4, 5). The solid circles are denoted
by the four modes, u; (4; = 1.9021), U, (1, = 1.6180), U3 (13 = 1.1756), and U4 (A4 = 0.6180).

16



1.5. N =5 longitudinal wave

k.a
m
x1 xZ X3 x4 x5
] Elg

Fig.12 A system with five masses (m) (located at the positions x = xi, X2, x3, X4, and xs) and six

springs with a spring constant k. a is the length of un-stretched spring. The total distance is 6Ly.

Both sides are fixed.

For the system with 5 masses, the eigenvalue problem to be solve is as follows.

2
mao

Y,=2% -7,

mae*

Y, =Y, +2%,-Y,

2
mao

k

2
mao

Y,=-Y, +2Y,-Y,

Y, =Y, +2Y,-Y,

2
mao

Y=Y, +2,
, (1.37)

or

2 -1 0 0 O
-1 2 -1 0 O
0 -1 2 -1 0
o 0 -1 2 -1
0o 0 0 -1 2

o~ NN N X
Il
=,
SIS I RO

(1.38)

((Mathematica)) We use the Mathematica to solve the eigenvalue-problem.

17



Al = {{2, -1, O, 0O, O}, {-1, 2, -1, 0, O}, {O, -1, 2, -1, O},
{0, 0, -1, 2, -1}, {0, 0, 0, -1, 2}}

({2, -1, 0,0, 0}, {-1, 2, -1, 0, 0},
{0’ 711 2- 71’ 0}’ {0! 01 711 2! 71}’ {0! Oy O, 71’ 2}}

Al // MatrixForm

2 -1 0 0 O
-1 2 -1 0 O
0 -1 2 -1 0
0O 0 -1 2 -1
0O 0 0 -1 2

sl = Eigensystem[Al] // N

({3.73205, 3., 2., 1., 0.267949}, {{1., -1.73205, 2., -1.73205, 1.},
(-1.,1.,0., -1., 1.}, {1.,0., -1., 0., 1.},
(-1., -1.,0.,1., 1.}, {1., 1.73205, 2., 1.73205, 1.}})

For the system with 5 masses
(1) A1 =1.93185

0.288675
~0.50
u, =| 057735
-0.5
0.288675

) (1.39)
where U; is the eigenvector and is normalized so that

U, [l=1

(i) A =1.73205

0.5
~0.5
u, =l 0

0.5
~0.5

) (1.40)
where U, is the eigenvector and is normalized so that

U, =1

18



(i) A =141421

0.57735
0
u, =| —0.57735
0
0.57735 , (1.41)
where Uj is the eigenvector and is normalized so that
luy =1
iv) A=1
0.5
0.5
u,=| 0
-0.5
-0.5), (1.42)
where Uy, is the eigenvector and is normalized so that
lugl=1
(iv) As=0.517638
0.288675
0.5
u, =| 0.57735
0.5
0.288675 ’ (1.43)

where Us is the eigenvector and is normalized such that

lug =1

We make a plot of Uj, Uy, U3, Us, and Us as a function of the position n. (n =0, 1, 2, 3, 4, 5, 6).

Here we assume that the 0-th and 6-th components of U, Uy, U3 U4, s, and Ug are equal to zero.

19
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F|g13 Plot of u; (21 = 19319), U )) (ﬂz = 17310), U3 (23 = 14142), Usg (14 = 10), and Us (25 =
0.5176), as a function of n (n =0, 1, 2, 3, 4, 5,6).

Here we make a plot of the sine function define by
. T
sin(—kn
( 5 )
d 7
Z sin® (= km)
m=0 6

as a function of n, where £ is the mode number (k= 1, 2, ..., 5). We also make the plot of Uy, (k=

a,(n,N =5)=

(1.44)

1,2, ..., 5) at integer n. We find that these points well fall on the curve of ax(n, N = 5) vs n for

each mode £.
06
04l

02f

—-02 :

_oal

Fig.14 Plot of ax(n, N = 5) as a function of n (n =0, 1, 2, 3, 4, 5, 6). The solid circles are denoted
by the five modes, u; (4; = 1.9319), u, (1, = 1.7310), u3 (43 = 1.4142), us (14 = 1.0), and Us (As
=0.5176).
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This means that
u, ~a,(n,N =5)
where

a, (1)
a,(2)
a, =| a,(3)
a,(4)
a,(5)

1.6.  Longitudinal wave for N masses

We now consider the modes for the N masses on the chain. In equilibrium, the masses are

located at

x = Lo/(N+1), 2Lo/(N+1), 3 Lo/(N+1),
where Lo is the length of the system and Ax = Lo/(N+1) is the separation distance between the
nearest masses in thermal equilibrium. The mass is the same (= m) and the spring constant is the
same (= k). yi, i =1, 2, ..., N) is the displacement of the i-th mass from the equilibrium position
(xi=1i Lo/(N+1). Using the Lagrange’s method, we have the equation s of motion

my, =—k(y, —y,) +k(y, = »)

my, = —k(y, =)+ k(y; = ,)

myy = —k(y; = y,) + k(y, = y3)

my, = —=k(y, = y;) +k(ys = v,)

my, :_k(yN_yN—l)-’-k(yNH_yN)’ (1.45)
where yo(t) = yn+1(7) = 0.

y; = Re[Ye™] (1.46)

—ma)zYn :_k(Yn _Kl—l)+k(Kl+1 _Yn) (1 47)

where @ is the angular frequency, or

21



2
ma

Y, =,-Y)-(,

+1 n n

_Kz)zzyrl_Y+l_Y)—l

(1.48)
From the case of N = 2, 3, 4, and 5, it is reasonable to assume that Y, can be expressed in the
form of
Y, =sin(pn) (1.49)
The displacements of the system are described by
Y,=0
K
Y
u=
YN
Yya=0J, (1.50)
Here p is constant and is determined from the condition Yn+; = 0.
Yy =sin[p(N+1)]:0’ (1.51)
kx
Py =
N+1 (x=1,2, ,N). (1.52)
This means that there are N modes in this system.
For p = pn+i,
Y =sin(py,n)= sin(Mﬂn) =sin(m) =0
N+1 . (1.53)
Forp =pN+ja (] = 2’ 33 49 )’
Yn = Sin(pN+jn)
= sin(( *J) m)
+1
—sinm-N"I"2 1y
N +1
_ —sin(N_—]+2 m)
N+1 . (1.54)

22



Then the solution of Y, with p = pnyj is the same as that with p = pnj+2. The substitution of the

form of Y, into Eq.(1) yields to the dispersion relation (relation between @ and py)

2
 =2[1-cos(p, )] =4sin’ (&)
@, 2

w

K7 ]‘
2N+DT (1.55)

o, =20, sin(%) =2m,|sin[

where
@, =vk/m

Note that k is a spring constant and that x is the mode number. The dispersion relation of for N =
50 is shown in Fig.15, where p, is the wave number and the angular frequency is normarized by

2.

W/ k [m
1.0+

0.8
0.6

0.4+

0.2+

3n ¥

0 & % e
4 2 4

Ve

Fig.15 Dispersion relation for N = 50. The angular frequency «y vs the wave number p,.

The chosen modes with k=1, 2, 3, ..., 10 for N = 50 are plotted in Fig.16.

sin(l Kn)

\/isinz(;[lkm) |

a.(n,N =50)=

m=0

(1.56)
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02t

Fig. 16 Plot of a,(n, N =50) withk =1, 2, ..., 10, as a function of 7.

2. Double pendulum (another example)
Here we consider the motion of the double pendulum. This motion is similar to that of the

longitudinal wave in the chain system with N = 2.

Fig.17 Schematic diagram of the double pendulum. /; = l,. m; = m,.

61 and 6, are angled (normal coordinates)
I, =(/sinb,,l cosb)
r,=(/sin6 +1,siné,,l, cos6, + 1, cosb,) .1)

The kinetic energy K is given by

24



K= lml (116)1)2 + l”’/’2[(116}1)2 + (1292)2 + 21,1, cos(6, -6, )0182]
2 2 . (2.2)

The potential energy U is given by
U =-mgl, cos6 —m,g(l,cost, +1,cos6,) (2.3)

From the definition, the Lagrangian L is
L=K-U, (2.4)
The Lagrange’s equation is given by

d oL, oL
dt 26, 06,
d oL oL

(2.5)

S (===

dt 06, 36,

The equations of motion are obtained as
(m, + m,)L,6, + m,l, cos(6, — 6,)0, + m,1,sin(6, — 6,)0, + (m, + m,)gsin, =0

1,0, +1,cos(6, — 0,)6, — 1 sin(6, — 0,)6,” + gsin6, = 0
(2.6).

((Mathematica)) Variational method
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Clear["Global "]

<< "VariationalMethods™"

1 1
= 5 ml¢12 01" [t]? + 5 m2 (¢1% e1"[t]? + 2% 02" [t]?) +

m2 ¢1¢2Cos[el[t] -e2[t]]el"[t] e2"[t] +mlg¢lCos[el[t]] +
m2g (/1 Cos[el[t]] +¢2Cos[e2[t]])

gmls1Cos[el[t]] +gm2 (4/1Cos[el[t]] +/2Cos[62[t]]) + % ml /1% 01’ [t]% +

m2¢1¢2 Cos[61[t] -e2[t]] 61’ [t] 62’ [t] + % m2 (112 o1’ [€])? + 122 62’ [1]?)

eqll = VariationalD[L, el[t], t]
-f1 (gmlSin[el[t]] +gm2Sin[el[t]] +m2/2Sin[el[t] -62[t]] 62" [t])% +
(ml+m2) /101" [t] +m2/2Cos[Ol[t] -02[t]] 62" [t])
eql2 = VariationalD[L, e2[t], t]
-m2 /2 (gSin[e2[t]] -/1Sin[ol[t] -62[t]] o1/ [t]%+
f1Cos[el[t] -62[t]] 61" [t] + /202" [t])
eq21 = EulerEquations[L, el1[t], t]
-f1 (gmlSin[el[t]] +gm2Sin[el[t]] +m2/2Sin[el[t] -62[t]] 62" [t]%+
(ml+m2) /101" [t] +m2¢2Cos[61[t] -62[t]] 62" [t]) =
eq22 = EulerEquations[L, e2[t], t]
-m2¢2 (gSin[e2[t]] -/1Sin[el[t] - 62[t]] o1/ [t]%+
/1Cos[el[t] -62[t]] 61" [t] +/262"[t]) =0
eq3l = Firstintegrals[L, el1[t], t] // Simplify
{Firstintegral [t] »% (-29 ((M1+m2) /1 Cos[61[t]] +m2¢2Cos[62[t]]) +

(ml+m2) /12 01’ [t]% - m2 /22 02’ [£)?) }

eq3l = Firstintegrals[L, e2[t], t] // Simplify
{Firstintegral [t] »% (-29 ((M1+m2) /1 Cos[61[t]] +m2¢2Cos[62[t]]) -

(ml+m2) /1% 01’ [t]% + m2 /22 02’ [£)?) }
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In the limit of small angles, the above equations are simplified as

(m, +m,),0, +m,1,0, + (m, +m,)gb, =0 2.7
1,6, +1,6, + gsind, =0 ' '
Here we use the following approximations,
sin(6, —6,) =0
cos(6,—6,)=0
sing, = 6,
sin 02 ~ 02 , (28)
For simplicity, hereafter we assume that /; =/, = and m; = m = m.
20, +6, =240
AL 2.9
6, +6,=—y0,
where

_&
=

We assume that
0 = Re[@lei“”]
02 = Re[@zei[”’] , (210)

where @, and @ are the complex amplitudes and w is the angular frequency.

-®° (20, +0,)=-2)9,

(2.11)
-0’ (0, +0,) =0,

This is reduced to the eigenvalue problem after simple procedures,

20 b
a6 e 3o

% 2o
-2 2)e, o,) 2.12)
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where A =2.

((Mathematica)) Eigenvalue problem

a- (2 D)o (39)

{{2, 0}, {0, 1}}

Cl = Inverse[Al] .B1
{{29 _1}! {_2! 2}}

Eigensystem[C1] // Simplify

[{2+v2,2-V2]}, {{%, 1), [ =1}

(a) The in-phase mode (normal mode)

The eigenvalue is

2
A== -2 2 o =V2 -2y =0.76537,[y 2.13)
¥ , . .
The eigenvector belonging to the eigenvalue A, is
1
C —
u(l) = 1 =
o)\
. (2.14)
(b) The out-of-phase mode (normal mode)
The eigenvalue of the out-of-phase mode is
2
A=a =2 2242 w, =\2+2[y =1.84776,fy
4 ’ ’
The eigenvector belonging to the eigenvalue A, is
1
® —
u(2) = ! =
o) |7
. (2.15)

Since the differential equations are linear, we have the general form given by any

.. M @)
superposition of U and U,
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o 1) (1) (axC
(®1J:C1u(1)+czu(2):q L2146 2 =] 2

2 1 -1 C -G, (2.16)
where C, and Cz are complex constants. From Egs.(2. 10) and (2.16), we have
6,(t) = e[(C, +C,)e'™] 0,(1) =—=Re[io(C, + C,)e™ ]
v 7
0,(t) = Re[(C, - C, )e' ] 92 (1) =Relio(C, - C, )e ] (2.17)
and the initial conditions (at # = 0)
0,(t=0)= \/_ e[(C, +C,)] ot = \/_ Re[io(C, +C,)]
0,(t =0) =Re[(C, - C,)] 6,(t =0) =Relio(C, - C,)] (2.18)
(1) Initial condition for the observation of only the in-phase mode
To this end, it is necessary to have C, = 0. Then we get
0,(t) =—=Re[C,))e'™]
f
92 (t) = Re[Cleiwt] , (219)

which leads to \/501 (¢) = 6,(¢) In other words, if we have the initial condition such that
N26,(1=0)=0,(t=0)=Re[C]  26,(t=0)=6,(t =0) = Re[iwC]

then the in-phase mode can be realized experimentally.

Fig.18(a)The initial conditions for the In-phase mode of the double pendulum. We choose the
initial conditions such that 6(t=0)=¢. 0,(t=0)= V2e. 0(t=0)=0. 6,(t=0)=0. gis a very

small angle.

(i)  Initial condition for the observation of the out-of-phase mode
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To this end, it is necessary to have C; = 0. Then we get

0,(t) = —=Re[C,e™ ]

V2

0,(t) = —Re[C,e'™] (2.20)

which leads to \/501 () =—6,(¢) . In other words, if we have the initial condition such that
V26,(t=0)=—-6,(t=0)=Re[C,]  ~26,(t =0) = —6,(t = 0) = Re[iwC, ]

then the out-of-phase mode can be realized experimentally.

2

o

61

ml

/

Fig.18(b)The initial conditions for the out-of-phase mode of the double pendulum. We choose

&

the initial conditions such that (¢t =0)=¢. 6,(t=0)= —2e. él(t =0)=0. 92(t =0)=0.¢isa

very small angle.

3 Transverse waves

We now consider the transverse wave in the system. In equilibrium, the positions of masses
and the springs are aligned along the straight line. The direction of the displacement is
perpendicular to the straight line in equilibrium. In other words, the masses can move along the y
direction. We assume that the distance between masses in equilibrium is longer than the un-

stretched length of springs. Otherwise, the system becomes nonlinear.
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A transverse wave is a moving wave that consists of oscillations occurring perpendicular to
the direction of energy transfer. If a transverse wave is moving in the positive x direction, its

oscillations are in up and down directions that lie in the y direction.

3.1  N=1transverse wave

We consider the case of the transverse wave. The mass is located at the fixed position (x =
Loy). The displacement of the mass occurs along the direction perpendicular to the x axis
(transverse direction). When the displacement y; is very small, we find that the mass m

undergoes a simple harmonic oscillation (the transverse mode).

Fig.19 Transverse oscillation for N = 1 system. The displacement of the mass (m) is restricted to
the direction perpendicular to the chain in equilibrium (the lenght 21). The spring constant is k.

The length L, is assumed to be larger than the length of un-stretched spring.

The Lagramgian is given by
L= %my‘f - 2%/((1/%2 +L," —a)

The Lagrange equation is

3.1)

5=k ()
m T (3.2)

with
&= (Lo—a)/Ly (>0),

where « is the unstretched length of spring and y1 is much shorter than L, and a. When
¥ =Re[Ye”] (3.3)

we have
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wﬁgﬁ

Note that the angular frequency of the transverse wave is different from that of the longitudinal

(3.4)

wave by the factor (\/E ).

((Mathematica))

Clear["Global  %"]

<< "VariationalMethods™""

1 2 1 2 2 2
L=5my'[t] —ZXEK(\/y[t] +L0 —a)

1

2
-k (—a+ L02+y[t}2) +E my’[t]2

eqll =

VariationalD[L, y[t], t] // Series[#, {y[t], O, 1}] & //
Simplify[#, LO > 0] & // Normal

2k (a-L0) y[t]

-my”’ [t
L0 y'[t]

3.2 N = 2 transverse wave

Fig.20 Transverse oscillation for N = 2 system. The displacement of each mass (m) is restricted

to the direction perpendicular to the chain in equilibrium (the length 3L). The spring constant is

k. The length L is assumed to be larger than the length of un-stretched spring.
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The differential equations for the transverse displacements y; and y, are given by

.k
N :_5(_2y1 +,)
m

=R —2y)
m . (3.4)

Then we have the eigenvalue problem given by
-1 2% h (3.5)

where A7 is the eigenvalue and A = @\/m/(k&) . This eigenvalue problem is almost the same as

that for the longitudinal waves for N = 2, except for the factor 1/ \/E in the value of A.

((Mathematica))

Clear["Global " "]

<< "VariationalMethods™"
1 1 1 2
= - myl [t]1?+ = my2"[t]®- =k (\/yl[t]Z»fLo2 —a] -
2 2 2
1 2 1 2
5 k (\/ (y2[t] —y:L[t])2+LO2 —a) - E k (\/ y2[t]2+L02 —a] ;

eqll = VariationalD[L, y1[t], t] // Series[#, {yl[t], O, 1}, {y2[t], O, 1}]1 & //
Simplify[#, LO > 0] & // Normal
2k (a-L0) y1[t]+( ak

_ak P
s k- To ) y20tl -my1”(t]

eqll = VariationalD[L, y2[t], t] // Series[#, {y2[t], O, 1}, {yl[t], O, 1}]1&//
Simplify[#, LO > 0] & // Normal
( ak +2k(a—LO) y2[t]

k—E)yl[t] o

-my2” [t]

3.3 N = 3 Transverse wave
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. ~ Uoeen,

¥1 y2 ¥3

k,a

Fig.21 Transverse oscillation for N = 3 system. The displacement of each mass (m) is restricted
to the direction perpendicular to the chain in equilibrium (the length 4L,). The spring constant is

k. The length L, is assumed to be larger than the length of un-stretched spring.

The differential equations for the transverse displacements y;, y», and y3 are given by

.k
Wi 2_5(_2)’1 +y2)
m
Lk
5o =22 (1= 234 2)

. k
V3= _g(yz -2y;)
m

, (3.6)
or
2 -1 oYY Y
N Dy
0 -1 2% L) (3.7)

where A7 is the eigenvalue and A = @\/m/(k&) . This eigenvalue problem is almost the same as

that for the longitudinal waves for N = 3, except for the factor 1/ \/E in the value of A.

((Mathematica))
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3.4

Clear["Global " %"]

<< "VariationalMethods™ "

1 , 1 , 1 , 1 4/ 2 2 2
L=§my1'[t] +5my2'[t] +£my3'[t] _Ek( y1[t]© +LO —a] -

Nl NI

2 1
k[\/ (y2[t] -y1[t])? +LO? -a] -Ek(\/ (y3[t] -y2[t])?+L0? -a]

2
k [\/ (y3[t])? +L0O? -a) ;

eqll =
VariationalD[L, y1[t], t] //

Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}]1&//

Simplify[#, LO > 0] & // Normal

2k (a-L0) y1[t]

ak

" (k——) y2[t] -myl”[t]

LO LO

eql2 =
VariationalD[L, y2[t], t] //

Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}] & //

Simplify[#, LO > 0] & // Normal

=

ak
o) i

2k (a-L0O) y2[t] ak .,
4 s +(k—m)y3[t]—my2 [t]

eql3 =
VariationalD[L, y3[t], t] //

Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}] &//

Simplify[#, LO > 0] & // Normal

(kf—) y2[t]

ak

. 2k (a-L0O) y3[t]

-my3”’ [t
0 y3" [t]

LO

N =4 Transverse wave

35

2



m
k.a
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‘{J L g aLn 410 ":If\

Fig.22 Transverse oscillation for N = 4 system. The displacement of each mass (m) is restricted
to the direction perpendicular to the chain in equilibrium (the length 5L). The spring constant is

k. The length L, is assumed to be larger than the length of un-stretched spring.

The Lagramgian is given by

1,1 o 1 o 1 R R 1
L ZEm)ﬁ 2+Emy2 2+Emy3 2+Emy4 Z_Ek( J’12 +Lo2 ~a)’ _Ek(\/(yz -») “'Lo2 —a)’

1 1 1
WOy =2) L =) =Dk =)+ L =) kG Ly —a)

(3.8)
The Lagrange's equations up to the first order of yi, y2, y3, and ya, are given by
.k
= _é:(_zyl +,)
m
.k
5= X -2,y
m
.k
V3= _g(yz —2y;+y,)
m
. k
Yo = _f(y3 -2y,)
m : (3.9)

where & =(L,—a)/L,>0.
The eigenvalue problem for the transverse wave is the same as that for the longitudinal wave,

when £ is replaced by k¢ for the longitudinal wave.

2 -1 0 0YY Y,
-2 -1 0y Y,
0 -1 2 -1|y Y,
0 0 -1 2)\Y, Y,

: (3.10)
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where A7 is the eigenvalue and A =@\/m/(k&) . This eigenvalue problem is almost the same as

that for the longitudinal waves for N = 4, except for the factor 1/ \/E in the value of A.

((Mathematica)) We use the Mathematica to derive the Lagrange's equations.

Clear["Global " *"]

<< "VariationalMethods™"
1 2 1 2 1 2 1 2
=—MmyL " [t] + —my2°"[t]“+ —my3"[t]“+—-my4d"[t]° -
2 2 2 2
2 1 2
k(\/yl[t]2+L02 -a] -Ek(\/ (y2[t] -y1[t])? + LO? —a] -
2 1 2
k (\/ (y3[t] -y2[t])? + LO? -a] _Ek (\/ (YA[t] -y3[t])2 + LO? -a] -

> k (\/y4[t]2+L02 -a

eqll =
VariationalD[L, y1[t], t] //
Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}, {y4[t], 0, 1}]1&//
Simplify[#, LO> 0] & // Normal

2k (a-L0O) yl1[t] ak .,
O +(k—B)y2[t]—myl [t]

1
2
1
2
1 2

eql2 =
VariationalD[L, y2[t], t] //
Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}, {y4[t], O, 1}1&//
Simplify[#, LO > 0] & // Normal
ak

(k—5> yl[t]

2k (a-L0) y2[t] ak .,
‘ o +(k—ﬁ>y3[ﬂ—my2 [t
eql3 =
VariationalD[L, y3[t], t] //
Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}, {y4[t], O, 1}]1&//
Simplify[#, LO > 0] & // Normal

ak 2k (a-L0) y3[t] ak .
(k—L—O)yZ[t}+ o +(k—L—0)y4[t}—my3 [t

eqls =
VariationalD[L, y4[t], t] //
Series[#, {yl[t], O, 1}, {y2[t], O, 1}, {y3[t], O, 1}, {y4[t], 0, 1}]1&//
Simplify[#, LO> 0] & // Normal
N 2k (a-L0) y4[t]
LO

(k-ﬂ() y3[t]

-my4d” [t
L0 y4" [t]
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35 N =5 Transverse wave

AL

Fig.21 Transverse oscillation for N = 5 system. The displacement of each mass (m) is restricted

to the direction perpendicular to the chain in equilibrium (the length 6L). The spring constant is

k. The length L, is assumed to be larger than the length of un-stretched spring.

The eigenvalue problem is given by

2 -1 0 0 0YY Y,
-1 2 -1 0 0]Y Y,
0 -1 2 -1 0|Y|=4Y,
0 0 -1 2 -1|Y, Y,
0 0 0 -1 2\, Y,

(3.11)

where A7 is the eigenvalue and A = @\m/(k&) . This eigenvalue problem is almost the same as

that for the longitudinal waves for N = 5, except for the factor 1/ \/E in the value of A.

4. Continuous chain for the longitudinal and transverse waves

4.1  Wave equation

From the above discussion, we find that the wave equations of the longitudinal and

transverse waves are given by

2

m cfj;;‘ = k(usH - zus + us—l)
2

m ddtl/;g = é-':k(usﬂ - 2us + us—l)

9
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respectively. We use the same form uy(x) = u(x, ¢) for both waves. For the transverse wave, u(x,
f) is the displacement along the direction (y axis) perpendicular to the chain axis. For the
longitudinal wave, u(x, f) is the displacement along the chain direction (x axis). Only difference
between Eqgs.(1) and (2) is that the effective spring constant in the transverse wave is different
from that for the longitudinal wave by the factor &. For convenience, hereafter we use one wave
equation given by Eq.(4.1) for both the longitudinal and transverse waves. In the limit of Ax
(—0), sAx= x and s is continuous variable. Under this assumption, u(x, #) can be expanded using

a Taylor expansion,

2 A2
() = o + Ay t) = u(x, 1) + X U0 | (BT OUCED | 5z
I ox 2! , 4.3)
Then the original wave equation can be rewritten as
2
m u(f,t)
Ot
2 A2 2 A2
— Ku(x.0) +£6u(x,t) N (Ax)" 0 u()i,t) u(t)+ ux.f) _ Ax du(x,1) N (Ax)" 0 u();,t)]
I oOx 2! ox I ox 2! ox
4.4)
or
m a u();’t) — k(Ax)Z a u(i:t)
ot o’ (4.5)
or
azu(fat) — ﬁ(Ax)Z azu(-);at) — VZ azu(-);at)
ot m Ox ox” | (4.6)

which is the continuum elastic wave equation with the velocity of sound given by

m- (4.7)
This applies in general to various types of traveling waves. u(x, t) represents various
positions. For a string, it is the vertical displacement of the elements of the string. For a sound
wave, it is the longitudinal position of the elements from the equilibrium position. For

electromagnetic waves, it is the electric or magnetic field components.

4.2  Solution of the wave function (1)

The wave function can be solved as follows. For convenience, we put
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u(x,t) =y (x.1) (4.8)

which satisfies the wave equation given by

2 2
Pade gvj, (4.9)
— —v—)(=—+v— 0
(az Va )(at )f
We introduce new variables
f=1-=
V
.
v .

So that the equation for i becomes
o’y
ogn

The solution obviously has the form

v =5+ 10

where f; and f; are arbitrary function.
Or

v = fE=D+ filt+3)
v v, (4.10)

The function f; represents a plane wave moving in the positive x-direction, while the function f,
represents a plane wave moving in the negative x-direction.

4.3  General solution using the Fourier transform:

We introduce a Fourier transform defined by

1 %
Y(x,0)=— |e "y (x,t)dt
V27 L . 4.11)

The inverse Fourier transform is given by

Y (x,w)dw

1
w(x,t)=—F— ,
V27 [o . (4.12)

Then the wave equation can be rewritten as

2 ©
a—zy/(x,t)—izy/(xz = jw ‘P(x a))+ ‘P(x @)]dw =0
ox %

—00

Then we have
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2
9 W(x,0)+ ¥ (6 0) =0
o , (4.13)

where « is the wave number and is defined by x = @w/v. Here we use « instead of & since k is
used as a spring constant. The solution of this equation is

wx
ti—

¥ (x,0) = ¢(w>% - ¢(w>% s

where @ ) is an arbitrary function of @. Finally we get
1 % io(txS)
v =——[g@e " do
e . (4.15)

This means that u(x, ¢) is an arbitrary function of (¢ £ i) .
v

5 Modes of the oscillation in the string
51  Wave function of the mode
We consider the oscillation in the string using the wave equation. In this case both sides of

the string are fixed.

0%u(x,t) _ )2 o*u(x,t)
o’ o’ (5.1)

We assume that
u(x,t) = Re[U(x,w)e™ ] (5.2)

where U(x, w) is the complex amplitude and w is the angular frequency. Then we have

2
V2 a U(-x;w) eiwt

Re[-0*U(x,w)e’™ ] = Re[
ox

]

b

or
2
GUE®) | oty (x,0) =0
Ox , (5.3)
with the wave number x given by
@
K=—
v, (5.4)

under the boundary condition
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Ux=0,0)=0

U(x=L,o)=0 (5.5)

where L is the total distance of the string. The solution of the second order differential equation
is simply obtained as

U(x, w) = sin(x, x) (5.6)

with
mrm
=T m=1,2,3,..), (5.7)
where m is an positive integer and denotes the number of mode m. The angular frequency @, of
the mode m is related to the wave number &, of the mode m through a relation

mr vIT
W, =VK, =V——=MmM—=mao,
L L

m m

; (5.8)
where @) is the fundamental angular frequency and @,, @3, @a, ... are the angular frequency of
the second, the third, the fourth, ..., harmonics. The period (7)) and wavelength (4,) of the wave

with the mode m =1 is

r-2%
a)l
o2 : 5.9
i (5.9)
The wave function of the mode m is
u, (x,t) = Re[ 4, sin(x, x)e' "]
=Re[ 4, sin(x,x)e" " ]
=4, sin(x,x)cos(w,t+@,)
= %[sin(zcmx +w,t+¢,)+sin(x,x—w,t—¢,)]
A . :
=—{sin[x, (x +vt+ ¢, )] +sin[x, (x—vt—¢,)}
2 , (5.10)

o : . . . ®=VK
where Ame'’n is a constant complex amplitude. Here we use the dispersion relation, “» m,

The phase velocity v, and the group velocity v, are defined as
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_a)

"

ow

Ve =
Ok | (5.11)

respectively. In the present case we have

v =V, =V

p g ) (5.12)

It is found that the wave function of the mode m is a sum of the travelling wave propagating

along the (+x) direction [%sin[icm (x—vt—¢,)]and the travelling wave propagating along the (-

x) direction [%sin[xm (x+vt+¢,)], leading to the standing wave.

5.2  General solution for the oscillation in the continuous string

The general solution is a superposition of the wave function for the mode m (m =1, 2, 3, ...).

u(x,t)= ZAm sin(x, x)cos(@,t +@,)

(5.13)
where 4, and ¢, (m =1, 2, ...) can be determined from the initial condition,
u(x,0) = f(x)
ou(x,t)
|t=0: O
ot ’ (5.14)

where the form of function, f{x) is given. The wave function is periodic function of ¢ with a
period of 7' (= 21/ @) at the fixed x. From the second initial condition, we obtain

$=¢=..=0 (5.15)
From the first initial condition, we have

u(x,0) = f(x) = 4, sin(x,x)

(5.16)
The coefficient 4., of the Fourier series can be calculated as
2 L
,%=zﬁﬂmgmmmw
0 ) (5.17)

53 Example

For simplicity, we assume that f{x) is given by a triangle function
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fx) = (2alL) x (0<x<L/2). (5.18)
fx) = a/L) (L - x) (0<x<L/2). (5.19)

f(x)

F 3

0 L2 L

Fig.22 Initial state of the oscillation of the string

The Fourier coefficient 4, is calculated as

A —E[szz—axsin(K X)dx + j 2—a(L—x)sin(K x)dx
m L ) L m I "

L/2

= 322“2 cos(Z % sin® (17
mrw 4 4 , (5.20)
using the Mathematica. Note that
8a 8a 8a
Al=?, A2=0, A3=—W, A4=0, AS:W’
8a 8a
As=0, A, = , =0, =—, Ap=0
° T 497 ’ = 10
(5.21)
Then u(x, t) can be expressed by
& 32a mr mrw mm mrm
u(x,t)= Z 5—5 €0os( )sin® (——)sin( )cos(——vr)
m=1M 7T 4 4 L L . (522)

In Fig.23, we show a plot of u(x, f) as a function of x, where ¢ is changed as a parameter. We
choose Ny = 50 as the highest term of the summation. When N, is small (for example, Ny = 3),
the form of u(x, ¢ = 0) is slightly deviated from a triangle function near at x = L/2. The period is

2L/v. Weuse L=2,a=1, and v =1 for the numerical calculation.
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Fig.23 Plot of u(x, ¢) as a function of x (x = 0 — 2), where ¢ is changed as a parameter (1 = 0 — 4).
L=2.a=1.v=1.Theperiod T=2L/v=4. Ny=50.

In Fig.24, we show a plot of u(x, #) as a function of #, where x is changed as a parameter. The
function u(x, 7) at any fixed x is a periodic function of t with the period 7 (=2L/v which is equal

to 2 in the present case).

u (x, t)
Lo

05

0 AT 1 2 4 AT E N, 2 /3 4

Fig.24 Plot of u(x, ¢) as a function of 7 (t = 0 - 4) where x is changed as a parameter (x =0 - 2). L
=2.a=1.v=1.The period T=2L/v=4. Ny =50.

((Mathematica))
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ufx , t ] :=

D 32a Mmmx, _ rMxq3 _ cMx TV
lemznz COS[T Sln[T Sin TX] Cos[mTt;

rulel={a-»1, L>2,v->1}; H[x , €t ] :=u[x, t] /. rulel;
Plot[Evaluate[Table[H[x, t], {t, O, 2, 0.2}]],

{x, 0, 2},

PlotStyle -» Table[{Thick, Hue[0.1 1]}, {i, O, 9}1]

Plot[Evaluate[Table[H[x, t], {t, 2, 4, 0.2}]],
{X’ 0’ 2}’
PlotStyle » Table[{Thick, Hue[0.1 1]}, {i, O, 9}1]

Plot[Evaluate[Table[H[x, t], {x, 0, 1, 0.2}]],
{t’ 0’ 4}’
PlotStyle -» Table[{Thick, Hue[0.2 1]}, {i, O, 4}]1]

Plot[Evaluate[Table[H[x, t], {x, 1, 2, 0.2}]],
{t, 0, 4},
PlotStyle » Table[{Thick, Hue[0.2 1]}, {i, 0, 4}]]

6. Wave packet
In this section we discuss the propagation of the wave packet. Here we use k as the wave

number (but not x).

6.1  Traveling wave
We consider the solution the wave function for the infinite chain,
0%u(x,t) _ o*u(x,1)

o’ ox’ (6.1)

2

for x = -o0 to . There is no limit on the value of x. The solution with the mode £ is given by a

travelling wave

i(kx—aot)

u(x,t)=u,e , (6.2)

where A is the complex amplitude . We choose only the positive value of @, given by
0=w, =v|k|. 6.3)

The k is the wave number (positive and negative values this time). The wave with the positive £

denotes the traveling wave propagating along the positive x axis, while the wave with the
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negative of k& denotes the traveling wave propagating along the negative x axis. Then the general

solution is expressed by a sum of these modes,
u(x,1) = Refy (x,0)] (6.4)
with

w0 = [ f ke
2 , (6.5)

where f(k) is the complex amplitude.

6.2  Wave packet for the dispersion relation o=, = vlk|

Suppose that f{k) is described by a Gaussian distribution function,

L [_(k—k0)2
V2rAk P 2(Ak)?

where Ay is the complex amplitude(constant), ky is the mean wave number, and 4k is the width

S (k) = 4,

]
: (6.6)

of the Gaussian distribution (standard deviation of k).

) = 4y Jatkexpl- E o) e G
2rAk 7 2(Ak)®

with ax = v|k|. We use the Mathematica for the calculation of integrals. At t = 0, we have

ikox—%xz (Ak)?

w(x,t=0)=4ye (6.8)
For any ¢, we obtain
i —vt L Ak)? (x—vit)? i(x — 2
w(x,t)z%AOelk"(x )= (867 (x-vr) ){(l-i-erf[ko +l():5;3(Ak) D
1 ik(,(x+vt)—l(Ak)2(x+vt)2 k. + i(x + vt)(Ak)2
7A 2 0
+ 3 o€ erfc| Tk ] ’ (659)
where erf(z) and erfc(z) are the error functions of z.
erf(2) = % [ear. erfe(z) = 1 - erf(z). (6.10)
7T

The first term of u(x, ¢) is a function of (x — v¢), indicating the traveling wave along the positive x

axis. The second term of u(x, ¢) is function of (x + vf), indicating the traveling wave along the

negative x axis. When £, / (V2Ak) >>1 and x = v, w(x,t) can be approximated by
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ik (Hz)%(Ak)z (x-vt)?)

w(x.0) = de . 6.11)
since erf =1 and erfc = 0 in Eq.(6.11). Then u(x, 7) can be expressed by

(AR (x?)

u(x,t) =Rely(x,t)] = Ae cos[k,(x —vt)] '

(6.12)
This indicates that the wave packet propagates with the group velocity v. Note that the group

velocity (vg) 1s equal to the phase velocity (vp) for the dispersion (@ = vk).

v—a—a)—v
¢ ok
w
V,=—=V
k . (6.13)

The shape of u(x, ¢) given by Eq.(6.13) is described by a traveling wave along the positive x axis,
whose amplitude is modulated by the Gaussian function centered at x = v¢. The width of the
Gaussian function (Ax) is equal to 1/4k;

Ax-Ak =1 (6.14)
This means that a wave packet with a narrow range in k space must be very broad in x space and

vice versa.

(@) Numerical calculation: Ap =1, kg =20,v =1, and Ak = 3.
In this case, u(x, ¢) is the traveling wave along the positive x axis. since k¢>0.
The angular frequency: oy = vko = 20.
The period: Ty =21 an =2m/20 =7/10 = 0.314
The wave length: Ay =2a/ko = /10 = 0.314
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0.5

-05

Fig.25 Propagation of the wave packet along the positive x axis. 49 =1, ko =20, v=1, and Ak =
3.

(b) Numerical calculation: Ap =1, ko =-20,v =1, and Ak = 3.

In this case, u(x, ¢) is the traveling wave along the negative x axis. since ky<0.

The angular frequency: an = vky = 20.
The period: To=2may=2n/20=7/10=0.314
The wave length: Ao =27ky=1/10=0.314
t=12 t=8 t=4 t=0
LOF u(x, 1)
Yaa. | a—> ud -6 0 =2 X

Fig.26 Propagation of the wave packet along the negative x axis. 4o =1, ko = -20, v= 1, and Ak
=3.
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6.3  Spread of the Wave packet for the dispersion relation @ =, = E, /h=hk>/(2m)

We now consider the case when the angular frequency ax is given by

E, hk’®

“n 2m, (6.15)

which corresponds to the case of free electron, where / is the Planck’s constant, m is the mass of
electron, and £ is the wave number. The group velocity and the phase velocity are defined as
ow, hk o, hk
= = — vV =— —_—
£ ok m "k 2m, (6.16)

b

respectively. The wave function y(x, t) is given by

1% k—k,)? o hK?
w(x,0) = 4, NorTv j dkexp[—ﬁ] expli(kx — iy

) 6.17),

Using the Mathematica, Eq.(6.17) an be calculated as

y(x,t)= _ -
| | (k)

2
iy x — - (Ak) a7 — i 0
2 m ]

. 2
1+ int(Ak)
m

2
(ikyx— (AR 52 =i K0 Ty )
2 2m

! exp[
1 N7
m
L oxpf ]
. P 2.2 4
/1+zht(Ak) 1 (fk)
m m
kRt int(Ak)?
1 o My - UL
' —exp| =
/1+zht(Ak)
m
(hyx ——2 ——(Ak) (x =)
1 eXp[z(o - . ) 2( ) ( m)]
K > 2,2 4
/tht(Ak) 1 (?k)
m m

2.2 4
N nt” (Ak)
From Eq.(6.18), the amplitude of w(x,?) is obtained as a Gaussian function

_int(Ak)?

(Thyx — ;(Ak)zx2 —

]
1

2
m

k,’hit . (AR 1 hk,

(6.18)
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—l(Ak)2(x _%t)Z
2 m

1
A(x,t) = ex
( ) thZ(Ak)Z 174 p[ 1 h2t2(Ak)4 ]
I+ ——>" + 2
m m
(6.19)
The peak of the Gaussian distribution (x,) appears at
iy,
om (6.20)

which indicates that the center of the Gaussian distribution propagates with the group velocity,
but not with the phase velocity. The mean width of the Gaussian distribution (Ax) is related to Ak

as

2.2 4

NI BRI
Ak m (6.21)

For times so short that 7°t*(Ak)* /m* <<1, we have Ax =1/Ak which is the spread at ¢ = 0.

The wave packet begins to spread only when #°t*(Ak)*/m’ >1. Equation (6.21) can be

rewritten as

2.2 4
Axhk = |14 AR
m . (6.22)

Therefore, after a long time, the product AxAk becomes very large. Equation (6.21) corresponds
to the Heisenberg's principle of uncertainty.

We also note the oscillatory part in Eq.(6.21) given by

, k’ht  oPh(Ak)! . k,ht o h(AK)?
(k=5 )+ 2(m ) (kg — M0 My zz(m)
c =C c
xpl W (M) J= el P
1+ —— 1+—— I+
m m m

(6.23)

For times so short that 7°t*(Ak)* / m*> <<1, the oscillatory part is approximated by

xh(Ak)*
i————]
2m

explith (x — 2 expl
2m , (6.24)

where ky71/(2m)in the first exponential term is the phase velocity m/k at k = ky. The second

exponential term indicates the rapid oscillation of the wave packet with increasing ¢ and x.
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((Mathematica))
We make a plot of |u(x, 7)| for the Gaussian wave packet (instead of u(x, 7)). Note that u(x, 7)

is an oscillatory function of x at the fixed t. In order to show the semi-log plot (y axis is in a

|ul>,t)]

.|||| ......

| i

logarithmic scale), we need to make such a plot of |u(x, 7)|.
Il n\ ‘ |H il \‘\ m
0.10 ' ||H|

A "

Fig.27 Propagation pattern of the wave packet along the positive x axis at the fixed times. ¢ = 0,

0,4,0.8,1.2,1.6,and 2.0. Ag=1,ko=10,m =1, =1, and Ak = 3.

0.03

0

lu(x.t)|

1.00

030

020

0.10

0.03

0 20 T 60 80 00 X
Fig.28 Propagation pattern of the wave packet along the positive x axis at fixed times. =0, 1, 2,

3,4,5,6,7,and 8. Ag=1,ko=10,m=1, =1, and Ak = 3.
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CONCLUSION

The oscillations and waves are universal phenomena which appears in a variety of physical
systems. The wave packet is a superposition of the traveling waves as normal modes with
various wave numbers. The wave packet consisting of many waves behaves like a particle. The
peak of the wave packet propagates with the velocity as the nature of the particle. The discussion
on the propagation of the Gaussian wave packet leads to the concept of the Heisenberg's
principle of uncertainty.

In quantum mechanics, the wave—particle duality principle (de Broglie hypothesis) is
established. All matters exhibits the behaviors of both waves and particles. The French physicist
de Broglie proposed that particles behave as if they possessed a wave length that was inversely
proportional to their momentum p; A = h/A where & is the Planck's constant and A is the wave
length. The de Broglie hypothesis was experimentally confirmed from the experiment by the
Americans C. Davisson and L. Germer. They demonstrated diffraction effect when they
scattered electrons off a polished nickel crystal.

In these senses, we think that the concept on the oscillations and waves is closely related to
the fundamental principle in quantum mechanics. We hope that this note is useful for
undergraduate students in physics who will study the quantum mechanics and advanced

electromagnetic theory.
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APPENDIX Variational method using Mathematica
A.1  Definition of VariationalD (Mathematica program)

We suppose that the functional is given by f(y,)',x) . Using the VariationalD

[Mathematica], one can calculate

¥ 4,
d dx Oy
where the variation of the integral J is defined as
2
of d of
o = |[-———(=)]yd
-!.[Gy dx(ay’ Joydx

((Mathematica)) description of the programs was copied from the Mathematica 7.

VariationalD

VariationalD[f, u[x], x]
returns the variational derivative of the integral ffd Xx with respect to u [x], where the integrand f is
a function of u, its derivatives, and x.

VariationalD[f, u[x, y, ...]1, {X, V5 ...}]
returns the variational derivative of the multiple integral ffd xd y... with respectto u [x, y, ...],
where f is a function of u, its derivatives and the coordinates x, y, ....

VariationalD[ f, {u[x, ¥, ...], VX, Vs ..l oo}y (X5 Vs )]
gives a list of variational derivatives with respectto u, v, ....

A.2  Definition of EulerEquations (Mathematica program)
Using the EulerEquations [Mathematica], one can derive the Euler (Lagrange, in physics)
equation given by

I 4Ty
oy dx oy (A1)

((Mathematica)) The description of the programs was copied from the Mathematica 7.
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EulerEquations

EulerEquations[f, u[x], x]
returns the Euler—Lagrange differential equation obeyed by u [x] derived from the functional f,
where f depends on the function u [x] and its derivatives as well as the independent variable x.

EulerEquations[f, u[x, y, ...]1, {X, ¥, ...}]
returns the Euler—Lagrange differential equation obeyed by u [x, y, ...].

EulerEquations[f, {(u[x, ¥, ...]» VX, Vs o]y i}y {X5 Vs .ou}]

returns a list of Euler—Lagrange differential equations obeyed by u [x, ¥, ...], V[X, V, ...],

A.3  Definition of Firstintegral (Mathematica program)

Here we note that the Euler (Lagrange) equation can be rewritten as

o d of
~L _Z(f-v2LyY=0
Al "
since
o _d . o A d
ox dx(f 8y) dx ( 6‘y)
or
o do N T F LA S a0
o dx(f ay) (8x+8yy+8' '+ ya, yd(ay,)
__g AN
= 8yy d(a') [8y d(a')]

(a) The case when fis independent of x.

Since gi =0 in Eq.(2), we have
X

4o

dx(f yay,) 0
or

f- y'a—f' = constant

(A.3)
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0
When f'is independent of x, FirstIntegrals[f, y(x), x] leads to the calculation of g

a)}!
(b) The case when f'is independent of y.
Y
Since ==Y in Eq.(1), we have
o
a—f' = constant
(A.4)
. : : 9
When fis independent of y, FirstIntegrals[f; y(x), x] leads to the calculation of ./ — a_y'

((Mathematica)) The description of the programs was copied from the Mathematica 7.

Firstintegrals

Firstintegrals[f, x[t], ]

returns a list of first integrals corresponding to the coordinate x[¢] and independent variable ¢ of the
integrand f.

Firstintegrals[f, {x[t], y[t], ...}, t]
returns a list of first integrals corresponding to the coordinates x, y, ... and independent variable .

B Wave traveling in the string (transverse wave)

B.1  Simple model
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Fig.B1 The element of string (As) under the tension 7'= T,

We consider one small string element of length 4s. The net force acting in the y direction is

F =2T sin0 = 2T,0

(B.1)

Note that uAs is the mass of the element and that As is equal to 2R6. We apply the Newton’s

second law to this element (centripetal force).

2

,uAs%zF:2T50

2

yzRe% —F=2T0

The velocity is obtained as

B.2  General case
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X X+ Ax

ol

Fig.B2 Tension T on the string

Suppose that a traveling wave is propagating along a string that is under a tension 7. Let us
consider one small element of length Ax. The ends of the element make small angle 64 and &
with the x axis. The net force acting on the element along the y-axis is
ZFy =T sin@, —T,sinb,
=Ts(sin¢93—sin@A)sz(taneB—tanHA), (B.4)

) 2),
x ), \Ox),

2
f2) ) fRran
ox ) gy \OX), ox \ Ox Ox (B.5)

or

where we use the Taylor expansion.

We now apply the Newton’s second law to the element, with the mass of the element given

(B.6)

o o (B.7)

Then we have

58



PPN i

o T ox’
uy 0y
T ot  ox°
which leads to a wave equation given by

where
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(B.9)
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