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13S1 Angular velocity
This part is already discussed in Chapter 1S.

We derive the angular velocity in the new coordinate (X', y', z'). The rotation matrix is
given by

RO =R, (- (OIR, (-OO)R, (—4(1)
where the Euler angles are dependent on time t.

0 sin (t)siny (t)@(t)
Q, =R 0 =| sin O(t) cosy (t)d(t)

s, cos O(t)g(t)

where ¢@(t)is directed along the z axis.

o(t) cosy (1)0(t)
Q, =R, (-OO)R,(-¢t)| 0 = | —siny (H)O(1)
0 0 e

where O(t) is directed along the & axis.



0 0
Q, =R, (-p) 0| =| 0
70 ).,

%/

where (1) is directed along the ¢' axis. Then we have the angular velocity in the new
coordiante (X', y', Z') as

Q=9 +Q2,+Q,
Q, cosy ()O(t) + sin O(t) siny () P(t)
=1 Q, |=|-sin z//(t)é(t) +sind(t)cos y/(t)¢5(t)
Q, cosO(t)d(t) +y (1) o

The angular velocity in the original (X, Y, z) coordinate is obtained as

Q

X

XY,z y

Q

z

iR_l (t)gx'y'z' = SRT (t)gx'y'z'

cos #(t)A(t) + sin O(t)sin g(t )y (t)
sin @(t)O(t) — sin O(t) cos g(t )y (t)

d(t) + cos Oty (1)

13S.2 Kinetic energy
The kinetic energy is given by

T=T+T,
with
_1 2 2 _1 )2 - 22
TI_EII(QIX' +Q,, )—EII(G +sin” G¢9°)

and



T, :%ISQIZ.Z =%|3(cos Op+y)* .

What is the potential energy? The center of mass of the symmetrical top is | from the
bottom. In other words, we have

This vector ' is transformed to the position vector r in the original (X, Y, Z) coordinate
system. Using the rotation matrix

R= iRZ(_l//)iﬁx(_e)g:{z(_¢) =

cos@dcosy —singcos@siny  singcosy +cosgcosfsiny  sinfsiny

=| —cos@singcosyy —cos@siny cos@cosfcosy —singsiny  sinfcosy

sin ¢sin & —cos¢@sinf coséd
we have
0 | sin @sin ¢
r=R"0|=|-lcosgsiné
| lcos@

X,Y,Z
Then the potential energy V is given by
V =mgz =mgl cos 6.

13S.3 Lagrange's equation
The Lagrangian L is obtained as

L=T-V =%|l(é2 +sin? 9¢32)+%|3(cos9¢+(/>)2 —mgl cos @



((The Lagrange's equation))
3(a).a
dt\o0) 06

sin[mgl + (1, — 1,)¢* cos 8] = l,dyrsin 0+ 1,0

((First integral)):

We note that ¢ and y are cyclic. In other words, L is independent of ¢ and . So the
corresponding angular momenta are constant

P¢=g—;=(|300529+llsin29)¢3+|3(/)c050 for ¢.
p -1 ) =1
W_E_ 3(¢COS‘9+V/)_ 3sz fOI‘l//

Energy conservation:

E= mglcos9+%ll(92 + ¢* sin® 9)+%|3(¢52 cos29+26’y)c059)+%l3y72

13S.3 Solution
Here we put

P=lLo-=la, P,=1b

where @, b, and @; are constants. From the first integral, we have

. b—acosé
sin® @

. aL— (b—acosf)cosd
Ve sin’ 0

From the Lagrange's equation and the first integral, we get



0,0530 —lab 3t C,Osfw) +mglsiné
sin” @ 2sin” @

1,6 =1,(a*+Db?)

13.S4 Effective potential energy Vs
The energy conservation law can be rewritten as

E = mglcos¢9+% 1,(6% + ¢* sin® 8)

5

1 ) _
—mglcos @+ 1167 + =20y
2 sin &
where
21 2
El:E_a ! =E- ! |35032a
21, 2
27 2
) 2(E—a I, )
_2E_al, 21,7 2E gl
|1 |3 |1 I1 ’ Il )
P I p

3 (4
=T ey
1 1 1

Here E is the total energy (constant) and E; is also constant. Then we get

gty libzacost, o coso
2 2 sin @

Il 12
=—0 +V, (0
2 eff( )

where Vg( 6) is an effective potential, given by

V., ()= =3C050 0 ol cos .
sin &

i
2



The above equation is similar to that for the motion of a particle in a central-force field.
The figure shown below indicates that for the value of E; the motion is limited by two
extreme values of & and 6, which correspond to the turning points of the central-force
problem. For E; = E,, fis limited to the single value &. The motion is a steady precession
at a fixed angle of inclination (é). The condition that V() has a local minimum at 8= 6,
is obtained from

OV 4
0 l9-0,= 0
or
mg, ..
(-b+acosé,)(—a+bcosb,) - Lsin" 6, =0
1
or

(-b+acosf,)(—a+bcosb,) —gsin4 6,=0
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Fig.  The plot of Vegras a functionof €. 1, =1.m=1.g=1.L=1.a=2.5. b =2. Veff has

a local minimum at 6= 6,.

13.S5 Summary
(1) Energy conservation law:



0% sin® 0 = (E_ﬂ_ngl

l |3 1

cos@)sin* @ —(b—acos )’

or
0 sin” 0 = (o — BcosH)sin® @ — (b —acos )’ (1)
When u =cos@, the energy conservation law can be rewritten as
u>=fu)=>1-u’)a-pAu)-(b-au)’.
The formal solution of the above equation is obtained as

J‘ _J~ du
Jf() 3= u?)(a - Au) - (b—au)

t-t, =

(2) Equations of motion:

_b—-acosé b-au

= , 2
sin’ @ 1-u? @
(/}zaL_(b—agoszH)cosﬁ =aL_(b——auz)u’ 3)
(N sin” @ (N 1-u
0 =(a’+b%) (:‘0530 - ab3 + c0s(20) ﬂsm@ 4
sin” @ 2sin’ @ 2

The equations (2), (3), and (4) will be solved numerically by using the Mathematica. We do
not use Eq.(1) for the solution of the problem here.

13.S6 Characteristic motion

(a) Roots of f(u) =0
We are interested in the roots of



f(u)=(1-u") e~ Au)-(b-au)* =0

Since >0, the solution must go to positive infinity for U —oo, and to negative infinity for u
— -00. At the physical limits (U ==*1),

f(u=xl)=—(b—-au)’<0

So these conditions constrain the functional form of the soluition f(u) = 0 to the three roots

The physical motion is bounded to the range u, <u<u,.

(b) Precession with nutation

-_b—acosé’_b—au
sin’ @ 1-u?

The precession ¢(1) reverses direction when ¢ =0. This corresponds to the turning point at
u'=—.
a

(1) u'<u; <up

de/dt<0




$<0
¢ monotonically increases with time. The turning point is not in the allowed region

(U<u<uyp).

(11) U< Up<u'

d¢p/dt>0

$>0

¢ monotonically increases with time. The turning point is not in the allowed region
(U<u<uy).

(i)  u<u'<u,

dd/dt>0|de/dt

/\
(=)




@ reverses the direction. ¢> 0 foru<u'" ¢5< 0 foru>u'

(iv)  u=u<u,

de¢/dt<0
11
Ui Uz
'
If the turning point is at U' = U, one get a cusp.
(v) u<up =u'
d¢/dt>0
1
Ui Uz

If the turning point is at U' = U,, one get a cusp.

13.S6 Initial conditions
Suppose that the top is set spinning about its symmetry axis and released with zero
intial precession and nutation;

0t=0)=6, (Uu=u, =cosb,)



Ot=0)=0, gt=0)=0, y(t=0)=0, (initial conditions)
From the energy conservation law, we have
| I
E, =mglcoség, =E 5 l,o,

or

E =mglcosé, +% Lo,

From the two relations
sin® 9% =u* = f(u) = (1-u*)(a - Su) - (b—au)?,

and

we have
. b
u0)=coséh=u,=uU"=—,
a

which leads to the cusp motion (U;<u, = U'). Since U, is one of the roots in f(u) = 0

f(u,)=(-u,)ea-Au,)—(b-au,)’ =(1-u,’)a-Au,)=0

or

Note that



E
=—L =cosf,=u,=U'=U,

@
B mgl

13.S7 Fast top
In the above case, the total energy E is given by

E =mglcosé, +% Lo,

Here we assume that the initial kinetic energy of rotation about the z axis is assumed large
compared to the maximum change in the potential energy.

%I3a)32 >> 2mg|

What is the other root u;?

f(u)=(a-pu)1-u?)-(b-au)’
_ % 2y a2 E_ 2
_ﬂ(,b’ uyl-u’)-a (a u)
= B(u, —W[(1-u*)-a’(u, —u)’
&
= 0~ 1=u%) ——(u, -
AU, —u)[d-u) 5 (U, —u)]

Then u; is the root of the quadratic equation
a2
(1—uf)—;(uo -u,)=0

We put
U, —U, = X.

Then we have



X'+ px—q=0
with

2 2

p=—m%+7;z——>o, q=1-u,” =sin’4, >0
We note that
I l.o.”
5 2
a_bL27" o,
£ I, mgl

The solution of the quadratic equation is given by

2
Xlzgzﬂsteo or X3:_p_ﬂ,

p a p
where p’ >>4q. Since 0<x;<I and X3<-1, we have

q I, 2mgl . ,
U=U——=U,—— >-sin” 6,

p I; 1,0,

The extent of the nutation, as measured by Uy - U;, goes down as 1/ a)32 . The faster the top is
spun, the less is the nutation.

q/p

> 11
Ui Uy =Ug



13.S.7 Angular frequency of fast top

0> = f(u) = B, —u)[(l—u2>—%(uo —u)]

2

a
~ 0~ in’ & __5, 0~
LU, —u)[sin (u, —w]

=(u, —u)a’x, —a’(u, —u)’
=a’x(x, — X)

or
x> =a’X(x, — X)
where X =U, —U and the initial condition is X(0) = 0. The solution for X(t) is given by

X=X sinza—t :ﬁ(l—cosat)
2 2

The angular frequency of nutation is

((Mathematica))
eql = x"[t]? = a® x[t] (x1-x[t]);
eq2 =
DSolve[{egl, x[O] =0}, x[t], t] // Simplify[#, a>0] & //
FullSimplify;
X[t_] =x[t] /- eq2[[1]]
x1 Sin[a—t}z
2

13S.8 Precession of fast top



a b—U

(;; ) a(u, —u) ax ax,
2 X —— ~——=———(1—cosat)

sin” @ sin“@, sin" g, 2sin”6,

or

é= P (1-cosat).

2a
The average angular frequency for the precession is

B _ mgl
2a Lo,

<P>=

13S.9 True regular precession

What is the condition for the regular precession without any nutation? In this case, the
angle @remains constant; § =0 =0, and 0= 6. This condition is equivalent to the
condition that f(u) has double roots; u; = U,.

We return to the Lagrange's equation,

sind[mgl + (1, — 1,)¢* cos @] = L, py7 sin 6 + 1.6
When 6 =0, we have

(I, = 1,)¢* cos @, — L pyr + mgl =0, (1)
or

mgl = g[1y — (1, — 1,)¢cos 6,1 2
Equation (1) is a quadratic equation for ¢. The discriminant should be positive,

D = (1)’ —4mglcosd,(1, - 1,) >0



It is evident that form Eq.(2), $=0 is not a solution. From Eq.(1), there are two roots for @,
fast precession (large (1‘5) and slow precession (small 425).

For the slow precession (small @), we have

mgl :¢[I3W_(I1 - |3)¢;COS‘90] ~ I3¢W

or

¢zm—glz mgl =ﬁ. (SlOW).

Ly Lo, 2a
For the fast precession (large #), we have

Ly =~ (1, —1,)pcos, = | gcos,

or
I, cos 6,
13S.10 u=1.

A top is set spinning with its figure axis initially vertical; @=0and 0 =0att=0.
sin’ @ =b—acosd =0
When =0 att=0, we have u, = 1,
a=b_

The energy E; is given by

E =E —%I3a)32 =mgl



Then we have
a= ,B_
and

u?=fu)=1-u*)a-pu)-(b-au)’
=(1-u’)Bd—-u)—a’*1-u)
=(1-u)’[B1+u)—a’]

Then we have

Uy=u=1
The third root is
2
u, = a -1
B

(1) For % > 2, we have us>1.

The top continues to spin about the vertical.

Uy=u=1



2
(i) For 2= <2, we have Us<l.

The top will nutate between =0 and = 6.

d¢/dt>0

1
uj U;=u,=1

'

u

The critical angular velocity, as., above which only vertical motion is possible, is given by

4mgll1

2
|3

@

13.S 11 Differential equations for symmetric top
We solve the following differential equations

§=(a2+b) <80 _gp21c0sC0), Lgp. (1)
sin” @ 2sin” @ 2
. b—acosd b-au
= = 5 2
sin” @ 1-u? @
l/./zaL_(b—ac‘oszH)cosé? =aL_(b—auz)u ’ 3)
I, sin” 0 R I-u

with the initial conditions given by

g0)=0.  H0)=0°  w(0)=0°.



A0) is changed as a parameter.
13S.12 Numerical simulation -1
a=1.6. £=2.0. a=2.5. b=1.7.

Note that since b/a =1.7/2.5=0.68, there is an angle #satisfying u' = cosd= 0.68 (6=
47.16°). The values of u where f(u) = 0, are given by

Uy =0.29068 (6 = 73.10°)  1,=0.757826 (& = 40.7278°)
f(u)
0.3r

0.2

0.1+

0.0 b X
t 1.0

—0.1%



f(0)=42°

0(0)=43°




0(0)=47.16°

0(0)=350°




0(0)=55°

0(0)=60°




6(0)=065°

6(0)=70°




6(0)=73.10°

((Mathematica))



Clear["Global " %"]
_ 1 B
Firsteq = " [t] == (a’+b?) Cot[e[t]] Csc[e[t]]?- 5 ab (3+Cos[26[t]]) Csc[o[t]]®+ > Sin[e[t]];

Secondeq = ¢’ [t] == Csc[e[t]] (-aCot[e[t]] + bCsc[e[t]]);

all
Thirdeq = ¢’ [t] == 3 +aCot[e[t]]?-bCot[e[t]] Csc[6[t]];

rulel = {1152, 13-1};
a=1.6; B=2;a=2.5;b=1.7;

defl = {Firsteq, Secondeq, Thirdeq} /. rulel;
Initial = {6[0] =43°, 6"[0] =0, ¢[0] =0°, ¥[0] == 0°};

def2 = Join[defl, Initial]; eql = NDSolve[def2, {o[t], ¢[t], ¥[Lt]}, {t, O, 70} ];
e[t ]1=e[t] /-eql[[1]1]; [t ]1=¢[t] /. eql[[1]]; ¥[Lt_]=¢[t] /.eql[[1]];

pl = ParametricPlot3D[{Sin[e[t]] Cos[¢[t]], Sin[e[t]] Sin[¢[t]], Cos[e[t]]},
{t, 0, 70}, PlotStyle » {{Red, Thick}}, Boxed -» False, Axes - False];
p2 = Graphics3D[{Opacity[0.5], Sphere[{0, O, 0}, 11}1;
p3 = Graphics3D[{Blue, Thick, Arrow[{{0, O, 0}, {1.1, O, 0}}]1, Arrow[{{O, O, O}, {O, 1.1, 0}}],
Arrow[{{O0, O, O}, {0, 0, 1.1}}], Text[Style['"e(0)=43°", Black, 15], {0, 0, 1.3}1}1;
Show[pl, p2, p3, PlotRange -» All]

8(0)=43°

13.S13 Numerical simulation-2

a=16. B=2.0. a=25. b=2.



Note that since b/a = 2/2.5<1, there is an angle & satisfying cosd=2/2.5=0.8 (6= 36.87°).
The values of u where f(u) = 0, are given by

u; = 0.592 (6, = 53.70°) U,=0.8 (6 = 36.87°)
f(u)

0.04

0.02 -

0.00

b X

1.0

—0.02 +

—0.04 -

—0.06 -

—0.08 -

-0.10+



6(0)=36.869°

0(0)=40°




8(0)=45°

0(0)=47.5°




0(0)=50°

0(0)=53.70°

13S.12 Numerical simulations - 3



Parameters:
a=2.. £=2.0. a=1.75. bh=2.

Note that since b/a = 2/1.75>1, there is no angle dsatisfying cosd= b/a. The values of u
where f(u) =0, are

Uy = 0.408 (65.92°)  U,=0.914 (23.94°)

0.2

0.0

—02+F

—04L

0(0)=65°




6(0)=60°

0(0)=55°




A(0)=50°

6(0)=47.5°




0(0)=45°

6(0)=42.5°




0(0)=40°

0(0)=35°

13S.13 Numerical calculations Example-4



Parameters:
a=2.0. £=2.0. a=25. bh=245

f(uw)
0.010-

0.005 |

0.000 |——— /\

L 1 L 1 L 1 L L L L 1 L L L L | X
0.85 0. 0.95 00 1.05 1.10

—0.005

~0.010 -

~0.015 ¢

—-0.020 f
The values of U where f(u) = 0, are

u;=0.908475 (6, = 24.705°). Uy = 0.988875 (6 = 8.554°).
Note that there is an angle @satisfying cos@=2.45/2.5 =0.98 (6= 11.478°).
Initial conditions:

6(0) = 0. #0) = 0°. w(0) = 0°.

A0) is changed as a parameter.



6(0)=8.7°

6(0)=10°




0(0)=12.5°

0(0)=15°




8(0)=17.5°

0(0)=20°




0(0)=24°

13S.13 Numerical calculations Example-5

Parameters:

a=2.0. B=2.0. a=25.

2.5



f(u)

The values of U where f(u) = 0, are
U=u;=1
Initial conditions:
(0)=0. #0) =0°. w(0) = 0°.

A0) is changed as a parameter.




0(0)=10°

13S.14 Numerical calculations Example-6
Parameters:

a="2.0. B=2.0. a=1.5.
U= U= 1(0°). us = 0.125 (82.82°).

1.5



—04}

8(0)=5°




0(0)=10°

0(0)=20°




0(0)=30°

0(0)=40°
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APPENDIX

((Mathematica))
Clear["Global " +"];

The rotation with the angle ¢ around the z axis

D1 = RotationMatrix[-¢, {0, O, 1}1; D1 // MatrixForm

Cos[¢] Sin[¢] O
-Sin[¢] Cos[¢] O
0 0 1

The rotation with the angle 6 around the £ axis

Cl = RotationMatrix[-e, {1, 0, 0}]; C1 // MatrixForm
1 0 0

0 Cos[©] Sin[o]
0 -Sin[e] Cos[o]

The rotation with the angle ¢ around the ' axis

B1 = RotationMatrix[-¢, {0, O, 1}1; B1 // MatrixForm

Cos[y] Sin[¥] O
-Sin[y] Cos[y] O
0 0 1




The resultant rotation is described by a matrix Al =B1 C1 DI

Al =B1.C1.D1 // Simplify; Al // MatrixForm

Cos[¢] Cos[¥] -Cos[e] Sin[¢] Sin[y] Cos[y] Sin[¢] +Cos[6] Cos[¢] Sin[y] Sin[6] Sin[¥]
-Cos[6] Cos[y] Sin[¢] -Cos[¢] Sin[y] Cos[O] Cos[¢p] Cos[y¥] -Sin[¢] Sin[y] Cos[y] Sin[O]
Sin[6] Sin[¢] -Cos[¢] SIn[O] Cos (O]

D11=D1/. {¢ » ¢[t], ©6>0[L], ¥ >y[t]};Cll=Cl/. {¢»o[t], @>0[L], ¥>y[t]};
B11=B1/. {¢ »o[t], 6>0[Lt], ¥->y[t]};

Al1 = B11.C11.D11;

Qpl = A11.{0, 0, ¢ "[t]}

{Sin[o[t]] Sin[y[t]] ¢'[t], Cos[y[t]] Sin[o[t]] ¢’ [t], Cos[o[t]] ¢ [t]}

Qel = B11.C11.{e"[t], O, 0}
{Cos[y[t]] &' [t], -Sin[y[t]] &' [t], O}

Qyl =B11.{0, O, ¥ "[t]}
{0, 0, ¥'[t]}

Ql = Q¢l + Q6l + Qyl

{Cos[y[t]] & [t] +Sin[o[t]] Sin[y[t]] ¢ [t
-Sin[yt]] o' [t] +Cos[y[t]] Sin[o[t]] ¢'[
The angular velocity with respect to the body axes (x, y, z)

1,
t], Cos[o[t]] ¢'[t] +¥ [t]}

Q = Inverse[All] .ol // Simplify

{Cos[o¢[t]] &' [t] +Sin[o[t]] Sin[¢]
Sin[¢[t]] &' [t] -Cos[¢[t]] Sin[e]

1]

t]] ¥ ,
Tty , ¢’ [t] +Cos[o[t]] ¥ [t]}
Let the axis of symmetry be taken as the z axis fixed in the top. The moment of inertia is I3 about the z axis, and symmetry requires I1 = 12. The

kinetic rotational energy is T.
1
Tl= 5 11 ((@1[[111)% + (1[[2]1)?) // Simplify

% 11 (e'1t1%+sin[e[t] 12 ¢ [1]?)

1
T3 = 5 13 (21[[3]1)% // Simplify

1
> 13 (Cos[o[t]] ¢ [t] + ¥ [t])?

T=T1+T3

1 ]
on (¢'1t1%+sinfe[t]]12 ¢ [t]?) +% 13 (Cos[o[t]] ¢ [t] + ¢ [t])?



The potential energy V is

Inverse[A1].{0, O, I} // Simplify
{1Sin[©] Sin[¢], -1 Cos[¢] Sin[6], 1 Cos[O]}
V=mglCos[e[t]];

The Lagrangian L is equalto L=T -V

L=T-V

_gImCos[o[t]] +% 11 (¢’ [t)? +sin[o[t] 1% ¢ [1])?) +% 13 (Cos[O[t]] ¢ [t] + ¥ [t])?

Here we use the variational method.

<< "VariationalMethods™"

eqll = VariationalD[L, {¢[t], 6[t], ¥[t]}, t] // Simplify
{e'[t] (-(11-13) Sin[20[t]] ¢'[t] +13Sin[o[t]] ¥ [t]) -
(|3Cos[e[t11 + llsm[em] } ‘[t] -13Cos[o[t]] ¥ [t],

glmSinfo[t]] + (11 Cos[e[t]] Sin[e[t]] ¢'[t)% - 13Sin(e[t]] ¢'[t] ¥ [t] - 116" [t],
-13 (-Sin[e[t]] o'[t] ¢’ [t] +Cos[O[E]] ¢ [t] + ¥ [E])}

eq21 = EulerEquations[L, {¢[t], e[t], ¢[t]}, t] // Simplify

3)
[

[sin[e[t]] &'[t] (2 (11-13) Cos[o[t]] ¢’ [t] - 13y [t]) +
(13Cos[o[t]1%+11Sin[6[t]]?) ¢ [t] + 13 Cos[6[t]] ¥ [t] =0,

sin[o[t]] (ghm+ (11-13) Cos[o[t]] ¢’ [t]?) = I13Sin[o[t]] ¢’ [t] ¥ [t] + 116" [t],

I13Sin[o[t]] &' [t] ¢'[t] = I3 (Cos[E[t]] ¢ [T] +W”[U)}

eq31 = Firstintegrals[L, {¢[t], e[t], ¢[t]}, t] // Simplify

[Firstintegral [¢] » - (13Cos[o[t] 1%+ 11Sin[o[t]]?) ¢'[t] - 13Cos[O[t]] ¥ [t],
Firstintegral [y] -» -13 (Cos[o[t]] ¢'[t] +y¥' [L]),

Firstintegral [t] > % (2gImCos[e[t]] + 11 o' [t1?+

(13Cos[o[t]1%+11Sin[e[t]]%) ¢’ [t]?+213Cos[o[t]] ¢’ [t] ¥ [t] + 13¥ [t]?) ]

Lagrangian L is a function of 6[t], 6'[t], ¢'[t], ¥'[t] . In other words, ¢[t], ¥[t], and t are the cyclic coordinates.

(1) OL/0@'[t]=P ¢ = constant. (2) JL/dY'[t]=Py¥ = constant.  (3) Energy conservation.
(4) Lagrange equation.
a, b, and E1 are constants.



P¢ = - (Firstintegral [¢] /- eq31)
(13 Cos[o[t] 12+11Sin[o[t] ]2) ¢’ [t] + 13Cos[O[t]] ¥ [t]

Py = - (Firstintegral [¢] /. eq31)
13 (Cos[o[t]] ¢'[t] + Yy [t])

El = (Firstintegral[t] /. eq3l) // Expand
1 2

glImCos(o[t]] + I16’[t]2+% 13Cos[o[t] ]2 ¢ [t]2+
% 11Sin[o[t]]12¢ [t]2+13Cos[o[t]] ¢ [t] ¥ [t] +% 13y [t

Differential equations derived from the First Integrals
We put Py ==11 a, P¢ == I1 b. where a and b are constants.

sl =Solve[{Py =11a, Py =11b}, {¢'[t], ¢ [t]}] // Simplify

{{¢’[t] > Csc[o[t]] (-aCot[o[t]] +bCsc[o[t]]),
all

Vit] - +aCot[o[t]]?-bCot[o[t]] Csclo[t]]]}
Secondeq = s1[[1, 1]] /- Rule » Equal

¢’ [t] =Csc[o[t]] (-aCot[e[t]] +bCsc[o[t]])

Thirdeq =s1[[1, 2]] /- Rule -» Equal

Vt] = a|'31 +acCot[o[t]]2-bCot[o[t]] Csclo[t]]

Third differential equation from the Lagrange's (or Euler) eqution

seqll = eq21[[2]] /- s1[[1]1] // FullSimplify

(a®+b?) 11Cot[o[t]] Csc[o[t]]?+gImSin[e[t]] =11 (ab (1+2Cot[o[t]]?) Csc[o[t]] +6”[t])

seql2 = Solve[seqll, e [t]] // Simplify

(a? +b?) 11 Cot[o[t]] Csc[o[t]]?- L ab 1l (3+Cos[20[t]]) Csc[o[t]]3+gImSin[o[t]]
{{errer - : T H

seql3 = seql2 /. Rule -» Equal
(a? + b?) 11 Cot[o[t]] Csclo[t]]2 - % abll (3+Cos[26[t]])Csclo[t]]3+gImSin[o[t]]

{{e"1t] = 1
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Firsteq = seql13[[1, 1]]
(a? +b2) 11 Cot[o[t]] Csc[o[t] ]2 - % abll (3+Cos[26[t]]) Csc[o[t]]3+gImSin[o[t]]

o t] = 1

Energy conservation from the FirstIntegrals

Etot is the total energy and is constant.
s2 = (E1) /. sl1[[1]1] // Simplify
——— (2g13ImCos[o[t
2|3( g mCos[o[t]] +
11 (a® 11+a? 13Cot[o[t]]2-2ab I13Cot[o[t]] Csc[o[t]] +b? 1I3Csclo[t]]?) + 11136 [t]?)
Energy = s2 == Etot
1 (2g 131 mCos[o[t]] +

13
11 (a® 11+a® 13Cot[o[t]1?-2ab I3Cot[o[t]] Csc[o[t]] +b? 1I3Csco[t]]1?) + 11136 [t]?) = Etot

enll = Solve[Energy /. o' [t]% » X, X]

[{x~ 1 (-a?11% + 2Etot 13-2g 13 ImCos [6[t]] -
1113

a?1113Cot[o[t]]1?+2ab 1113 Cot[6[t]] Csc[o[t]] -b? 1113 Csclo[t]]1?)}}

Energyeq = €' [t]% = x /. en11[[1]] // Simplify

2 2 2Etot

+0' [t]° = i +2abCot[o[t]] Csc[o[t]]

a2 11 ,291mCos[o[t]]

2 2 W2
13 i1 +a“Cot[o[t]]“+b“Cscl[o[t]]



