Chapter 12
Laplace transform
Masatsugu Sei Suzuki
Department of Physics, SUNY at Binghamton
(Date October 27, 2010)

Pierre-Simon, marquis de Laplace (23 March 1749 — 5 March 1827) was a French
mathematician and astronomer whose work was pivotal to the development of
mathematical astronomy and statistics. He summarized and extended the work of his
predecessors in his five volume Mécanique Céleste (Celestial Mechanics) (1799-1825).
This work translated the geometric study of classical mechanics to one based on calculus,
opening up a broader range of problems. In statistics, the so-called Bayesian
interpretation of probability was mainly developed by Laplace. He formulated Laplace's
equation, and pioneered the Laplace transform which appears in many branches of
mathematical physics, a field that he took a leading role in forming. The Laplacian

differential operator, widely used in applied mathematics, is also named after him.

http://en.wikipedia.org/wiki/Pierre-Simon_Laplace

Oliver Heaviside (18 May 1850 — 3 February 1925) was a self-taught English electrical
engineer, mathematician, and physicist who adapted complex numbers to the study of
electrical circuits, invented mathematical techniques to the solution of differential
equations (later found to be equivalent to Laplace transforms), reformulated Maxwell's
field equations in terms of electric and magnetic forces and energy flux, and

1



independently co-formulated vector analysis. Although at odds with the scientific
establishment for most of his life, Heaviside changed the face of mathematics and science
for years to come

http://en.wikipedia.org/wiki/Oliver Heaviside

Thomas John I'Anson Bromwich (1875 — 1929) was an English mathematician, and a
Fellow of the Royal Society.

http://en.wikipedia.org/wiki/Thomas John 1%27Anson_Bromwich

12.1. Definition

The Laplace transform is an integral transform perhaps second only to the Fourier
transform in its utility in solving physical problems. The Laplace transform is particularly
useful in solving linear ordinary differential equations such as those arising in the
analysis of electronic circuits.

The (unilateral) Laplace transform is defined by

F(s)=L[f(t)]= Tdte‘st f(t),
with

f(t):  original function
F(s): 1image function



((Link)) http://www.intmath.com/Laplace-transformation/Intro.php

Laplace transform of elementary functions.
(1) f(t)=e*

L[e*]= J'dte‘“eat = J.dte’(s_f")t = i for Re(s)>Re(a).
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12.2 Laplace transform of derivative

L[ f'(t)]= Tdte‘st f'y=ef)[7 —(—s)T dte ™ f (t).

| = ym\e-st f(t)=lime ™| f (1)

If | f (t)| < Me™, then we have
| < %im Meld Rt 5 0 for Re(s)>0.

Then



L[ f'(t)]=sL[f(t)]—- f(0)=5sF(s)— f(0).
Similarly

L[ f @ (®)]=sL[f't)]- f'(0)
=s[sL[f(t)]- f(0)]- '(0),
= $>F(s) — sf (0) - f'(0)

LT ()] = sLLE "] £'(0) =s[sLLf'(®)] - £(0)] - £"(0),
ot

LLF ()] =S IsLLE (D] - £ (0)]-sF'(0)] - £"(0),
or

LT )] = $'LLF (0] - 5° F(0) - sf ' (0)] - £"(0).

12.3. Laplace transform of the integral
t ) t 1 t 1 ©

L{[dtf (0= dte*{ Janf ( p)} =[-e " [dpf (p) [} +_[de ™ F (V).
0 0 0 0 0

We consider the first term

If |f (t)| < Me®, then we have

e —1

)s
a

jdpf(p)

t
ijdteat=M(
0

—(Res—a)t _ 5—(Res)t

e
as |

<}LrEM| —0.

t
lim e j dpf (p)
t—o0 S 0

Thus for Re(s)>a

L[jdtf )] =éF(s).

Next we consider the function



(1) Substitution

f(t)=t"e™.

= L[t"e™ ] = [dte t"e® =
0

st
More generally,
F(s—a)= Tdte‘“‘f")t f(t)=L[e*f(1)].
0
(2) Derivative
dres) _

" -T dte™'tf (t) = —L[tf (1)].

3) Faltung (Convolution)

Che

n!
a)

n+1 -

Lf 1= [due™ fw),  LIf0]= [de™ ),

L[ fIL[f,]= Tdquves(“*V) f.(u)f,(v),

u+v=t, u=r7 andv=t-r

[U>0 and v>0]—-[0<t<ow and 0<7<1]

v
&

Fig.1

Jacobian:



ou ov

1 -1
_|0r Ot _ _
dudv = FY dzdt—‘o 1‘dzdt—dzdt.

ot ot
Then we have
© ) ®© t
L[ f]L[f,]= jdujdve—s<“+v> f,(u)f,(v) = je‘StdtIdﬁl(r) f(t—7)=L[f *f,],
0 0 0 0
with
t
f*f, = [dd (D) ft-1)
0
((Note)) There is a relation,
foxf,=1*f,

or

fl *(fz * f3):(f1 * fz)* fs)-
t
(4) Laplace transform of g(t) = J.dxf (X)
0

g'M =1,

SG(s)—g(0)=F(s) andg(0)=0,

or
S

12.4. Inverse Laplace transformation
The inverse Laplace transformation is defined as

fO=L"[F()]=f@.



If I | f (t)|dt converges, then we have

f(t)= i Tda)emt szf (r)e"" .

Since

L doe ™ =5t -1),
27 7

then we have
f(t)= sz‘f (7)o(t-1).

Now we consider

g =e"f(DO().

Then we have
_ 1 T —iawt T ior
g(t) —g_jwdwe _Ldzg(r)e ,

or

_ 1 T 7 ia)’(OO —yT A—lOT
f(t)_gj;da)e e _([drf(r)e Temer

with the choice of variable

S=y+io,
f(t)= Ida)e(7+i‘")tF(7+ia)).
27 7

Since ds = idw

y+ioo

f(t) =2Lﬂi jdseS‘F(s).

v

(Fourier Integral)



(Bromwich integral , or Bromwich -Wagner integral)

Contours for Inverse Laplace Transform

Ims Ims
y+ico t<0 t>0 y+ico
° °
Res Res
° °
y—ico v —ico

Fig.2
((Bromwich integral)) from Wikipedia

An integral formula for the inverse Laplace transform, called the Bromwich integral,
the Fourier-Mellin integral, and Mellin's inverse formula, is given by the line
integral:

L'[F(s)]= f(t)= i'[w: e”F(s)ds

Vol

where the integration is done along the vertical line X = v in the complex plane such that
Yy is greater than the real part of all singularities of F(S). This ensures that the contour
path is in the region of convergence. If all singularities are in the left half-plane, then vy
can be set to zero and the above inverse integral formula above becomes identical to the
inverse Fourier transform.

In practice, computing the complex integral can be done by using the Cauchy residue
theorem. It is named after Hjalmar Mellin (Finland 1854 — 1933), Joseph Fourier, and
Thomas John I'Anson Bromwich (1875-1929).

125 Example

We now consider the example of the Bromwich integral of F(s) = L .

S+a



& m

C1

Fig.3

L' [F(s)]= f(t) = L s s
27 Jr-ie S+a

Using the Jordan’s lemma, this integral can be rewritten as

1

—dz
zZ+a

f(t) =%§e“

along the contour C; (counter-clock wise) for t>0 and the contour C, (clock wise) for t<0.
There is a single pole at z = -a (<0). Using the residue the torem, we get
f(t)=Res(z=-a)=¢" for t>0
and
f(t)=0 for t<0.
12.6 LaplaceTransform and InverseLaplaceTransform (Mathematica)

Using the mathematica, one can calculate the Laplace transfrom and inverse Laplace
transform.



(a) LaplaceTransform[f(t), t, S]
To represent the Laplace transform of the function f(t) with respect to the variable
t and the kernel.

(b) InverselaplaceTransformI[f(s), s, t]
to represents the inverse Laplace transform of the function f(s) with respect to the
variable s and the kernel

12.6.1 Example-1: Laplace transformation
Clear["Global +"]
LaplaceTransform[f" [t], t, S]

-f[0] + sLaplaceTransform[f[t], t, S]

LaplaceTransform[Ff""[t], t, S]

-sF[0] +s2 LaplaceTransform[f[t], t, s] - ¥ [0]
LaplaceTransform[f"""[t], t, S]

-s? T[0] +s3 LaplaceTransform[f[t], t, s] -s ¥ [0] - F'[0]

LaplaceTransformUTg[tl] dtl, t, s]
0

LaplaceTransform[g[t], t, S]
s

12.6.2 Example-2: Laplace transformation
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LaplaceTransform[DiracDeltal[t], t, =]

1

InverselaplaceTransform[l, £, =]

DiracDelta[s]

LaplaceTransform [tn, t, s]

s Gamma [1 + n]

LaplaceTransform[Exp[k t], £, =]
1

-k+s

LaplaceTransform [t Exp[k t], £, =]
1

(k-s)?

LaplaceTransform[Cosh[k t], t, =]
=

k% 4 52

LaplaceTransform[Sinh[k t], t, =]
k

k% 4 52

LaplaceTransform[Cos[k t], £, =]
5

k? + 52

Simplify[LaplaceTransform[Sin[k t], £, =], k> 0]
k

k% + 52

LaplaceTransform[-Log[t] - EulerGamma, t, =] // Simplify

Log[s]

5

LaplaceTransform[2 - 3Exp[-10t] + Exp[-30t], £, =] // S8implify //
Factor

€600

5 (10+53) (30 +3)
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12.6.3 Example-3: inverse Laplace transformation

Clear["Global %"]

f1 = LaplaceTransform[Exp[-a t’], t, s]

2
S
Aa S
<e4a\/?Erfc[2\/g]
2+a
s2
Aa S
ce4a\/?Erfc[2\/E]
2+/a
Simplify[InverseLaplaceTransform[fl, s, t], a > 0]
(efat2

((Note))
Erfc[x] =1-Erf[Xx],

1 7
Erf[x] = — J~Exp[—u2]du
N
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Fig.4 Plot of erf(x) and erfc(x) as a function of x.




Clear["Global %'

InverseLaplaceTransform[s™'/? Exp[1/s], s, t]

Cosh[Z\/?}
Tr e

EXp[a/sS
L,S, t]

InverseLapIaceTransform[
S

Bessell [0, 2+ a \/?]

EXp[-a/S]
InverseLapIaceTransform[ , S, t]
S

BesselJ|O0, 2+/a \/?]

1

InverseLapIaceTransform[ . S, t]
svVs
2t
Vo
1
InverseLapIaceTransform[ » S, t]
S (1 + ‘\/g)
1-e'Erfc[Vt ]
1
InverseLapIaceTransform[ﬁ > S, t]
1+Vs

m _et ErfC[\/?}
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InverseLapIaceTransform[

et\/T\/?Erfc{ ! }
T

InverseLapIaceTransform[Log[b+d] s t]
s+bd” 7’

VS [1ev3)

=

—at -bt

—-€ + €

t

Vs

InverseLapIaceTransform[ . S, t]
s+1
1 .t
—— +1e Erf|v-t
T Ve Ve
1

InverseLapIaceTransform[ . S, t]

S (b +'\/€)
1—<eb2tErfc[b\/?]

b
1

InverseLapIaceTransform[————, S, t]

Vs
b
VT

EXp[1l/S]
- s, t]
VS

InverseLapIaceTransform[5'3/2

vVt Bessell[1, 2/t |
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12.7 Laplace transformation of the Bessel function

The Bessel function of the first kind can be expressed by

Jn(at):ij-exp(i(nﬁ—atsinﬁ)de.

The Laplace transform of J,,(at) is

o0

L[J, (at)] = i [exp(-st)dt ]Eexp(i(n 60— atsin0)dé

v

[exp(in@)d6| exp[~(s +iasin O)t]dt,
- 0

s
27
1 7 . 1
=— in)dg——
27[:[rexp( ) S+iasiné

for Re[s]>0. When z=ae" ,dz=ae"’idd=izd@,
and

) 1 a’
lasind=—(z——).
2( z)

we have

n—

yA 1

1
dz
an

1 T
L3, (at)=—— | —
TosnhEy)

11 22"

= 7————
2da"l  z’+2sz-a’

There is a simple pole at z=—s++/s> +a’ inside the closed path (|z|<a). From the
Residue theorem,

1 (Ws*+a’-s9)

Js? +a? a

L[J,(at)]=

Forn=1,
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L[Jo(at)]:%.
S +a

12.8 Laplace transform of the Bessel differential equation

(a)
L[J,(at)] = ——L[ J(at)]
with  Jo(0)=1.

L[L(at)]=—§[sL[Jo(at>]—Jo(0)]

:—l(S;—l)
a s’+a’
_ 1 Js?+a’—s
Js? +a> a
(b)
L2 ® "(”]—i{L[Jn_I(UH L3, (O]}

= —s = —— (NS +1 =)+ (WS +1 -5},
=H(\/52+1—s)”

() Laplace transform of the modified Bessel function of the second kind

L[I_(at)] =i "{L[J. (iat)]
_jn ] (s’ —a* —9)"
Js? —a a’i" '
s -a’)"

a"s? —a

12.9 Laplace transform of Bessel functions (Mathematica)
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Laplace transformation of the Bessel function

Clear["Global %'

LaplaceTransform[BesselJ [0, t], t, S]
1

V1 +s?

LaplaceTransform[BesselJ[1, t], t, S]
1

V1+s? (S+ \/1+SZ)

LaplaceTransform[BesselJ[2, t], t, S]
1

Vi 9 (515 )

LaplaceTransform[BesselJ[n, t], t, S]
(S+ V1+s2 )n
V14 s?

18



LaplaceTransform[Bessell [0, t], t, s] //
Simplify[#, s> 1] &

1
V-1+s2

LaplaceTransform[Bessell[1, t], t, s] //
Simplify[#, s> 1] &
s

\V-1+s?

-1+

LaplaceTransform[Bessell [2, t], t, s] //
Simplify[#, s> 1] &
~1+2s2-2sV-1+8?

V-1 +s?

LaplaceTransform[Bessell [n, t], t, s]
s+V-1+82 )—n
V-1 +s?

12.10 Faltung (convolution): Example-1
The Faltung (convolution) can be used for solving the integral equations.

(a) Example-1

j 9@ 47—y, (1)

The Laplace transforms:

G =Lgh],  Ksl= L[%] - \/% ,

n!
Sn+1 °

L[t"] =

19



From the property of the Faltung (convolution), the Laplace transform of Eq.(1) can be
obtained as

T n!
G 7 =
S S

or

n!
G(S) = \/;snﬂ/z :

Then we have

O (10 I ——
\/;F(n+5)
((Mathematica)) 1
K[s ] = LaplaceTransform|—, t, s]
vVt
v
Vs
n!
G[s ] = —;
V; gn+1/2

InverseLaplaceTransform[G[s], S, t]

t_%m n!
e 3 Gamma[% + n]

12.11 Faltung (convolution): Example-2
We solve

g~ [g()dr=1,

by using the Laplace transform. Laplace transform of this equation is obtained as

20



1

Gmr§a9=s

or
G(s)=——
s—1

Then we have

g(t)=L"[G(s)]=¢'

12.12 Faltung (convolution): Example-3
t
g(t) —j(t —7)g(r)dz = 2(cost +sint)
0

Laplace transform of this equation:

s+1
SZ

G@—§G®=m )

or

2s?

SO e

The inverse Laplace transform (Bromwich iontegral):

y+io

1 st
9=~ Jf(s)e ds
- : §G(s)e5tds =Res(s=1)+Res(s=i)+Res(s =-i)
27y,

=e' +sint + cost

21



Y

Fig.5
((Mathematica))
Residue[F[s], {s, 1}]

(et

Residue[F[s], {s, 1}] + Residue[F[s], {s, -1}] // FullSimplify

Cos[t] +Sin[t]

12.13 Faltung (convolution): Example-4
t
g(®)—a| J,[a(t—7)]g(r)dz = cos(at)
0

The Laplace transform of this equation:

Js*+a’-s s

)=
\/52+a2 sz+a2

G(s)I—(

or

G(s) =

22



Then we have

g(t) = J,(at)

12.14 Arfken: Example 15-10-3, p.983
We consider the Laplace transform of the Bessel equation with n =0

Xy "+ y'+ xy

We put x =t, y =f(t)

Initial condition; f(0O)=1and f(0)=0
tf+f +tf =0

Noting that

d

L[tf ]= s

L= —%[SZF(s)—sf 0)— £'(0)] = —%[SZF(s)—s]

L[tf]z—%L[f]:—%F(s)

we have

—i[st(s)—5]+sF(s)—l—iF(s):0
ds ds

or
~[SF(5) + 25F (9)~ 1]+ SF(5) -1~ F(9) =0
or
(57 +DF'(5) +5F(5) =0
or
F(s) =«
s’ +1

When C = 1, f(t) = Jo(t);
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1

L[J, (D] RN

where Jy(t) is the Bessel function of the first kind.

((Mathematica))
1
InverseLapIaceTransform[ S t]
s? +1
BesselJ [0, t]
12.15 Bromwich integral Arfken 15-12-4
- S
Ul
(a) Partial fraction expansion
S S 1,1 1
F(s)= )

s? —k? =(s+k)(s—k)=5 stk s—k
HD=LTF@H=%m“+e%

(b) Bromwich integral

1 y+iwo 1 y+ioo

S
f()=—— |F(s)e”ds=— | —e’ds
® 27ziyL<> 27zi7;[0052—k2
:L_ 28 ~e’ds
2m 5 s” -k

=Res(s=k)+Res(s=—-k)

— %(ekt + efkt)

where we use the Jordan's lemma.
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Fig.6
12.16 Bromwich integral Arfken 15-12-5c¢

Bromwich integral

1
L' ,
[s(sz + 1)]
1
F(s)= :
®) s(s”+1)
7 +io y+ioo
()= —— j F(s)e'ds = 21 *ds
2m 7, 2m 7, s(s"+])
=L 1 et

27 ¢ s(s* +1)
=Res(s=i)+Res(s=—i)+Res(s=0)
it i

—it
W e e

t ot :
121)  (—D)(-20)

=1-cost

where we use the Jordan's lemma.
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Fig.7

\j

12.17 Bromwich integral Arfken 15-12-6

T
M

Y

Fig.8
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F(s)=

1

=

s =0, s = o0 — branch point.

¥ +ioo

|_1[F(s)]zziﬂi [e*F(s)ds

- 2Lﬂi{ﬁeSt F(s)ds — [(JzeStF(s)ds + C{e“ F(s)ds.

+ [e'F(s)ds+ [e*F(s)ds + [eF(s)ds]}

Since there is no pole, we get

feF(s)ds =0,

from the Cauchy's theorem.

L' [F(s)] = —2%[ j e*F(s)ds + je“F(s)ds

+ [e"F(s)ds+ [e"F(s)ds+ [eF(s)ds]
C4 CsS Co6

The integral along the line C5 (path 5 — 4)

3 2
S
o
@&
4 5 5 \
Fig.9
s—0=qe"™ (g>0) on the line between the points 5 and 4.
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:_L_ g ! e " dq
27210 qe”
1 7 1
= e—qt_em/qu
ot M
1
A few gl 21
Ty \/a 2z \/f ZH

The integral along the line C3 (path 3 — 2):

s—0=qe” (g>0).

1
I, =—— | dse"F(s

0
=_L e_qt—l' ei”dq

277 \/qT

15 | B
= e—qt_e—m/qu
241 Ja

1
e Ly 119
273 Jq o 27 Wt 2mt

From the Jordan's lemma,

lim [e"F(s)ds=0, and lim [e"F(s)ds=0,

Raooc2 R~>ooC6
when

Flzim F(s)=0,

where R (—o0) is the radius of the path C2 and the path C6.

The integral around the small circle (C4) centered at s = 0:

s—0=e", ds=se"do,

28



1 o 1 7 o«
——— |eF(s)ds = —— | e F(s)ds
27ziCJ'4 ) 2721';[ )

1 f 6€th 1

:L_ eeemt\/;ieiﬂ/zde
27 <

ge'’do

as € = 0. Then we have
L'TFGS)] =1 +1.=——.
[F(OI=1,+1; NS

((Mathematica))

1
InverseLapIaceTransform[—, S, t]

Vs
1

VoA

12.18 Bromwich integral Arfken 15-12-7

Show that

LFEI= L
S+a

1=J,(at).

by evaluation of the Bromwich integral, where

1
F(s)=———
S"+a

We note that the line connecting between S = ia, S = -ia, form a cut line.
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|_-1[|:(s)]=2L7Zi j e*F(s)ds

y—ioo
_ 1 st st st
_%«@e F(s)ds—[CJ;e F(s)ds+c_|;e F(s)ds
+ j e*F(s)ds + JeStF(s)ds+ j e*F(s)ds
C4 C5 C6

+ j e*F(s)ds + j e*F(s)ds + je“F(s)ds+ j e*F(s)ds]}

C10

o
L)

Fig.10

Since there is no pole inside the closed path, we have
it;eStF(S)ds =0. (Cauchy's theorem).
From the Jordan's lemma,

je“F(s)ds:O,and Ie‘“F(s)ds for 0.
C2

C10

We note that F(S) is continuous when crossing between the lines C3 and C9. In other
words, the integrals along the C3 line and the line C9 cancel out each other.
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.[eStF(s)ds + IeS‘F(s)ds =0
C3 C9

On the circle C5 with the radius & (—0),

s—ia=ee" (0=372 — -72).
st

j d/(s+ia)(s —ia) s

-r/2 ege'ﬁt )
- _ —_ »'%deo
3,,/2\/(2|a+ g'")ee'’

J'eS‘F(s)ds =

/2 %t ’
. € i6/2
=i [ ———— Jee?do
_3;|[.,2,/(2ia+ee“9)
/2
=—ive j _ L dorggog

=37/2 V(2Ia)

On the circle C7 with the radius & (—0),

s+ia=¢e" (0= 72 — -372)

st

e"F(s)ds = € ds

CJ; ®) CJ7\/(S+ia)(s—ia)
-37/2 eaei”t -

= , — ¢e'’id@
e \/(—2ia+ge"’)ee“9

/2 5emt
— J‘ e _ \/Eeig/zdﬁ
s A/(“2ia+ &)

. 72 1
B _I\/Zfz[/z Y (_2ia)

ei9/2d9 =0

as €— 0.

j e*F(s)ds =0
Cc7

Then we have
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L [E(s)] = —2Lﬂi[ [e*F(s)ds+ [e*F(s)ds+ [e"F(s)ds].

On the line C4 and C8:

Fig.11

s+ia=0qe"'?, (0<g<2a)

i37/2

s—ila=(2a—0Q)e

st st

e e
ds =

C4:|:cg Js*+a’ c4'[cg\/(s+ia)(s—ia) as
2a e(—ia+qei”/2)tdqei;r/2
2 ge > 2a—q)e™”
2a e—i(a—q)tdq

! Va2a-q)

On the line C6:
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1 8
r ia
2 7
S
3 6
‘—ia
4 5
Fig.12
s+ia=0e"""?, (0=g<2a)
—ja=(2a-q)e"”"?.

Then we have

st

e

'[\/S +a’ C6\/(S+ia)(s_ia)

~ j)_ e(—ia+qe'5’”2)tdqei57r/2
Za\/qeiS”/z(za—Q)eiS”/z
2 e—i(a—q)tdq

B _'l Jaa-q)

ds

Finally we have
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1 —|(a q)td ) e—i(a—q)td
L[F©)=— o[- 9 _j a,
qu<2& Q) +/a(2a-0q)
1% el g '

7 y40(2a-q)

We put
g—a=acosb,

where 0<6 <. Since dg=a(-sind)déd, we have

_ 1 (e ?*3(—sinH) T
L'[F(s)]=— dg=—|e”*dg=J,(at).
[F(s)] j — j o(at)
((Mathematica))
1
InverseLapIaceTransform[ ., S, t]
s? + a?

BesselJ [0, a t]

12.18 Bromwich integral Arfken 15-12-10
Evaluate the Bromwich integral for

1 }/-Hoo

=2~ j F(s)e"ds
with
S
Y

Bromwich integral:

y+ioo

f(t)= L J' F(s)e*ds = _ft; F(s)e™ds

from the Jordan's lemma (t>0). There are two poles at s = ia and -ia. From the Residue
thorem, we have
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f(t)= i§ F(s)e®ds =Res(s =ia)+Res(s =—ia) =

tsin(at)
2a

((Mathematica))

Residue[G[s], {s, ia}] +
Residue[G[s], {s, -ia}] // ExpToTrig

tSin[at]

2a

-
-
Fig.13
Here note that
d - set  (sxia)(e” +ste”)—2se”
ds (s+ia)’ (s +ia)’
H iat H iat fAplat
Res(s = ia) = 2la(e +|aFe 3) 2iae =Leiat
(2ia) dia
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(“ia)(e™ —iate™)+2iae™ _ t

Res(s=—1a) = (“2ia)’ " dia

Therefore

t . . t t
f(t)=—(e™ —e ™) =—"2isin(at) = —sin(at).
® 4ia( ) dia @) 2a @

e

—iat

12.19 Bromwich integral; Arfken 15-12-13

You have a Laplace transform,;

1

F)= (s+a)s+b)

((a#b)

Invert this transform by each of three methods.

(a)

2)

©)

Partial fractions and use of tables.

F(s)= 1 _L 1
(s+a)(s+b) b-a s+a s+b
f(t)=L"[F(s)]= L(e‘at —e™) for a=b
b-a

Faltung (convolution).

t t
L'F(9)]= [ e dr = [e ¥7dr
0 0

—al 1 a-b)r
=e ‘—a_b[( 2710,
1 —at —bt

=—(€*-¢e
b—a( )

Bromwich integral.
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Fig.14
f(t)= Ly]jmljz(s)e“ds = Lft; F(s)e*ds
27 7, 27 2
=Res(s=-a)+Res(s=-Dh) ,
1 —at —bt
=—((*-e
- a( )

from the Jordan's lemma and the residue theorem.

((Mathematica))

1
FI[s_] = ;
(s+a) (s+hb)

Residue[F[s] e®", {s, -a}]+
Residue[F[s] ", {s, -b}] // Simplify
—at_e—bt
a-b

e

12.20 Cut lines
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The choice of variables in the path integrals when the multi-valued function is included

@ s

4

5-0=qexp-iz) 3

1 s-0=qgexplin) __2/-\
il
L/

Fig.15

Path (1-2):
s—0=qe”

Path (3—4):
s—0=qe™"

(b)  JE+D(-D

Check on the possibility of taking the line segment joining S+1 and s-1 as a cut line

s+1=re"
s—1=pe"

where 0< 60 <27z and 0< ¢ < 27, depending on the position of s in the complex plane.

f(S) _ rpei(9+¢)/2
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Fig.16

points 0 7 (6+¢)/2
1 0 0 0

2 0 i /2

3 0 e /2

4 T T T

5 T T T

6 27 i 3n/2

7 27 T 3n/2

8 2n 2n 2n

The phase at points 6 and 7 is not the same as the points 2 and 3. This behavior can be
expected at a branch point cut line.

(b) \(S+i)(s—1)
Check on the possibility of taking the line segment joining s+i and s-i as a cut line
s+i=re”

s—i=pe’

T r “ T :
where > <@<2r+— and 7 <¢9<27m+ 7 , and the values of and ¢ are discrete
but not continuous.

i(0+¢)/2

f(s)=+/rpe
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Fig.17

Check on the possibility of taking the line segment joining S+i and s-i as a cut line

points 0 @ (6+¢)/2
1 712 712 712

2 72 31/2 T

3 72 31/2 b

4 31/2 3n/2 3n/2

5 3n/2 3n/2 3n/2

6 572 31/2 2%

7 S57t/2 31/2 21

8 S5m/2 57m/2 S5m/2

The phase at points 6 and 7 is not the same as the points 2 and 3. This behavior can be
expected at a branch point cut line.

((Note))
Path (3—2):
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iz 3

s+i=qe?, s—i=(2-q)e 2

Path (7—6):
37! ST
—|—qe2 s+i=(2-q)e ?

12.21 Diffusion with constant boundary condition
Suppose that (X,t) satisfies a diffusion equation

O’y

Loy
ox* kot

for x>0, subject to the boundary condition

w=0 for x>0 and t<0
v (x=0,t) =y, 0(t) for x =0 and t>0,

where y, is constant.

Laplace transformation:

Ow(xs) 1. 1
—Wa(z )=—[Sw(x,8)—'//(x,0)]=—s;//(x,s)
X K K
with
7(x=0,5)=22
S
2_
VRS Lsir(x,s)

7(x,5) = exp(~ x\f 7(x=0.5) =" exp(- xf )

The inverse Laplace transformation (Bromwich integral)

w(x,t) = L 7+_i°°e5‘z/7(x, s)ds

e exp( X()ds
2721 y— Ioo
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M
W

Y

Fig.18

Using the Jordan’s lemma, we have

i‘;e“ lexp(—x\/g)ds =0

$ s K

since there is no pole inside the path C. Then we have
J%iooe“lexp(—x\/g)ds ([ +§ +[r=1+1,+1
7S K c, ¢

4 Cs

Calculation of 4

| = iest éexp(-x\/%)ds — [ "ido=["ido =2z

42



Calculation of I3

iy Kt i
I :—IeStéexp(—x\f)ds _[e qte ( q= 2Iﬂ4du
G

where
s—0=qe", q= kU

Calculation of |5

e qte \f &u? jixu

= —je“ exp(— x()ds = —jgdq = —zj;du

where
s-0=0ge™", q=xu’,
So we have
—KtU ixu o —xtu? A—ixu
L0, + 1, =270 - 2(j " du- [ S —du)
u o u

=27 — 4i j e sin(xu) 2
0 u
74
w(X,1) :2_7(;1.“3 +1,+15)

=20 (27— 4ife™ sin(xuy 3
2 0 u

=y, [l- 2J.e""t“2 sin(xu)d—u]
/4 u

=y,[1-Erf[ \/—]]
= WoErfC[m]

where Erfc is the complementary error function.
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12.22 Ladder circuit

Frequency domain

The impedance of inductance is Ls.

The impedance of capacitance is 1/(Cs).

The impedance of resistance is R.

The source is the Laplace transformation of the time-dependent voltage source.

Vg 1 Vg s Wy s Vg
L e e
R L C
—_— —_— —_—

Fig.19

We assume that

L=1+1, =[1+(1+1)}v0 =(2+1)V0
Vv, sl —{1+1+s(2+—)}v (2+25+1)V
S S

—V, +
v,

I ===V, [s(2+2s+—)}v 254252 +1),
s

li=1+1, =(2+1+25+2sz+1j\/0 =(3+25+232+1)v0
S S

V, =1l,+V, = (3+2s+2s’ +l+2+2s+l)v0 =(5+4s+2s° +%)VO
S S S

E, =V, =(5+4s+2s" +2)V0
s
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V, = =

S+ ds+ 252+ 2
S

Then we can get the following expressions

1 34254257 41
l,=(3+25+28* +—)V, = S IE,

S+ds+250 42
S

2
l,=(2s 428 41}, =| 25F25 L p

S+ds+250+ 2
s

S

1

1 2+ —
|3=(2+—)v0= >— |E,
S 5+4s+2s8*+ =
S
1 1+l
|2=(1+—jv0= S 5 |Es
S 5+4s+2s8°+ =
S
I, =V, = ! 7 E,
5+4s+2s* + =
S
V,=E
1 2+23+l
v2=(2+2s+—)v0= § 5 [Es
S 5+4s+287 + -

S
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| 1+
v1=(1+—)v0= § 5 [Es
S 5+4s+28+ -
S

Stds+2s2 42
S

((Mathematica))
Clear["Global "+"]

E1[s] o
VO = // Simplify
(5+4S+282+E)

S

SEl[S]
2:55+4s524+2s3

(1+§)E15]

V1 = //Simplify
(5+4S+2$2+z)

S

(1+s) E1[S]
2:5s+4s24+2s3

(2+2S+E)Elm]

V2 = > /7 Simplify
(5+45+252+3)

S

(1+23+252) El[s]
2:5s+4s24+2s3

V3 = E1[S]
El[s]
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E1[s] o
11 = // Simplify
(5+4S+282+z)

S

SEl[s]
2:5s+4s24+2s3

(1+1) E1[s]
12 = > /7 Simplify
(5+4S+2sz+3)

S

(1+s) E1[s]
2:5s+4s24+2s3

(2+1) E1[s]
13 = > /7 Simplify
(5+4S+282+g)

S

(1+2s) E1[s]
2:55+4s524+2s3

(2s+2s® + 1) E1[s]
14 = //Simplify
(5+4S+282+z)

S

s (1+2s+2s?) E1[s]
2+5s+4s24+2s3
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(3+23+252+ E)Eus]

I5 = = /7 Simplify
(5+4S+252+3)

S

(1+3s+2s?+2s3) E1[s]
2:5s+4s2+2s3

rulel = {E1 > ((1/#) &)}
{E1->(§% &)}

vO =V0 /. rulel

1
2+:55+4s524+2s3

vO = InverseLaplaceTransform[VO /. rulel,
vl = InverselLaplaceTransform[V1l /. rulel,
v2 = InverselLaplaceTransform[V2 /. rulel,
v3 = InverseLaplaceTransform[V3 /. rulel,
11l = InverseLaplaceTransform[I1l /. rulel,
12 = InverseLaplaceTransform[12 /. rulel,
13 = InverseLaplaceTransform[13 /. rulel,
14 = InverseLaplaceTransform[14 /. rulel,
15 = InverseLaplaceTransform[15 /. rulel,

48
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pll = Plot[Evaluate[{V3, v2, v1, vO}], {t, 0.1, 10},
PlotRange -» {{0.1, 10}, {-0.2, 1}},
PlotStyle » Table[{Hue[0.2 1], Thick}, {i, O, 4}7],
Background - LightGray]

1.0

0.8:—
0.6:—
0.4}
/
T~
Ty 6 8 10
—02l

Fig.20
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pl2 = Plot[Evaluate[{15, 14, 13, 12, 11}], {t, 0.1, 20},
PlotRange » {{0.1, 20}, {-0.2, 1}},
PlotStyle -» Table[{Hue[0.2 1], Thick}, {i, 0, 5}1,
Background - GrayLevel [0.7]]

Fig.21
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Fig.22
We now consider the infinite ladder circuit consisting of L=1Hand C=1F.

Recurrence relation

1
7Zn—1 Z
Z,=s+° =5+——0!
L 1+sZ,
s

In the limit of n—o0

Z
1+sZ

Z=s+

or
S+4/4+s
2

Z(s) =

The current I(S) is given by

51



_E() __ 2E(9)
Z(s) s++/s’+4

1(s)

i(t)=L"T1(s)]

((Mathematikca))

Ladder circuit second exampl
We consider a infinite ladder consisting of L = 1 H and C = 1 F. What happens to the current when the unitstep is applied at t = 0.

K1=Solve[x =S+ “ . x]
l+sx

{{x=3 [s-va=s? |} {x= 5 [s+iars? |1}

K2 =x/.K1[[2]]:
1/s

T k2
2

s (s+\/4+52)

eql = InverselLaplaceTransform[11, s, t]

tHypergeometricPFQH%}, {g 2}, —tz}

Plot[eql, {t, 0, 20}, PlotStyle - {Thick, Red}, Background -» GrayLevel [0.7],
PlotRange -» {{0, 20}, {-0.2, 1.2}}, AxesLabel -» {"t", "i(1)"}]

Fig.23
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When the Dirac Delta function is applied at t = 0, what happens?

LaplaceTransform[DiracDelta[t], t, S]

1

1
12 = —

K2

2
s+V4+s?

eg4 = InverselLaplaceTransform[12, s, t]

BesselJ[1, 2 t]
t

Plot[eq4, {t, 0, 20}, PlotStyle - {Red, Thick}, Prolog -» AbsoluteThickness[1.5],
Background - GrayLevel [0.7], PlotRange -» {{0, 20}, {-0.2, 1}},
AxesLabel - {"t", i (t)"}]

Fig.24
12.24 Laplace transform of periodic functions

Suppose that f(t) is a periodic function with a period T. The Laplace transform of f(t)
is given by

© T 2T 3T
F(s)= j f(t)e dt = j f(t)e dt + j f(te dt + j f (e dt+......
0 0 T 2T

or

00

F(s)=2, j e dt=Y e 0T [ f®edt

n=l (n-1T n=1

1 }
= [ fetdt
1-e*T ¢
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12.24.1 Laplace transform of periodic function: Example-1
Clear["Global %"]
f[t ]:=1/;0=<t=<l; f[t]:=0/;1=<tx=2;

extens[t ] :
extens[t ] :

f[t] /; 0<t<2; extens[t ] :=extens[t-2] /; t> 2;
extens[t+2] /; t<O0;

Plot[extens[t], {t, -5, 5}, PlotStyle » {{Red, Thick}},
AspectRatio -» Automatic, AxeslLabel - {""t", "f(t)"},
Ticks » {{0, 4, 1}, {0, 1, 1}}]

f(t)

1 SR

T =2;
fit]=1/,0=<t=<1;

eql = Integrate[ 1Exp[-st], {t, O, 1}]

1-eS

s

eql .
F[s ] = // Simplify
1 - Exp[-2s]

(ES

s+eSs
12.24.2 Laplace transform of periodic function: Example-2
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Clear["Global %"]
f[t]:=1/;0<t=<1l;Ff[L]:=0/;1=<tcx<33;

extens[t ] := f[t] /; O0<t < 3; extens[t ] :=extens[t-3] /; t> 3;
extens[t ] -=extens[t+3] /; t<O0;

Plot[extens[t], {t, -5, 5}, PlotStyle » {{Red, Thick}},
AspectRatio -» Automatic, AxesLabel -» {"'t", "f(t)"},

f(t)
1

0 1 4

T=3;
ft=1/,0=<t=<1;

eql = Integrate[ 1Exp[-st], {t, O, 1}]

1-e¢5S

s
eql L
Fls ] = // Simplify
1 - Exp[-3s]
e2s

s+eSs+e?Ss

12.24.3 Laplace transform of periodic function: Example-3
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Clear["Global  *"]

fle ] :
fle ] :

O0/.-1<t=<0;f[t]:=t/;0=st=<1;
-t +2 /;1<txg2;

extens[t ] :=F[t] /; -1 <t=<2;extens[t ] :=extens[t-3] /; t>2;
extens[t ] :=extens[t+3] /; t<-1;

Plot[extens[t], {t, -5, 5}, PlotStyle » {{Red, Thick}},
AspectRatio -» Automatic, AxesLabel - {"t", "f(t)"},

NN ANAN

3;

T

ft]=1/,0=<t=<1;f[t] =2-t/;1 <t<2;

eql =
Integrate[ 1 Exp[-st], {t, O, 1}] +
Integrate[ (2 - t) Exp[-st], {t, 1, 2}] // Simplify
e2S_eS+s
S2

eql L
Fls ] = // Simplify
1 - Exp[-35s]

e’ (1—<es+<ezss)

<—1 + tess> s?

12.24.4 Laplace transform of periodic function: Example-4
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Clear["Global  *"]
f[t]1:=-t/;-1<t=<0; f[t]:=t/;0=ct=<1;

extens[t ] :=f[t] /; -1<t<]1l; extens[t ] :=extens[t-2] /; €>1;
extens[t ] :=extens[t+2] /; t< -1;

Plot[extens[t], {t, -5, 5}, PlotStyle » {{Red, Thick}},
AspectRatio -» Automatic, AxesLabel » {"t", "f(t)"},

f(t)

AVAVAVAVAVE

0 1 4

T=2;
fit]=t/;0<t=1L;f[t] =2-t/;1 =t=<2
eql =
Integrate[ t Exp[-st], {t, O, 1}] +
Integrate[ (2 - t) Exp[-st], {t, 1, 2}] // Simplify

e2S (~1+e5)2

s2
eql L
Fls ] = // Simplify
1 - Exp[-25s]
-1+eS
(1+eS) s2
12.24.5 Laplace transform of periodic function: Example-5
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Clear["Global %"]
f[t]:=t/;0=<t=<1;

extens[t ] :=Ff[t] /; O<t<1; extens[t ] :=extens[t-1] /; t>1;
extens[t ] -=extens[t+1] /; t<O0;

Plot[extens[t], {t, -5, 5}, PlotStyle » {{Red, Thick}},
AspectRatio -» Automatic, AxesLabel -» {"'t", "f(t)"},

f(t)

0 1 4

T=1,;
flt]=t/;0=<t=<1;

eql = Integrate[ t Exp[-st], {t, 0, 1}] // Simplify

1-eS (1+5)
2

S

eql
F[s ] = // Simplify
1 - EXp[- s]

-1+eS-s
(-1 +eS) s?

12.24.5 Laplace transform of periodic function: Example-5
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Clear["Global  %"]

fl[c ] :
fl[c ] :

Sin[2nt] /;0<st=<1/2;
-Sin[2nxt] /;1/2<tx<1

extens[t ] :=f[t] /; O<t<1; extens[t ] :=extens[t-1] /; €> 1;
extens[t ] -=extens[t+1] /; t<O0;

Plot[extens[t], {t, -3, 3}, PlotStyle » {{Red, Thick}},
AspectRatio -» Automatic, AxesLabel -» {"'t", "f(t)"},
TiCkS_) {{_31 _21 _11 01 11 21 3}1 {01 11 1}}]

f(t)
1

-3 2 —1 0 ) 1 2 3

T=1/2;
ft] =Sin[2 7] /; 0 < t < 1/2; f[t]
eql = Integrate[ SIn[2 x t] Exp[-st], {t, 0, 1/2}] // Simplify

2 (1+<e’5/2) 7T
2

472 +s

eql o
Fls_] = // Simplify
1 - Exp[-s/2]

2 (1+<e5/2) 7T
(—1+e5/2) (47T2+82)

12.25 Solving of differential equations using Laplace transform (Mathematica)

((Example-1))
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X [t+y[tl==t, 4 x[t]+ y'[t]==0

with the initial condition x[0]==1, y[0]==-1

Clear["Global ™ *"]
eql = x"[t] +y[T] = T;
eq2=4X[t]+y'[t] =0;

eq3 = LaplaceTransform[eql, t, s] /. X[0] » 1
-1+ slLaplaceTransform[x[t], t, s] +
LaplaceTransform[y[t], t, S] == iz
s
eq4 = LaplaceTransform[eqg2, t, s] /- y[0] » -1

1+4LaplaceTransform[x[t], t, s] +
s LaplaceTransform[y[t], t, S] =

eqg5 = Solve[{eq3, eqg4},
{LaplaceTransform[x[t], t, s], LaplaceTransform[y[t], t, S]}]
1 _a_a2
{{LaplaceTransform[x[t], t, s] - 71;82 ,
s (-4+s)
- 4:4s2+88

LaplaceTransform[y[t], t, S] > 57
s® (-4+s%)
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X[s ] = LaplaceTransform[x[t], t, s] /- eg5[[1]]

~1-s-8?
S (—4+52)

Y[s_ ] = LaplaceTransform[y[t], t, s] /- eq5[[1]]

4+48%. 88
s? (—4+82)

x1[t ] = InverseLaplaceTransform[X[s], S, t]

1 3e?2t 72t

+ +
4 8 8

y1l[t ] = InverseLaplaceTransform[Y[s], s, t]

3e2t 72t
a - 1 +t

Plot[{x1[t], y1[t]}, {t, O, 2},
PlotStyle » {{Red, Thick}, {Blue, Thick}},
Background -» LightGray ]

40+

200

—20.

—60:—
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((Exampl-2))

|
Solve the differential equation

y"'[tH3 y'[t+2 y[t]==1Tt]

with
f[t]=periodic function: y[0]==0,y'[0]==0

Clear["Global ™ "]

f[t ] =
15
Z (UnitStep[t-2k] -UnitStep[t-1-2Kk]-UnitStep[t- 1-2K] +
k=0

UnitStep[t-2-2Kk]);

Plot[f[t], {t, O, 25}, PlotStyle » {Red, Thick},
Background - LightGray]

10— — —— — — — — — — — — — —

0.5

—0.5¢

Ll = = o o o o e s s s = —

eql =y ""[t] +3y"[t] +2y[t] == F[t];

eg2 = LaplaceTransform[eql, t, s] /. {y[0] - 0, y"[0] -» O}
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2 LaplaceTransform[y[t], t, s] +
3 s LaplaceTransform[y[t], t, s] .52 LaplaceTransform[y[t], t, S] ==

1 e—325 2 e—3ls 2 e—305 2 e—ZQS 2 e—285 2 e727s
— + - + - + - +
S S S S S S S
2 <e‘263 2 e—253 2 <e‘243 2 @-233 2 <e‘223 2 @-213
- + - + - +
S S S S S S
2 e—ZOS 2 e—lgs 2 <e‘183 2 e 17s 2 <e‘163 2 o158
- + - + - +
S S S S S S
2 e—14S 2 e—lSS 2 e—lZS 2 e—llS 2 e—lOS 2 (e—QS 2 (e—SS
- + - + - + -
S S S S S S S
2e¢ 7S 265 255 284S 235 2285 2¢eS
+ - + - + -
S S S S S S S

eq3 = Solve[eg2, LaplaceTransform[y[t], t, s]] // Simplify

{{LaplaceTransform[y[t] , t,s] >

1
6—325(
s <2+3s+32)
el4s+(el6s+ 18s 20s 223+e24s+6263+e285+e303)}}

—1+es>2 <1+e23+e4s+<e65+e85+(elos+<elzs+

(S + € + €

eg4 = InverseLaplaceTransform[eq3, s, t] // Simplify;

ylt_ 1 =y[t] /.eqg4[[1]];

Plot[y[t], {t, O, 50}, PlotStyle » {Red, Thick},
Background -» LightGray]

0.20 n
0.15]
0.10!

0.05] ﬂ

~0.05] “
~0.10}

12.26 Damped simple harmonics (Mathematica)
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We consider the motion of the damped oscillator using the Laplace
transformation.

Clear["Global "]

eqll = X""[t] + 2y X"[t] + w0? x[t] = F[t]

w02 X[t] +2y X [t] + X' [t] = F[t]

eql2 =
LaplaceTransform[eqll, t, s] /.
{LaplaceTransform[x[t], t, s] -» X[s],
LaplaceTransform[f[t], t, s] » F[s]} // Simplify

F[s] +Sx[0] +2yx[0] +X [0] = (s®+2sy+w0®) X[s]

eql3 = Solve[eql2, X[s]]

{{X[S] . F[s] +sX[0] +2yX[0] +x'[0] }}

82+ZSy+w02

X[s 1 =X[s] /-eql3[[1]]
F[s] +sx[0] +2yXx[0] +x'[0]
SZ+ZS}/+(U02

64



f[t] = f0 UnitStep[t]; step pulse
Initial condition x[0] = 0; x'[0]=0

eq2l = F[s_] = LaplaceTransform[fO UnitStep[t], t, S]
T
s

Initial = {x[0] - 0, x"[0] » 0}
{x[0] -0, X [0] -0}

X1[s_] = X[s] /- Initial // Simplify
To
s (52+23y+w02)

X1[t ] =
InverseLaplaceTransform[X1[s], s, t] /.

1
{\/ ¥ -w0? siw, ———— o - iw} // ExpToTrig // Simplify
‘(2—0)02
1

0 fO (1-wCosh[ty] (wCos[tw] +ySin[tw]) +
w

w (wCos[tw] +ySin[tw]) Sinh[tYy])

Limit[x1l[t], t-» 0, Direction- 1]

0 - 0 w?
wOZ
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rulel:{y-»l, w04, f0-1, w-m/ls}

{y>1,0w0-4, fF0->1, w->V15 |

Plot[x1[t] /. rulel, {t, O, 10}, PlotRange - All,
PlotStyle » {Thick, Red}, Background - LightGray,
AxesLabel - {"t'", "X[t]"}]

x[t]
0.4

021

—02"
—0.4}

—0.6}

_0.8}

APPENDIX
Useful inverse Laplace transform
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InverseLapIac:eTransform[i Exp[—a \/?] , S, t] //

Simplify[#, a>0] &

a2
e 4t

VAt

InverseLapIaceTransform[é Exp[—a \/g] » S, t] //

Simplify[#, a> 0] &

}

Erfc[z\/_
t

InverseLapIaceTransform[ Exp[—a «/;] » S, t] //
Simplify[#, a> 0] &

a2
ae 4t

27 12

InverseLaplaceTransform[s™/?e'/, s, t] // Simplify

Sinh[2+V/t ]
o

InverseLaplaceTransform[s™/?e'/, s, t] // Simplify

Cosh[2\/¥}
Jr T
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