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10.1. Fourier transformation and inverse Fourier transform

Jean Baptiste Joseph Fourier (21 March 1768 — 16 May 1830) was a French
mathematician and physicist best known for initiating the investigation of Fourier series
and their applications to problems of heat transfer and vibrations. The Fourier transform
and Fourier's Law are also named in his honour. Fourier is also generally credited with
the discovery of the greenhouse effect.

http://en.wikipedia.org/wiki/Joseph_Fourier

10.1.1 Definition-1
The Fourier transform is defined by

F(w)=F[f(t)]= “Lf (t)dt .

Va2z 2,



ft)= F'[F(w)]= ﬁ j e F(o)do.

where F is the operator for the Fourier transform and F' is the operator for the inverse
Fourier transform.

((Proof))
I, = 1 Te“‘”‘da)F () = 1 Te-‘wfde Te‘“’t‘ f(t)dt',
or
— 1 T ' vw io(t-t) _ 1 7 ' ' "
l _Z_Lf (t)dt _jme dw= Z_[of (1278t —t)dt' = f(1).
((Note))

We note the Dirac delta function which is given by
Ie“"“"“dw =275(t 1)

10.1.2 Defintion of Fourier transform in Mathematica
In the Mathematica, the Fourier transform (default) is defined as the conventional one
(denoted as type-I),

F(o) = ﬁ e oyt
and
F(t) = ﬁ [e“Fo)do.

We use the following Mathematica commands for the calculation of Fourier transform
(type D);

FourierTransform[f[t], t, @] Fourier transform of f(t)
InverseFourierTransform[F[ @], o, t] Inverse Fourier transform of F(w)



However, the definition of the Fourier transform (denoted as type II) in the Xx-k
representation of the quantum mechanics (which will be discussed later) is different from
that for the type [;

F(k) :ﬁ Jer™ £ (x)dx
and
f(x) = ﬁ [e"F(k)dk

where X is the position and k is the wave number. In the calculation of such a Fourier
transform we need to use the Mathematica commands in the following way.

FourierTransform[f [X], X, k, FourierParameters— {0,-1}]
InverseFourierTransform[F(k), K, X, FourierParameters— {0,-1}]

((Note))
In physics, the plane waves travelling in the positive X direction can be described by

w(x,t) = <X|l//> = J'dkj.da)<k|z//> exp[i(kx — ot)]

This implies that we need to use the conventional (the type-1) Fourier transform for t and
@, and to use the type-II Fourier transform over X and k.

10.1.3 Examples



Clear["Global  %"]

FourierTransform [UnitStep[ t] - UnitStep[t - T], t, w] // FullSimplify
i (-1+eilTw)

V271 w

FourierTransform[Sin[w0 t], T, w]

JT JT
i /5 DiracDelta [w - w0] -1 /5 DiracDelta [w + wO0]

FourierTransform[Cos[wO t], T, w]

JT S
| > DiracDelta [w - w0] +_| > DiracDelta [w + w0]

FourierTransform [Exp[— E] , &, w]

\/ 2 7 DiracDelta [E +w]

T

T
FourierTransform [Exp[- ;] UnitStep[t], t, w]

it

V271 (1+tw)




10.2.

10.2.1

FourierTransform [Exp[- & w0 t] (UnitStep[t] - UnitStep[t-T]), t, w]
i i el T (w-00)

V21 (w-w0) _\/27T (w - w0)

T iT (w-w0) |77 Qa
— DiracDelta [w-w0] - e > DiracDelta [w - wO0]

FourierTransform[1l/t, €, w]

. 7T S-
i3 ign [w]

FourierTransform [1/ t2, t, w]

Jt Si
- 5 wSIgn [w]

FourierTransform[1/ (1+1t%), t, o]

+

N

(eﬁw (—1‘1 +etV? w) HeavisideTheta [-w] + (1 —ietV? “’) HeavisideTheta [w]

InverseFourierTransform [Exp[- (t0)? (v - w0)?], w, t]

e_zl[t (%2+4ij)

2 Abs [t0]

FourierTransform [Exp[-1 w0 t], T, w]

Vv 2 v DiracDelta [w - w0]

InverseFourierTransform [Exp[-at - iw0 t] *UnitStep[t], t, w]
1

V21 (a+ 1w+ 1w0)

Properties of Fourier transform

derivative

F(w)=F[f()]= ﬁ je‘w‘ f (t)dt



We now consider the Fourier transform of the derivative

d Ia)t_dt

1 .
FI o m:[ola)e

U (t)dt = —iF[ ]

m)t dt —

et f (t)dt = —@’F[ ]

G- [ G- e

10.2.2 Delay
F[f(t—t)]= L Tei‘“‘ f(t—t,)dt
N27 2
Make the substitution 7 =t —t, to obtain

FIf(t-t,)]= ﬁe”‘"" Te‘m f(r)dr =e"F[ f(t)]

10.2.3 Inverse of real function
F[f(-t)]= 1 Tei“’t f(~t)dt
N2m 2
where f(t) is pure real. Substitution of 7= -t gives

—iwr f (T)d r

LT ()= e

et f(r)dr

:ﬁ_ff

= F (o)’

10.2.4 Even and odd functions
If f(t) is pure real and is an even function of t;

G IERE

Since



FLf(-)]=F (o)
FLf ()] =F(»)

we have
F(o) = F(0)

Thus F(w) is a pure real function of .
If f(t) is pure real and is an odd function of t;

fF(-=-f®

we have
F(o) =-F(®)
Thus F(w) is a pure imaginary function of w.

10.2.5 The form of F(w) for pure real f(t)
If f(t) is pure real, then we have

“Af(t)dt = F(w)

F(—a))zﬁje

10.3 Wave equations
We consider the solution of the wave equations in the electromagnetic field.

1 o6°
VE-vat

1 0°
VB ot

We consider the special case when E or B depend only on X. In this case the equation for
the field becomes

0’ 0’
— f = C2 _
ot? ox?

where f is understood any component of the vector E or B in the Maxwell’s equation.

We use the Fourier transformation technique.



F(x.0) =ﬁ e £ (x et

TR (X, w)dw

f(x,t):ﬁje

2 >
>F(X,0)+—=F(X,0)]Jdo=0

P 7

2 0
8 f 1 f 1 J‘e_iwt[ 8

Then we have

2

9 E(x)+KF(x,0) =0
OX

where k _@

C

The solution of this equation is

X

F(x,0) = G(w)e™ =G(w)e ©
where G(w) 1s an arbitrary function of @. Finally we get

o(

f(x,t)= ﬁ j F(x,w)e""do = ﬁ '[G(a))efi(

Tdw=gt+D)
C
where

g(t) = ﬁ j G(w)e ' *dw

Therefore, f(X,t) is a function of t + 5
c

((Mathematica))



Clear["Global +"]

2
eql: D[F[X, (L)], {X, 2}] + w—z F[X, a)] ==
C
2
L);,w] +F20 [X, w] =
C

eq2 = DSolve[eql, F[x, w], x] // TrigToExp

FIx , « ] = Exp[—i 2 x] Glw];

We assume the Gaussian ditribution function for G[w].

1 -1 )
Glw ] = Exp[ (0 - w0) ];
27 o 2 o2
fix ,t ]=
InverseFourierTransform[F[X, w], w, €,
FourierParameters » {0, -1}] // Simplify

(C t-X) (c to?-xo?-2ic wO)
e 2¢? Abs[o]

V21 o

fl[x , t ] =Re[f[X, t]] /- {o-»1, ko1, wO>2, Cc->1}//
Simplify[#, {XeReals, teReals}] &

1 2
e 2 (X Cos[2 t-2X]

V2




The wave function is described by a function of't - % for the propagating along the positive x axis.

Plot3D[f1[x, t], {x, 0, 1}, {t, 0, 3}, AxesLabel - Automatic]

10.4 Convolution
10.4.1 Definition
We define the convolution

f g =ﬁif(t—r)g(r)dr:ﬁig(t—r)f(r)df
Then we have

FLf*g]=F[f]F[g]= F(0)G(w)
or

(f *g)(t) = F'[F(0)G(w)]

((Proof))



8 8'—.8

e "“"dwF (0)G(w)

\/_j e dm—— jdt gt f(t)\/_jdt" g (t")

or
Idt f(t' )Idt"g(tn) J-e'”“ g
or
| = ﬁidt’ f (t')zdt" g(t")o(—t+t'+t")
‘ﬁzdt'f(tvg(t—r) _frg
((Note))

Conventionally the convolution of two functions is defined by

f®g= Tf(t—r)g(r)dz': Tg(t—r)f(r)dnﬂf *q

FIf *g]= F(w)G(w)=ﬁF[f ®g]

or
FIf ®g]=+27F[f *g]
10.4.2 Example-1

We now consider the convolution of two functions, g(t) and
f)=0(t+a)+o(t—-a)

From the definition,



* _Lm 4 ' '

f g_m_jwf(t thg(t")dt

_ ﬁiw(t _tra)+ S(t - t-a)lg(thdt’
=ﬁ[g(t—a>+g(t+a)]

FP[F(@)G(o)]=f *g

where
1 5 1 i i 2
F(w)=— [ f(t)dt =—(e"* +e7') =, | = cos(aw
(@) MJ (Ot =——( )=, cos@o)
10.4.3 Convolve (Mathematica program)

Convolve[f, g, X, y];

to gives the convolution of two functions f and g;
(f ®g)(y) = [ FO0g(y—x)dx= [ f(y=x)g(x)dx

We calculate the convolution of f and g using several methods.

f (X) = e "Unitstep[ x]
g(X) =sinX

(1) The use of Convolvel[f, g, X, Y]
(i)  Direct calculation of j f(x)g(y—x)dx = j f(y=x)g(x)dx.
(ii1))  The use of the inverse Fourier transform.

((Mathematica))



Clear["Global *"]

Calculation of convolution using the Convolve

Clear [T, 9]

F[x ] 2= EXp[-x] UnitStep[x]; g[x ] -=SiIn[x]
Convolve[f[X], g[X], X, V]

1 .
> (-Cosly] +Sin[y])

Calculation of convolution using the definition of integral
f Fly - x] g[x] dx

1 .
> (-Cos[y] +Sin[y])

fmf[x] gly - x] dx

-0

(-Cos[y] +Sin[y])

N

Calculation of convolution using the InverseFourierTransform

F = FourierTransform[f[x], X, K]
i

(1 +Kk) 2

G = FourierTransform[g[x], X, K]

i /7—2T DiracDelta[-1+Kk] -1 IJ—ZT DiracDelta[1l + k]

V2 n (InverseFourierTransform[FG, k, y])

1 .
> (-Cosly] +Sin[y])



10.4.4 Example-1 (Mathematica)
We consider the convolution of two functions;

f(X)=0(X)+(x-2), g(x) =exp(—xX)H (x)

where H(X) is a Heaviside step function. H(x) = 1 for x>0 and Ofor x<O0.

Clear["Global %"7];

f[x ] := EXp[-x] UnitStep[x];
g[x ] = DiracDelta[x] +DiracDelta[x-2];

sl = Convolve[f[y], glY]l, Y, X];

Plot[sl, {x, -1, 4}, PlotRange » {{-2, 4}, {0, 1}},
PlotStyle » {Red, Thick}, Background - LightGray,
AxesLabel » {"x", "y"} 1]

y
1.0

0.8 -

0.6 -

0.4+

02F

10.4.5 Example-11 (Mathematica)
We consider the convolution of two functions;

f(x)= Y 5(x=k), g(x)=exp(-3x)H(x)

k=-10
where H(X) is a Heaviside step function. H(X) = 1 for x>0 and Ofor x<0.

((Mathematica))



Clear["Global " %"]
10

f[x_] = Z DiracDelta[x - k] ;
k=-10

glx_1 = Exp[-3 x] UnitStep[X];

e 3X UnitStep [X]

sl = Convolve[Ff[y], gly]l, ¥, X];

Plot[sl, {x, -12, 12}, PlotPoints - 100,
PlotRange -» {{-12, 12}, {0, 1}}, PlotStyle -» {Red, Thick},
Background - LightGray, AxesLabel - {"x", "y"} ]

y
.0

-10 s 0 5 10
((Note)) There is a convenient function in the Mathematica.

DiracComb[t]:
represents the Dirac comb function giving a delta function at every integer point.



4T 3T 2T -T 0 T 2T 3T 4T

Fig. A Dirac comb is an infinite series of Dirac delta functions spaced at intervals of T.

The Dirac comb is defined by

f(t)= i&(t—nT)

We consider the convolution of a function g(t) and the Dirac comb f(t),
(f®g)t) = [f(Dgt-ndr

= ]E ié'(r— nT)g(t—7)dr

—oo ==

- Yg(t-nT)

10.4.6 Example-111 (Mathematica)
The function f(t) is a periodic function of Gaussian pulses with period T, as described

by

f(t)= % iexp[—az(t —nT)]

This function can be looked as the convolution of a single Gaussian pulse with a train of
Dirac delta function.



Clear["Global "]

fi[t ] := = Exp[-a® t°];
T

f2[t , m_] = Sum[DiracDelta[t - nT], {n, -m, m}];
hl = Convolve[fl1[x], f2[x, 10], x, t] // Simplify;

Plot[hl /. {T>3, a-»2}, {t, -10, 10}, PlotStyle » {Red, Thick},
Background - LightGray]

(T Y Y T
0
f
:
10.4.7 Example-1V (Mathematica)

We consider the convolution of two functions f(t) and g(t),
ht)= f()® g(t) = j f(t—7)g(r)dr = j f(r)g(t-r7)dr

where f(t) and g(t) are given as follows.

2.0F T

L5F

1of 4

0.5r




((Mathematica))



Clear["Global "%'"]

f[t ] :=2 (UnitStep[t - 1] - UnitStep[t-2]);

glt_] -

2
5_3 t (UnitStep[t] - UnitStep[t-5]);

Plot[{f[t], g[t]}, {t, 0,7},

PlotStyle » {{Red, Thick}, {Blue, Thick}},

Background - LightGray,

Epilog » { Text[Style["f[t]", 12, Red], {1.5, 1.9}],
Text[Style["g[t]", 12, Bluel, {3, 1.1}1}]

2.0}

ft]
s
1'0} g[t]
0.5}
1 2 3 4 5 6 7

h[t ] = Convolve[f[X], g[x], X, t];

Plot[h[t], {t, O, 10}, PlotStyle » {Red, Thick},
Background - LightGray, AxeslLabel -» {"t', "h[t]"}]

h[t]
350
3.0[
25}
20/
1)
L0

0.5F




10.4.8 Example-V; Periodic burst (Mathematica))
We consider the convolution of two functions f(t) and g(t), which is defined as

hih=fO@gt)= [ft-r)g@)dr= [ f()gt-r)de
where f(t) and g(t) are given by
f (t) = cos(agt)[H (t+t,)— H(t —t,)]

g)y=0(t+2t)+o(t+t)+ot)+o(t—t)+o(t-2t)

and tp = 1, @y = 6 7, and t; = 3, where H(t) is a Heaviside step function and 1) is the
Dirac delta function.

((Mathematica))



Clear["Global "]
f[t ] :=Cos[wO t] ( UnitStep[t +t0] - UnitStep[t - t0])

g[t ] :=DiracDelta[t + 2tl] + DiracDelta[t + t1] +
DiracDelta[t] +DiracDelta[t- tl1] + DiracDelta[t- 21tl]

h[{t ] := Convolve[f[X], g[x], X, t];
t0=1; wO=6x; tl = 3;

Plot[Evaluate[h[t]], {t, -10, 10}, PlotStyle » {Red, Thick},
AxesLabel - {""t", "h[t]"}, Background - LightGray]

ht]

A

i
w

101
!.” HH Hru :
|

10.5. Parseval’s relation
10.5.1 Definition

[F(@)G (@)do= [ f(t)g )t
((Proof))

i * i 1 K —iwt 1 K 1Al0't A * '
I:_[of(t)g (t)dt:jwdtﬁjwdwe F(a))ﬁjwda)e G'(0)

or



I=waF@@TddGY@UfZT&@”””=waF@@TddGYmWﬂw—wU
or

| = Tda)F(a))G*(a}).
((Note)) f=g

T|F(a))|2dw= T|f(t)|2dt

If a function f(t) is normalized to unity, its transform F(w) is likewise normalized to unity.

10.5.2 Example-1

Arfken 15-5-5: Single slit diffraction problem

(a) A rectangular pulse is described by
f{x] =1 for [x|<a, and 0 for |x}>a.

Show that the Fourier exponential transform is

F[k] = / % Sin[ka K

This is the single slit diffraction problem of physical optics. The slit is described by f[x]. The diffraction
pattern amplitude is given by the Fourier transform F[k].

(b) Use the Parseval relation to evaluate

oo Sin[k]2
PSS k_2 dk .



Clear["Global %"
f[x_] = Simplify[UnitStep[x-a] -UnitStep[x+a], a>0];

F[k ] = FourierTransform[f[x], X, K,
FourierParameters » {0, -1}]

/3 Sin[aKkK]

k

Plot[F[k]? /. a~»1, {k, -10, 10}, PlotStyle » {Red, Thick},
Background - LightGray, AxesLabel -» {"k", "F(k)"}]

F(k)

-

-10

Parseval relation

Simplify[J_mF[k]z ak, a > 0]

2a

a
Simplify[J:al ax, a> o]
2a

10.5.3 Example-2



Arfken 15-5-7

(a) Given f[x] = 1 - [x/2, -2<x<2 and zero elsewhere, show that the Fourier transform of [x] is

F[k]—ﬁwﬂ;—m)z.

(b) Using the Parseval relation, evaluate
foo ( Sin[k] )4 (,ﬂk
oo\ Tk

Clear["Global ']
T[x ] = (1-Abs[x/2]) (-UnitStep[Xx-2] +UnitStep[Xx +2]);

Plot[f[x], {X, -4, 4}, PlotStyle » {Red, Thick},
Background - LightGray, AxesLabel -» {"'x", "f(x)"}]

-4

FIk ] =
FourierTransform[f[x], X, k, FourierParameters - {0, -1}] //
FullSimplify

| 2 sink]?

k2



Plot[F[k], {k, -10, 10}, PlotStyle » {Red, Thick},
Background -» LightGray, AxesLabel -» {"k"™, "F(k)"}]

F(k)
0.

(b) Parseval relation

ijbS[F[k]]zdk

-

4
3
Jmf[x] 2 dx
4
3
10.5.4 Example-4

Use the Parseval relation to show that

T;dwzi
(0* +a%)’ 28

—00

((Mathematica))



1
Fle ] = ;

a)2+a2

SimpliW[IwF[w]z dw, a > 0]

Tt

2ad

Tl = Simplify[InverseFourierTransform[F[w], w, t], {a >0, t > 0}]

-at [
(e —
_ N2

a

T2 = Simplify[InverseFourierTransform[F[w], w, t], {a >0, t <0}]

at [ rn

(e —

_ N2
a

- - Cea? 0 e 2
Slmpllfy[f f1 dt+f 22 dat, a>o]
0 -

Tt

2ad

10.5.5 Example-5 Arfken



w
Flle ] = L
W+ a

[o0)

Simpliﬂ/U-

-0

Fl[w]2 dw, a> O]

s

2a

g = InverseFourierTransform[Fl[w], w, t];

gl = Simplify[g, {t >0, a> 0}]

. b
2

g2 = Simplify[g, {t <0, a> 0}]

, T
]l(eat 2t
2

Simpl ify[J.mAbs[gl]2 dt + jo Abs[g2]?% dt, a > O]
0

-0
JT
2a
10.6. Correlations

A quantitative measure of the degree of correlation between two functions f(t) and
g(t), is provided by the cross correlation

1 < *
Clf,glt)=—= | f(t+7 rdr
L1010 = o [ Ftr 08’
FICL,911)] = F(0)G (@)
where the complex conjugate of one factor ensures that the correlation between complex

exponentials. This is similar to the convolution theorem, but complex conjugation of one
factor does have important consequences.

((Proof))



F[C[f,g](t)]:ﬁﬁj‘dte‘”‘ [fa+n)g (e
l T T io(t+r —ior N *
:Z_jwdt_jwe O£ (t+ e g (r)dr

s f (s)dsL J'e‘i””g*(r)dr

—Lwe
O

= F(0)G' (@)

An important special case is the autocorrelation function.

C[f, f](t):%]zf(wr)f*(r)dr
T
FICLf, f1()]=F(o)F (@) = |F(60)|2

which is proportional to the power spectrum.
((Wiener-Khinchin theorem))

Norbert Wiener (November 26, 1894, Columbia, Missouri — March 18, 1964,
Stockholm, Sweden) was an American mathematician. A famous child prodigy, Wiener
later became an early studier of stochastic and noise processes, contributing work
relevant to electronic engineering, electronic communication, and control systems.
Wiener is regarded as the originator of cybernetics, a formalization of the notion of
feedback, with many implications for engineering, systems control, computer science,
biology, philosophy, and the organization of society.

http://en.wikipedia.org/wiki/Norbert Wiener



Aleksandr Yakovlevich Khinchin (Russian: Aunexcannp SlkoBieBrd XAHUHH,
French: Alexandre Khintchine; July 19, 1894 — November 18, 1959) was a Soviet
mathematician and one of the most significant people in the Soviet school of probability
theory. He was born in the village of Kondrovo, Kaluga Governorate, Russian Empire.
While studying at Moscow State University, he became one of the first followers of the
famous Luzin school. Khinchin graduated from the university in 1916 and six years later
he became a full professor there, retaining that position until his death.

http://en.wikipedia.org/wiki/Aleksandr Yakovlevich Khinchin

Autocorrelation function
C(t)= b T E'(r)E(t+r)dr
N2z 2, .
The Fourier transform of E(t) is defined by
E(t) = 1 TE e "“"dw
N2z 2
Its complex conjugate is given by
E*(t)= 1 TE e dw
No2m s

Plugging E(t) and E'(t) into the autocorrelation function gives



1 21 G 1 e i
C )= —— L E elwrd L E 'e—la}(t-%—r)d vd
O= 77 |7 [ e dot o [E e dards

o

= T T T E, e E e “dudwdr

o}
S
3
R

|

|

8

[E,E e ™do'de [ dr
I E,E e''do'dw2zd(ow - o)

1 TE E edw

or

The Fourier transform

0

FICH)]= ﬁ T(th(:('[)ei“’t = i T dte'™ J‘|Ewy|2e_iw'tda),

_ i@ E,[ da)'zdtei(“"‘")t

—00

1 - 2
=—||E, | d'@0276(w - @'
2 o] (0~
=[E.f
Thus the autocorrelation is simply given by the Inverse Fourier transform of the absolute

square of E,. The Wiener-Khinchin theorem is a special case of the cross-correlation
theorem with f=g.

((Example)) "White noise"
C. Kittel: Elementary Statistical Physics (Dover Publication, Mineola, NY, 2004)

Suppose that

i
C(t)=+27e e

The Fourier transform:



FIC®H]=|E,[

17 :
=—— | dtC(t)e'™
ML (t)

o

_ J'dte‘m’ glet

0 ®©
J‘dtet/r()euut +J'dte7t/r(,e|a)t

—® 0
o 1 2
T 1. 1 2
lo+— lo—— I+ (7))
[ 7
B 2
f(x)=1/(14x%)
1.0
0.8
0.6
04"
02]
! L : X=wT
0.1 1 10 100

As shown in the above figure, the power spectrum is flat on a log scale out to wn =1,
and then decreases as 1/(wmn)” at high frequencies. We say roughly that the spectrum for
the correlation function is "white" out to a cutoff wzy, = 1

10.7 Fourier transform of Dirac delta function
1) One dimensional case
Fourier transform:

F(k) :ﬁ Jer™ £ (xdx

Inverse Fourier transform:



f(x) =ﬁ [e"Fdk

When f(x) =1,

F(k) = ﬁ Teikde _ 275(K)

or
[e™dx = 225(k)

By replacing k — -k and using the property of the Dirac delta function; 5(—k) = (k) , we
have

Te‘kde =27)8(-k) =275(k)

((Mathematica))

Clear["Global "]
Fix1=1;
F[k_] = FourierTransform[1l, x, k, FourierParameters - {0, -1}]

V2 DiracDelta[k]

InverseFourierTransform[F[Kk], k, x, FourierParameters - {0, -1}]

1

(2)  Two dimensional case

de Tdyeik*”‘kyy = (27)*3(k,)S(K,) = (27)’ 5(K)

— (27)* DiracDeltra[ {k,,k,}]

3) Three dimensional case



j dx j dy j dze"* T = 27y 5 (k) (K, I (K, )

—00 —00 —00

=(27)’6(k)
— (27)’ DiracDeltra[ {k,, k, k,}]

4) Physical meaning
We consider the function defined by

N sin(N +l)9
f(0,N)= > exp(ind) = 2

n=-N sin —

, sin®(N +1)49
g(O.N)=|f(O.N)] = 2

sin® —
2

What is the dependence of g(€,N)on &, when N becomes infinity? The answer is that
g(8,N) approaches the Dirac delta function & 6); g(6,N) — 0 for finite 6.

g[6, N]
107

100 \

oy
10°

10%

1000

100 A1-£1_K ‘ 0
0.00 0.02 0.04 0.06 0.08 0.10

Fig.  g(@,N) as a function of €, where N = 1000 (blue), N = 600 (green), and N = 200
(red).



((Smearing of phase))
We make a plot of the coordinate (X, y) with X = Re[exp(in#) ] and y = Im[ exp(in8) ]

forn =0, 1, 2,..., N-1, where N is a very large integer. In the limit of N —0, there should
be a pair of points with (X, y) and (-x,-y) on the unit circle. So the complete cancellalation
occurs, leading to

X = Re[ZN: exp(in@d)]=0

n=0

Y = Im[i exp(ind)]=0
n=0

((Note))
We calculate

n .
(0 = [e*dk =25%(’7X),
-n

in the limit of very large positive value 7. We make a plot of this function when the
parameter 7 is varied between 77 = 20 and 100. We find that this function has a peak at x
= O’

f(0)=27n.

This function becomes zero at



X = in—ﬁ (n = integer).
The integral of f(X) is obtained as

r; f(x)dx =27

which is independent of 7.

In conclusion, we get the Dirac delta function as
feikXdk = 275(X).

((Mathematica))



Clear["Global ""]; Clear[f1l];
f[x ] := Integrate[Exp[i kx ], {k, -n, n}] // Simplify[#, {n>0}] &

T[x]

2SiIn[xn]
X

Plot[Evaluate[Table[f[Xx], {n, 20, 100, 20}1], {x, -0.2, 0.2},
PlotStyle » Table[{Hue[0.2 i], Thick}, {i, 0, 5}], PlotRange -» All]

200,

—-50+

Integrate[f[x], {X, -, ©}] // Simplify[#, n>0] &
27

T[0]
2n

10.8. Three dimensional case (r-k space)

1

0%

je’“‘* f(rdr

1 ik-r
f(r):mje F(k)dk

((Example))

When F (k)= o ! what is the form of f(r)?

1
71_)3/2 P >



ikr

SR S USSR S Sy i
f(r)_ (272_)3/2 Ie (27[)3/2 k2 dk (272_)3"- k2

z
4

X

k-r=krcosé@ (we assume that r is directed to the z axis).

dk = k’sin &dkd & ¢

1 eik-l’ 1 ikr cos @ k2 :
f(r):(zﬁ)3j - k:(zﬁ)S IE & Sinadkd g
or
1 0 v .
f(r)= dk [ e’ sinad @
2l
1 0 eikr _ e—ikr 1 o0 eikr
f(r)= dk = dk
® 47r2ir£ ( k ) 47[2",[0 k
eikr

We calculate | = j dk by using the Cauchy's theorem.

k



a2
r
—»
(¢

Fig.  Upper half-plane contour for r>0.

eikr eizr eizr

dek +jdz +f dz=—=0
i k Cl 7z c2 Z
or
PTdkeikrz—j 028"~ siRes(z = 0) =
- k C. Z
since

izr

JCldz € _ 0 (Jordan's lemma, r>0).
yA
Then we have
1 . 1
f(r= i=—
® 4r’ir Anr

10.9 Green’s function (Helmholtz)

We now consider the form of the Green’s function.
(A+k*)G,(r)=-6(r)

The Fourier transform of G, (r)is defined as

r
—»



0 3/2 d Iqu
(q>( [dre"G, ()

The inverse Fourier transform is also defined as

Gy(r) = (2 | e Gy(@)
where
5 _ iq-r
(r)= (2)
Then
o s/zjdq(mk G, (@) = mjdq( o +k*)e"G,(q)
=-5(r)= fa-r
or
1 1
Go(q) - (27[)3/2 qz _k?

Thus the Green’s function is rewritten as

1

Go(i)(r) — m

)’

A




For convenience, we assume that the direction of r is the z axis. The angle between r and
gis 6.

g-r=qrcosd

dq =229°dqgsin &6

G, (r) = (2 ; *dq smédt%'q”"sg—_ (k12 Tio)
Note
Jsinéd@eiq”"s‘g = —é[eiqr —e™],
we have
+ + e~
G, (N=6"(N=—% 2n) j (__)Tzeﬂg)
since Go(i)(r) depends only on r.
or
G,"(n= qu 7 "“(kze+'ql’g) 4;;1 ir quq%
(a)

This function with (+i¢) has a single pole at
q=+Vk? +ig = +k(l +;—i) - +(k +'§) —+(k+i65)

with 6 =¢/2.



pole. k+z d

pole, k-7 ¢
Since r>0, the path of integration can be closed by an infinite semicircle in the upper

half-plane (Jordan’s lemma).

eiqr
(k> +ig)

Y
Go (r)_47z2ir§0qdqq2—

) ) 1
27iRes(q=k +i0)=——=e"
47%ir (@ ) dnr

(retarded Green’s function).

Similarly,

eiqr
(k> —ig)

EY .
GO (r) - 471_2"_ §C qdq q2 .

] ] 1 ;
27iRes(g=-k+id)=—12e™
47%r @ ) 4nr

((Advanced Green’s function))

Note that there is a simple pole at ( = -k+i0 in the upper-half plane (r>0).



pole, -k + 7 4

pole. k —z d

10.8. Green’s function (modified Helmholtz)
We now consider the form of the Green’s function.

(A—K*)G,(r) =-5(r)

The Fourier transform of G,(r)is defined as

0 3/2 d _Iqu
Gy(@ =5, L [dreG,(r).

The inverse Fourier transform is also defined as

Gy(N) = oy j dge*"G, (),

where

|qr

o(r)=

(2)

Then

jdq(A k*)e"Gy(q) = mjdq(q —k*)e'"G,(q)

(27 (27

=-5(r)=

9

(2)



or

1 1
Go(q)_( )3/2 q +k2 .

Thus the Green’s function is rewritten as

1
G.(r iq-r
(1) = (2 ) 9’ +k>
Iqr cos 1
Go(r) (2 ) quSIIlédtgeq 6W.

Note

Jsinweeiqrcose = _L[eiqr _ e—iqr]
qr

2

we have

27 e —e
Gy (r) = G(r)—(2 . -[o o

b

since G,(r) depends only on r. This equation can be rewritten as

o0

1 eiqr _ e—iqr 1 eiqr
G,(r)=——1qd = dq———
(") 47[2"_([(] a q° +k? 47,2ir_.[0q qq2+k2

This function has a single pole at

q =ik



Y

Since r>0, the path of integration can be closed by an infinite semicircle in the upper
half-plane (Jordan’s lemma).

G(lf)—;ﬁ qdq e _ 27ziRes(q—ik)—Le*kr
0 aztirde g + Kk 4xtir Anr

((Note))
Yukawa potential U(r) is described by

—Kr

U =g"—

where g is constant and x>0. The Fourier transform of U(r) is given by

1 iqr . €
uQ) =——=|dre™g—
@ (zﬂ)mj 9=

For convenience, we assume that the direction of q is the z axis. The angle between r and
gis 6.



g-r=qrcosd,

dr =r’sindrdédg,

u(q) = 2 )3/2 Trz e: drjsin&l@zfd@—iqrcosa

J~ sm(qr)
(27[)3/ d
(2 )qudre sin(qr)
g T —(k—iq)r —(x+ig)r
0
_ g ( 11
27)"%iq xk-iq x+iq
29 1

= (271_)1/2 (Kz +q2)

10.9. One-dimensional diffusion

We now consider the heat diffusion equation

with the initial condition w(X,0) = f(X),



where the diffusion constant Kk is proportional to the thermal conductivity of the material
and inversely proportional to its heat capacity per unit volume.

w(k,t) = ﬁ j e My (x, t)dx

gk, t)dk

w(x,t)zﬁje

We note that
821//(x t) 2 ik
k“e" ¥ (k,t)]dk
ax2 J_ j[ (k,)]
lal//(X,t) 1 J‘ ikx a\ll(k t) dk
x ot K27

Then the differential equation becomes
j LOF K ‘N’(k Y koW (k. by dk = 0
K

or
NETk’t)-i-Kkz‘P(k,t) =0

The solution of this equation is given by
W (k,t) = exp[-xk’t]¥(k,t = 0),

where

“RF (x)dx

Bl

My (x,t = 0)dx =

1
0) = ﬁ:[oe

The inverse Fourier transform becomes

P(k,t=



w(Xx,t)= ﬁ jeikx exp[-xk*t]¥ (K.t = 0)dk
L Tdk de'exp[—Kkzt k(X = XY F ()
2?2

Here we note that

— ~tk? +ik(x = X") = —&t[Kk — i(xz;tx')]z _(x ;’:t(')z
Then we have
1 [ T ' |(X - X') 2 ( —X )
w(X,1) =g[}dk[{)dX exp{—Kt[k _T] Yexp[— - X=X x)
:i j dx' f(X )eXp[—( ]I dkexp{ Kt[ %]2}

—00

M I’y = jdkexp( xtk*)

Idk exp(—k") = \/7

j dk exp {—xt[k —

Finally we get

(X—X')Z]
4xt

w(xt)= ﬁ j dx' f (X")exp[—

This takes the form of a convolution integral.

Suppose that f(x) =w,0(X). Then we have

(X=x')’*

ypra

w(x,t) = \/_ j X'y, S (X exp[————2—

X2
\/472'—Kt Wy eX p[__]

((Mathematica))



ewl = Plot[Evaluate[Table[y[x, t, 1], {t, 0.05, 2, 0.1}]1,
{x, 0, 5}, PlotStyle - Table[{Hue[0.05 1], Thick}, {i, 0, 20}],
PlotRange -» All , Background - LightGray,
AxesLabel -» {"t", "y [x,T,x=1]"}]

Ylxta=1]

ew2 = LogPlot[Evaluate[Table[y[x, t, 1], {t, 0.05, 2, 0.1}]],
{x, 0, 5}, PlotStyle » Table[{Hue[0.05 1], Thick}, {i, 1, 20}],
PlotRange » {{0, 5}, {0.001, 2}}, Background - LightGray,
AxesLabel » {"t", "y [x,t,x=1]1"}]

Yixta=1]

1.000 \

0.500F

0.100 -
0.050 -

0.010 -
0.005 -

0.001
0

10.10. Step function (i prescription)
Q) Method-1
We now consider a step function



f(t)= lil’(l)’l O(t)exp(—&t),
where ©O(1) is a Heaviside step function and ¢ s a positive constant (& —0)

The Fourier transform of f(t):

iwte*b‘t dt

1
F(w)= lim e
( ) aa0+*/27z-v|‘

1 el(l)te &

‘}Lr&r oz
= lim — -1
sa0+\/_|a) &
T
027 w+ie

The inverse Fourier transform:

R 1 i
f(t —— lim e_"”t——da)
() ,I .s—>0+ */27[ a)+ig
© —iwt
— lim dw

We need to calculate the integral

£l e—ia)t
do

w+ie
—00



From the Jordan’s lemma, we have

®© e—iwt e—iZt
|=j : dw=§3 a2
S o+ie Z+ie

The integrant has a simple pole in the lower half-plane just below the real axis. The
closure is made either up or down according to the sign of t:

(a) For t>0
We need to use the lower half- plane (clock wise)

| =—27iRes(z = —ig) = —27ie ™.

(b) For t<0
We need to use the upper half- plane. Since there is no pole in this plane, we have

1 =0.

Then

f(t) = 2L lim (~27ie*) =1 for t>0, and f(t) = 0 for t<0.
T €0+

in other words,



f(t)=O(1)
(i)  Method-11

Alternatively we show that

P Te' 1
[ —do=—[1-20(t
27zi_j;o w @ 2[ ®]

where P denotes the principal-value integral.

To show this formula, we consider the integral around the contour C; (t>0) and the
contour C, (t<0)
—izt

edz

yA

For t>0 (the lower half-plane)

ie;Zt i P_T;e_;dwrie?indz +i%dz =-27iRes[z =0]

where the integral around the contour /7 is zero according to the Jordan's lemma. The
radius of the contour Cj is infinitesimally small. There is a simple pole at z = 0 inside the
contour C;. The rotation of the contour C; is clock-wise. Noting that



e—izt
§ dz = —ziRes[z = 0]
YA

Cs

we have
% it
Pj—da)z—;ziRes[zzmz—;zi for t>0.
@
For t<0 (the upper half-plane)
—izt

jﬁe dz:PTLmdaHit; dz+j.> m =0
z o e

Cy

where the integral around the contour /3 is zero according to the Jordan's lemma. The
radius of the contour C; is infinitesimally small. There is no pole inside the contour C..
The rotation of the contour C, is counter clock-wise. Noting that

—izt

e

dz=-ziRes(z=0),

Cs

we have

o —iot
P

—00

do=n, for t<0
1)

Then we have

1 1 _fe'™
Ot)=———FP
® 2 27 I

—00

dw

@

What is the Fourier transform of ®(t) using this expression?

—Ia)t
'

“'@(t)dt = do

F(w)zﬁje

ﬁ:[ e'”"—dt—f j etdt— > PJ'

or



F(a)) \/—72'5( ) \/_2721 Pj_da) Idtelt((u ")

Pj—da)'27z§(a) ")

F”‘“ )= F
[25(e0) + P
(0]

1
- N2

>0+

1 i
Since F(w)= lim ————, we obtain
(@)= N2r w+ig

F(w)= lim |

1 1
o0\ 2 wo+ig \/27z

[70(w) + |P—]

or

i =P i)
0t m41E w

Similarly we have

lim ! =P— ! +716(w).
o0 p—lg 10}
or
. 1
lim[——-— 1=276(w)

=0 p—ie w+ie

((Note)) We have several formula , which are derived from the above discussion.

F—l

1 N IR D
[ @) +iP]=F == 6.
i

a [\/_a) w, +ig

=€ o).

-1 1 | _ Alogt
i [\/ﬂa)+a)0+ig]]_e o0

10.11 Kramers-Kronig relations
The Kramers—Kronig relations are mathematical properties, connecting the real and
imaginary parts of any complex function which is analytic in the upper half-plane. These



relations are often used to relate the real and imaginary parts of response functions in
physical systems because causality implies the analyticity condition is satisfied, and
conversely, analyticity implies causality of the corresponding physical system. The
relation is named in honor of Ralph Kronig and Hendrik Anthony Kramers.

http://en.wikipedia.org/wiki/Kramers%E2%80%93Kronig_relation

y

From the Cauchy relation

L§ﬁdg: f(z):%ﬂij‘ﬁdg-kideX'

2m g ¢ -1 rg-z 27 2 x'-z

where the contour C; is in the upper half plane. There is a simple point at {'= z inside the
contour C;. The function f({) is regular inside of the contour C;. According to the
Jordan's lemma, the integral around the upper half-circle /7 reduces to zero when the
radius tends to infinity. In this formula, we put

Z=X+ie

where £>0. Then we have



f(x+ie )_—j f(x) dx'

ie

Here we use the formula,

lim ! —=P ! +mMo(X—X")
e20+ X'—X — & X'—X

f(x) = lim f (x+ ie)
= 2Lﬂi{Pi%dxw Mi&(x —x) f(x")dx'}
:%ﬁPi%dx#%f(x)
or
(-] 1o

We assume that

f(x)=Re[ f(X)]+iIm[f(X)]

Then
Re[ f (x)]+iIm[f (x) = jRe[f(X)H'Im[f(X)]d,
—iRe[ f(X")]+Im[f(X")] ..,
PI e dx
The real part:

Re[ f (X)]=LP T de‘
T X=X

—00

The imaginary part:

Imf f (X) = —— jRe[f(X)]d '



These are called dispersion relation and very useful in optics and in statistical mechanics.

10.12 |x) and |p) representation (quantum mechanics)

(@)  |x) representation
The wave function y/(X) can be described by

y(x)=(xX|w)
or
v (0 =(Xw) =(w|x)

|X'> is the eigenket of X with the eigenvalue x’.

X'> is the state vector that a particle is located at X = X’.

KX|1//>‘2 dx : probability of finding a particle between X and x+dXx.

% x') = x| x') (x"

Note that the eigenstate |X> obeys the orthonormality condition

X

X') = (x"[x'[x') = x'(x"|x) = X' S (X"-X")

<Xu| Xv> — 5()("—)(')
where o(x"—X") is the Dirac delta function.

The closure relation:
J. dx|x)(x| =1.
The inner product is rewritten as
(w|p) = Idx w|x)( jdXt// (X)p(X) .

The state |X> is also rewritten as



= Jalee
- Jax)ixl
= Jax]x)s0e-x)
(el =[x e
= [ sx=x)(x|y)ax
10.13 | p) representation

w(p)=(p|w)

| p> : state that a particle has a linear momentum p.

p

plp)=p|p) (p"lp[p)=(p"|p'|p)=p'(P"|P') = pP'S(P"~P"

K p|l//>‘2dp : probability of finding a particle having a linear momentum between p and p
+dp.

Ip) = @dp'l p') IO'IJ| p)
- [a01p)(p1p) = [aplp)otp-p)=[p)

(p|p)=5(p-p"

Closure relation

[dpp)(p|=1
10.14 Transformation function

plp’) = p'|p)



Note that in general, (formula)

(x{Blw) == (v

p
(which will be discussed later, translation operator)

(x

LIV
x>_iax<x|x> > X§(x x")

p
We now consider the transformation function

(x|B[p) = p(x|p)
=jdx' x D

_J‘dx?—ﬁ(x x)(x'| p)

-3 (xlp)

22 (x/p) = p(x|p)

using the above formula

(x{plw) =T =(xlw)

p
we put [y7) =[p)

(x(81p)= 7= (x|} = p(x|p)

The solution is
(x|p)=Cexp(t5).

where C is the constant which is determined from the normalization condition.



(x|x)=[{x| p)(p|x)dp
[of [expCE)exp(-)ap
_ |C|2Jexp[g(x — X)]dp

X—X'
7]

=|C[2z5("—2)

or
(x|x)y=6(x=x)
2 X—X 2 ’
=[C| 278(— =) =|C| 272h5(x - x")
from the property of the Dirac delta function (we will discussed later)

or

1
ol-

o

Here we use

The transformation function
(x/p) = < exp()
27 n’
or

. 1 '
(plx) = () =—i—espt="25)

10.15 Fourier transform in the x-k representation

We can define the Fourier transform using the transformation function

(plw) = [ Bl = —— fexp—B) )



(cly) = [ (x| p){ plv o == [exp) plw o

Using the Fourier transform, we can confirm the formula

(x{plw) =22 ()

p
In fact,
T_ IT& P(—) p|z,//>dp

= mj pexp(7) p|w)dp
= [ (x| p)(plw)dp
= [ ({8l p) plw o = (x|plw)

we define the transformation function

eipx/h

()=

or

<p|X> :<p|X>* :ﬁe—ipxm

In summary, we have

(v} = o= [

and

(xly)= [ (X P ply ) = [ e (plw)ap

27h

Here we introduce k, as p =7k



(p|p)=6(p-p)
=o[nk —k")]

1 " _ l !
= 0k—k)= h<k|k>
Then we have the following relation
p)= 1K)
N

1

1 .
— k) = ipx/h
(x]p) = ={xK) = e
or

(xlk)= e

and

(k)= (k) =™

From the closure relation

[ERCR

we can derive the expression of the closure relation for |k).
Tdk| k)(k|=1

since

ihdk(%ﬂk}(khp -i

In summary:

Fourier transform in the x-k space



(Kly)= IZ<'<IX><XIW>dX=ﬁIw e (x| )ax

and

(XJw) = [ {x[ )k )k J_I " {k]y)k

10.16 Wave packet in quantum mechanics
10.16.1 Gaussian wave packet
A free particle (electron) in quantum mechanics is described by a plane wave

exp[ik(x — x0) —h—kzt]

Combining waves of adjacent momentum with an amplitude weighting factor y(k), we
form a wave packet,

p(x0) = [ dkzexplk(x—x) -1

with
x(K) = Aexp[—

] (Gaussian)

(k B k0)2
20°

v (=0 = [dkzk)explk(x—x,)]
= \/_\/— jdk;((k)exp[k(x X,)]
(a) What is the form of ¥/(x, t=10) ?
w(X,t = 0) = 2z oAexplik, (X — X,) —%Jz(x— X,)’1.

(b) Using the known value of y(k), integrate to get the explicit form of (X, t). Note
that this wave packet diffuses or spread out with time.



kit 1

H 2 2
Do ko (X=X, = )= =0 (X=X)
p(%,t) = A-————exp| a5 ]
\/1 n ihto 1+
m m
or
2 o? (x—x, — oy
|l//(X,t) = FETER exp[— Wtot ]
Jrf1+ i R

where the wave function is normalized;

1

120_”3/4 '

10.16.2 Physical meaning

A=

The position of particle:

Kk th
(X) =X, + (r)n

The velocity of particle:

d(x) nk,
o

The spreading of the wave packet:

232
Ax:—1 l+th 4

N2 R

2 .

The amplitude of |1//(X,t)

] o 1
Amplitude = .
P Jz \/ o
1+ O
m

The evolution of the wave packet is not confined to a simple displacement at a velocity Vo.
The wave packet also undergoes a deformation.



The Heisenberg’s principle of uncertainty:

(AX)(AK) = %1 1+ t;fzj o' >

where Ak =¢o .

1
75

((Mathematica))
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Fig.  Spread of wave packet, , where c =7. m=1. h=1. Xo = 0. ko = 2. t is changed
between 0 and 1. At =0.02.

10.17 Fourier transform of Gaussian distribution function
The Gaussian distribution function is given by

f(x) = \/%G exp(— 2)(02 ).

The line width increases with increasing o.
f(x)

4

=04

4

=03
_WX

The Fourier transform of f(x) is given by
F(k)= Lj‘” e ™ f(x)dx = Lexp(—lkzaz)
N2 N2 2

The width of the line shape decreases with increasing o.



F(k)

10.18 Heisenberg's principle of uncertainty

Werner Heisenberg (5 December 1901 1 February 1976) was a German theoretical
physicist who made foundational contributions to quantum mechanics and is best known
for asserting the uncertainty principle of quantum theory. In addition, he made important
contributions to nuclear physics, quantum field theory, and particle physics. Heisenberg,
along with Max Born and Pascual Jordan, set forth the matrix formulation of quantum
mechanics in 1925. Heisenberg was awarded the 1932 Nobel Prize in Physics for the
creation of quantum mechanics, and its application especially to the discovery of the
allotropic forms of hydrogen.

http://en.wikipedia.org/wiki/Werner Heisenberg

(1)



(0')= 1971y = [(v]o)(plo"ly oo = [ {ply)(plv)op

)

(87} = w167l = [l [y (-2 oo
€) ) )

() =y R = [y N o= ()
(4)

(€)= el = Jlol o) olivion =] (o) -2 | ol

Derivation of Eq.(1) from Eq.(2)

We start with Eq.(1),

12 o34 o
ﬁ (22p] e (pluicp

J' pn |px/h p|l//>dp

Then we have

n |px/h

(pr)= Ide—j e ™ py) dp' J_I p"e™'"{ p|y)dp

=_Idpjdp Idxe'(p XY p"(plw)

—00 —00

Since



Jaxe ™~ 275 (p - p] = 2205(p - P,
we have Eq.(1)

(p")= TdPpo'<p'IW>* p"(p|w)5(p-p') =jdp<plw>* p"(p|w)

—00 —00

Derivation of Eq.(3) from Eq.(4)

()= ] (ol i j ol

Here
. 8 " 1 © . 8 " —|xz
-t
FI ( ih— xj P (X )dx
- X e —ipx/h X l//
Then
ipx 1 © LN A—ipX
< > I P\/—J' ™" (X'|y) dx\/%j_wxe PO x|y )l
1 *© i ' ' *on T ip(x'=x
— ] ox _[de (x|w) <x|z//>_[odpe"( L
Since

[ dpeP* " = 271 5(x - x')

then we have

(=)= dxidx'{x'|n//>*x”<x|z//>5(x—x') [ (x|} ()



((Example)) Calculation of Ax 4p for the Gaussian distribution

(1) Given that

2

V(%) =(1j_ e
(04

calculate
@ (%)
(b) Ax= (%) =(8)" .

(2) Calculate the momentum space wave function for system described by the wave
function

2

v (x) =[1j_ e
(04

calculate
(@) (p")
() Ap=(p*)—(p)’
(c) AXAp

((Mathematica))



Clear["Global %"];

Xbar[n ] = J-Oo Y [x] X" g[x]dx // Simplify[#, {a>0, n>0}] &;

AX = \/xbar[2] —xbar[l]2 // Simplify[#, {a>0}] &

1
V2 Vo
1 0 -1 P X _ _
d[p ] = j Exp[ ] Y[x]dx // Simplify[#, {a>0}] &
V2rh Y°° h
02
e_zahz

7T1/4 0(1/4 A/ A

pbar[n_] = fm a[p] p"&[p] dp //

-0

Simplify[#, {a>0, n>0, a>0}] &;

Ap = \/pbar[2] - pbar[l]2 // Simplify[#, {a>0, A>0}] &
Vo B

V2

AX AP

10.19 Simple harmonics; momentum space

§=ﬂxa p:hk)]{:hz p

g np



where & and x are the dimensionless quantities.

X)=NBIE). [k)=~n[p), |<) =V lK)

ipx
L e ,<x|k>=Le

<x|p>_\/% NG

(X9)= | 2ie) = e

ipx
h

Then we have the Fourier transform
0, = {eln) = [ (1) (Elnjag = | e (¢ln)az

So <K‘| n) is the Fourier transform of <§ | n> . Note that

{reln) = VB[, (&I} =—=(x|n)

Sy

Fourier transform of <§ |0> ;

1 &2

(Elo)=r e ®

is given by

2

(x[0) = [ e (£]0)de = [eir e 0z
s T s T

27 NeYd
Note that
1, . 1 . 1,
=& —ixkE=—(E+i -
& iR =~ (i) — ok

we have



1 x?

T4a T2 w1 1«
e —(&+i) - -

je 2 dé=7x ‘e 2

(o) =="p—

2

In general we have the following relations.
®n (K) = (_i)n ®, (5) ‘g:;«
FAGIE TG

((Proof))
We show that ¢, (k) satisfies the same differential equation for ¢, (&).

() = | ﬁe“’@’«pﬂ (&)dg

with

12
0. (&)= 72" n'> e 2H, (&)

d’p,(x)
dx?

j J_( £e o, (£)dé

Here ¢, (&) satisfies the differential equation.

(? &+2n+1)p, () =0

Taking the Fourier transform of this equation,

(L e 00 @) e
_[o\/z_ Lt j\,—(n K)e o (£)dE

i —ik 2 d2 ;
Lﬁe 2n+1-8)p(HdE= 2n+ D, (x)+ fzc(f)

or

2

( d =~k +2n+ D)o (k) =0
dx



@, (k) satisfies the same differential equation as ¢,(&).

((Mathematica))

2
wn , €71 122712 g4 (1 yy-172 Exp[—%] HermiteH[n, £]

8[n_, « ] := FourierTransform[¢y[n, §], &, x]

Table[&s[n, x], {n, 0, 5}]

2 2 2 2
ef% i+/2 ef% % ef% <274K2) i ef% X (73+2K2)
{ Al/4 /A T2 2 AA 3 nl/4 ’
2 2
e 2 (3-12x%+4x%) ie 2 K(15—20K2+4K4>}
2+/6 nl/4 ’ 2+/15 »1/4
Table[&[n, x]* &[N, x], {n, 0, 5}]
{e’KZ 22,2 e (2-4x2)2 )2 (-3+22)2
r oA gr 3/ ’

e’ (3-12x2+4xH2 e 2 (15—20K2+4K4>2}

24/ ’ 60/
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O[nk]* P[nk]

0.5+ =
0.4 - =\

n=2
03} n=3
0.2+

AN |

APPENDIX Mathematica

1.

Type I Fourier transform

FourierTransform[f[t], t, @]; Fourier transform of f(t)
InverseFourierTransform[F[ @], o, t] Inverse Fourier transform of F(w)

Type II Fourier transform

FourierTransform[f [X], X, k, FourierParameters—{0,-1}];
Fourier transform of f(x)

InverseFourierTransform[F(k), K, X, FourierParameters—{0,-1}];
Inverse Fourier transform of F(K)

DiracComb|[Xx]:
to represent the Dirac comb function giving a delta function at every
integer point.

Convolvel[f, g, X, Y];
to gives the convolution of two functions f and g;



