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15.1 Green’s function (summary)
Ly(r)=-f(r) (self adjoint)

The solution of this equation is given by
y(r) = [G(r,r,) f (r,)dr, +o(r),

where
L =V,-[p(r)-V,]1+a(r),
LG(r,r,)=-56(r,—r,),
and
Le(r,)=0.
(a) p(r;)=1and q(r,)=0
L=V’
V/’G(r,r,) ==3(r, - T,)
The solution is

I S
4rlr, —r,|

G(rl9r2) =
(b  p(r)=1land q(r,) =k’
L =V +k?,

(vlz + kz)G(rlarz) = —5(!’1 - rz) 5



exp( ik ‘rl -, ‘)

Gr.r) = 4zlr, -1y

The solution of L, y(r,))=—1f(r,) is

exp(ik|l’1 — r2|)

f(r,)dr, + o(r).
472'|I’1—I’2| (r,)dr, + o(r,)

yr) =
with
(V" +k)ep(r) =0
(¢)  p(r)=1and q(r) =k’
L=V -k,
(V" =kHG(r,,1,) ==5(r, - 1,),

exp(—k|r1 - r2|) .

Glr.r) = 4zlr, =]

The solution of L y(r,) =—f(r) is

exp(—k|r1 -, |)

y(r)=| e LU
with
(V. = K)p(r) =0
Table
Laplace Helmholtz Modified Helmholtz
v? V?+k? V?—k*



1 1 1 exp(ik|r1 -, |) 1 exp(—k|r1 - r2|)

3D - s S SR 4
4z r -1, 47 |n-ry 4z | —r)

15.2 3D Green’s function (Laplace)
We now consider the form of the Green’s function (Laplace)

V3G, = -3(r).

The Fourier transform of G(r)is defined as

0 3/2 d 7Iqu
Gy(@ =5 L [dre G,(r).

The inverse Fourier transform is also defined as

Gy(N=——3 j dge "G, (a),

(27
where
_ ia-r
50 = G [ 4R
Then
V3G, (r) = G ———[dqv’e""G,(q)
- (— [da(-g*e""G,(a)
— 1q-r
- (27r) que
or
11
O(q) ( )3/2 q2 .

Then we have



|qr

G,(r) =

(2)

For convenience, we assume that the direction of r is the z axis. The angle between r and
gis 6.

g-r=qrcoséd

dg =29°dqgsin &6

Gy(r) =

qu Slnmeelqrcosﬁ 1
(2 )’ q’

Note
. - i
.[Slnweelqrcosﬂ — _g[elqr —e |qr] ,
we have

2721 elqr _ e |qr

Gy(r) =

(2)

(272) r-

iqr

We calculate | = j dg € by using the Cauchy's theorem.



Fig.  Upper half-plane contour for r>0. The semi circle C; (clock wise).

eiqr

I e e
P_J;dq ] +IC1dz . +Ldz . :jfdz . =0
or
0 eiqr eizr ) )
P|d =—| dz—=7Res(z=0)=7
[ N (2=0)
since
J.rdze =0 (Jordan's lemma, r>0).

z

Then we have

| |
SO

or



1
Gy(r,r'y=———
olF-1") 4z |r—r|

((Note)) Method 11
We show that we get the same result using a different contour (method II). Inside this
contour, there is a simple pole at z= 0.

Fig.  The contour C; has a counter clock-wise rotation.

o0 eiqr eizr eizr eizr ]
PJ;dq ] +jrdz . +Iczdz - :idz - =2nRes(z=0)
Since L dz € _ 0 from the Jordan's lemma. we have
z
0 eiqr eizr .
P_J' dq . =—_|'c2dz —+27Res(2=0)

=-mRes(z=0)+2z1Res(z=0)
=zRes(z=0)=

Then we have

1 . 1
G(rN=—7—md=—.
() 47’ir Y

which is the same as that obtained in the method I.



15.3 Derivation of Green’s function (vector analysis)
vl o —5(r)
Anr ’

where

r=(x,y,2), r=\JxX’+y>+2°.

We consider a sphere with radius ¢ (& — 0)

jdrv.v%ZJ’drA%:Ida-V% :jda(n 'V%)

where

r Xy z
r=yxX>+y> +2*, nzF:erz(?,X,?), da =nda

and

V. V(l) =0 except at the origin.
r

We now consider the volume integral over the whole volume (V - V') between the surface
A and the surface of sphere A' (volume V', radius & — 0) . We note that the outer surface

and the inner surface are connected to an appropriate cylinder.



n

V-V

: 1
Since V-V(—)=0 over the whole volume V - V' we have
r

Using the Gauss's law, we get

1

1
drv.v—= drv?
vIv' rv Vr vIv' rv .

:{da(n-v%)+£da'(n'-v%)=o
or
J;da(n-V%):—{da'(n'-V%):.A[da'(n-V%)

where n'=—n=—Ff and dr is over the volume integral. Then we have

[da(n vh= jda(—iz) = —dzg’ iz =47 =—4x[drs(r)
A r r g

Using the Gauss's law, we have



J;da(n-V%):\J;dr(V-V%):—Mr\./[dr&(r)

or
1
AF =—475(r).
or
Ay =-5(r)
dar’ '
((Mathematica))

Clear["Gobal "];
Needs["VectorAnalysis "]

SetCoordinates[Cartesian[X, Yy, z]]

Cartesian[Xx, Yy, Z]

rl={X,Vy, z}; r=vril.rl

2

X +y2+Z2

Grad[f] /7 Simplify
r

X y V4
{‘ <X2 2>3/2 T <X2+y2+22)3/2 T

+y2iz (x2+y2+22)3/2}

1
Laplacian[—] // Simplify
r
0

15.4 3D Green’s function (Helmholtz)
We now consider the form of the Green’s function (Helmholtz)

(A+Kk*)G,(r) =-5(r)

The Fourier transform of G,(r)is defined as



0 3/2 d Iqu
(q>( [dre"G, ()

The inverse Fourier transform is also defined as

Gy(r) = (2 = [dee™'G,(@)
where
5 _ iqr
(= (2 3
Then
(A+k*)G, (r)—( 3/2jdq(A+k )eG,(q)
_ A2 2N\niq-r
- (2”)3/2.[dq( q +k )e GO(q)
=-58(r) =
or
[da(-g> + k)G, (Q) = ~——+ [ doe®"
0 (2”)3/2
or
1 1
G,(@ = (27[)3/2 qz e

Thus the Green’s function is rewritten as

1

G,y (r) = K

2z’



For convenience, we assume that the direction of r is the z axis. The angle between r and
gis 6.

g-r=qrcoséd

dqg =229°dqgsin&dé

1
G () r) = 2d ajeelqrcow
o (0= (2 y Gsin 0 - (K tic)
Note
jsinweeiqrcosﬂ — _L[eiqr _ e—iqr] ,
qr
we have

2721 elql’_e |qr
G,(r) =G, -
(=G, (0= L [edg( P R

since G,(r) depends only on r.

or
0 eiqr e—lqr
GO(r) 2|r'(|).qdq q2 _k2
1 7 e
= d
4rir :l;q a q° —k?
17 1 1
— e|qr
87r2ir_[c q(q k+q+k)



We consider the shift the position of the simple poles by + i¢ in the complex plane, where
& >0 and £>0. This shift is significant to the calculation, since the contour C is in the
upper half plane. In other words, the position of the simple poles from the real axis to the
upper half plane or to the lower half plane by ic.

Q) Retarded Green's function

1 I I
G, (r)=—— [e'"d
o () 87z2ir_-[o ki T qrkaie

—00 —k—ie 00

Since r>0, the path of integration can be closed by an infinite semicircle in the upper
half-plane (Jordan’s lemma).

1 - 1 1
G, (= e dz +
o (1) 87[2ir£ (Z—k—ig Z+k+ie
] ) 1
= 27iRes(g=k +ig)=——12e"
877ir @ ) 4ar

(retarded Green’s function).

This corresponds to the outgoing spherical wave. Formally we get
ik|r—r'|
Gy(r,ry=———.
o(r:1") 4 |r—r|

Here we note that



I I I I
q—Kk—iz qik+ic q-(k+ic)  q+(k+ic)

_ 29
q>—(k+ie)’
_ 2q
q° —(k* + 2ike)
__ 29
q°—k>—io
where o =2&k (>0)
(i)  Advanced Green's function
° 1 1

ey ] -
G, (r)—m]‘equ(

—00

— -
q-k+ie g+k-i¢

-0 k—ie )
[ J
- 1 i 1 1
G, (N =———¢e”dz +
o (D 87z2ir3f P
=——27Res(q=-k +i¢)
8xir
:Le—ikr
4nr

(Advanced Green’s function)

This corresponds to the incoming spherical wave. We note that



1 1 1 1
+ = +
q-k+ie gq+k—-ie qgq-(k—-ie) qg+(k-ig)

_ 29
P - (k—ig)
_ 29

gt = (k2 =2ik)
_ 2
-k +is

where o =2&k (>0).

((Note))
There are two more types of Green's function which depends on the shift of poles

(iii)

I 1 1
G,(r)= e”dz +
o) 87r2il’£ T

PyTS 27[Res(q =k +ie)+Res(q=—k+ig)]
T

1 —ikr ikr
=—(e +e

which is the superposition of incoming spherical wave and outgoing spherical wave.



(iv)

Y

—00 —k—ie k—ie oo

There is no pole inside the contour C. then we have

; 1 1
G.(r) = el dz n
o(1 i (z—k+ig z+k+ie

1
87’ir
=0
15.5 Calculation of VG, (r)
Vi (fg)=V-V(fg)=V-[fVg +gVf]=2Vg-Vf + fV’g+ gV’ f
V- (@A) =A-Vo+¢V-A f
V(fg) = fVg + gVf

We calculate VG, (r) .
VZGO(i)(r) — VZ(Leiikr)
4ar
+ikry72 1 1 2 ¢ ntikr 1 +ikr
= VI (—)+ V(e )+2V(—)-V(eTT)
4nr 4nr 4nr
Here

i 1 0 0 i
vz e1r|kr - v rZ_eirlkl'
) = r( or )

— izi[(iler)eilkr] — (i% _ kZ)eiikr
reor r



V=g, Siy=-t L

4 "or 4ar 4 r

V(eiikr) — er g(eiikr) — er(iikr)eiikr .

Then

V6, (1) =V () (o ke - o
or

VG, (r) =-5(r) - k( )ei'kf: ~5(r)-k’G®(n),
or

(V2 + k)G, (r) = -5(r).

15.6  Derivation of Green's function (Helmholtz)
We assume that G(r) is only dependent on r.

(V2 +k*)G(r) =-5(r)

where

,06(n. 10
or )_r8r2 (rG(y.

1 0
V2G(r) =——(r
™ rzar(

Then

: 0 (rG(r))+k G(r)=-0o(r).

For r #0, we have

iz(rG(r))Jrker(r) =0.
or



Then we have

+ikr
G.(nN=A :

where A, is constant. We show that

We use the formula

V*(fg)=2Vg-Vf + fVg+gV>f,

with
1 +ikr
f= 7 and Qg=Ae
Then
2 _ +ikr 1 Ai 2 ~+ikr +ikry—72 1
Vi(G,)=2AVe -VF+TV e +Ae "V "
= A.e™[2e, (xikr)- (e, r—lz) + %(i% —k*)—476(r)]
. k2
= Aiei'k'[—T —475(r)]
or

(V2 +k2)G, =—475(NA™ = -475(NA, =—5(r).

Then we have

Note that

VZ(eiikr) — (i% _ k2)eiikr



1
=

2

1 o 1
V) =e () =g
r orr
v(e™) =e, (tikr)e™
!
\v4 " =—476(r)
15.7 Derivation of the Green's function from the Green's theorem
[ @6~ g7 y)dz = [V § -9V ) da
\% S

((Proof)) In the Gauss's theorem, we put
A=yV¢

Then we have

l,=[V-Adr=[V-@Vg)dr = [(Vg)-da.

Noting that

V-V =yV'¢+Vy Vg,

we have

= [@V*¢+Vy Vo= [V9) da.
\ S
By replacing y <> ¢, we also have

L= [@Vy +V-Vyydr=[@Vy)-da,

Thus we find the Green's theorem

=1, = [WVg—gVp)dr = [Wo-¢Vy)-da,

or



@iy —yv*p)dr = [0y —yV g) nda,

We now consider the formula

[V () =y (M2 g(r)ld*r = [V p () -y (rV'g(r)] - nda’,

S

where T is the observation point and r' is the integration variable. Here we choose
r'
v12¢(r|):_p( )’
&

1

=—F—=06G(r,r"),
v 4z |r—r| (r.r)

V2G(r,r")=-o6(r—r",

Then we have

PN [V V] nda

Az |r—r'| g, < r|lr=r| 4x|r—-r'

[[=s(r =g+

\

If the point r lies in the volume V, we obtain

¢y =—— [ LD e L[ L _vgr)-grywi——)-nda

dreyy |r=r' &, 4 lr—r'| [r—r'|

15.8 3D Green’s function (modified Helmholtz)
We now consider the form of the Green’s function (modified Helmholtz)

(A—K*)G,(r) = ~5(r).
The Fourier transform of G, (r)is defined as

_ 1 —iq-r
Gy(@) = e [dre Gy ().

The inverse Fourier transform is also defined as



Gy(N) = ——7 j dge*"G, (q),

2z
where
o(r)= i
(2 )’
Then
o j (A =k G (@) = jdq( o’ —k*)e""G,(q)
(2 )’
or
1 1
Go(q)_( )3/2 q 2 K2
Thus the Green’s function is rewritten as
Gy(F) = !
’ (2 ) q +k?
1
G rN = 2d mgelqrcosﬁ )
0= qsin P
Note
jsinajgeiqrcosa _ _L[eiqr _ e—iqr] ’
qr
we have
G =Gy(n) = [qiaq- 2 e e T
0 0 2r)’ qr’ g*+k* ’

since G,(r) depends only on r. This equation can be rewritten as

1 o eiqr _e—iqr 1 o eiqr
o(") 47r2ir-[q a q° +k? 47r2ir-[oq qq2+k2

0



This function has a single pole at

g =ik

Y

Since r>0, the path of integration can be closed by an infinite semicircle in the upper
half-plane (Jordan’s lemma).

G,(r)= ! §qdq e _ 1 27ziRes(q—ik)—Le‘kr
0 az%irde gt + k7 4xtir Anr

15.9 Derivation of Green's function (modified Helmholtz)

(V2 =k*)G(r) =-5(r)

v 18 ,06(0), 10
VG(r)_r2 ar(r or ) r or? (rG(r)
19 re(r)-Kk6(r =-5r)
ror

Forr #0,

iz(rG(r))—ker(r) =0
or



Then we have

*kr

et

G.(N=A
- oor

Here we show that

((Proof))

VI(G,)=2AVe™. vi A grgre Ae™v? 1
- B r r - r

= A.e*"[2e, (kr)-(-e, %2) + %(iz—rk +k?*)—475(r)]

2

=Ae™ [kT —475(n)]

or
(V2 k)G, =—475(r)A.e*™ = —-475(r)A, =—5(r).

Then we have

A=
Y4
Note that
Vz(eikr)=(i%+k2)eikr
r

1 o 1 1
V(=)=e, —(—)=-€ —,

(r) rc’ir(r) r 72

V(e™) =e, (zkr)e™
!
Vi =—4rs(r)

15.10 Classical electrodynamics
Using



and

The solution of ¢ can be obtained using the Green's function

¢=J.G(I’,r')p(r)d3r',
&y
v2¢:J.sz(r,r')p(r )d3l"=—£,
& &y
where

VIG(r,r) ==5(r-r'),

with
1 1
G(r,r")y=— .
(r.r) 4z |r—r'|
Then we have
pr')
r)=
p(r) = jlr ot

15.11 Ampere's law and Biot-Savart law
We start with the Maxwell's equation

VxBZIuO‘Ja
V-B=0.

B is expressed in terms of the vector potential A as



B:VXA,

VxB=Vx(VxA)=V(V-A)-V’A=yJ,

Here we choose a Coulomb gauge
V-A=0.
Then we get

VA=—uJ.

The solution of A is obtained using the Green's function as

AN = [G(r.ruIrd’r,

VA = j V2G(r, ru,J(r)d’r' =—u,J,

where
VG(r,r")=-6(r-r"),
with

G(r,r')=L ! .
dr |r—r|

Then we have

My (I 45
A(r)y="—"|——=d’r
") 4ﬂj|r—r'|

B can be calculated as

B=VxA= ”Ojv x( (r)|)

Since

J(r))_ _Ir)xV 1

Vx(———=—
[r=r r=r|”

=J(r')x(=

(r

)

|3

)



we have the Bio-Savart law,

B=VxA-= ﬂoj‘](r) (r_ ) 3rv.
4z |r— |

We note that

Bt [y X =)
\% B_47JV[ pa 1d3r.

Here

VD) gy - 0 - ey v 2T

[r—rf [r—rf [r—rf

— 47 (MS(r —r)—[I(r) - V]l( rr|)

Then we have

VxB =22 ({4 (M)o(r—r) - Q) - v) =D gr
4

rry
— I+ [y E20) ")
rrp
= 1 (1) - 4o j(J(r>v>|“ r'l)dr
Note that
Q) V) = VA= ).

For the steady current, V'J(r') =0. Then

VB = (=22 [ v i =D gy v [( "y sryaireaviEe )ZJ(r Re
4y e T rorf
=)= 4 [ o i __r')|3yJ(r')]+ =3

= 4, J (1)

where we use the Gauss's law and we assume that J(r') = 0 on the surface A (large enough
to include all the currents).



((Note)) formula
Vx(fA)= f(VxA)—AxVf,
V- (fA)=f(V-A)+A-Vf,

Vx(AxB)=(B-V)A—(A-V)B+A(V-B)-B(V-A),

vovlovile v ' o arse—rm.
r r r

15.12 Electromagnetism and d**Alembertian operator

15.12.1 Maxwell's equation

Vszyogo%EeroJ

where

1

\ Ho&o .

15.12.2 Vector potential A and scalar potential ¢

Cc=

B=VxA,

since V-B=0.
VxE=—ngA,
ot

or



Vx(E+ZA) =0,
ot

or

0
E+—A=-V¢g.
p ¢

Then we have

E=—§A—V¢, and B=VxA.

We now calculate

VxB=Vx(VxA)=V(V-A)-V’A= 4] +ﬂ050%

0, O
= pd + ey = (= A=V
Hod + & ot ( ot ?)
or
o o
(V2 =ty oI =t + V(Y - A 1y 5
Similarly we have

V~(—§A_v¢)=£

&y

or

2 2
o’¢ 3’ g AP

V% + &1ty —— — £, 11, ——
P+ &4 o oty o ot Py

or

* . p 0 o¢
(V? =&ty ?W = ———a(v A+ g1 E)

&y

15.12.3 Gauge transformation



We have a gauge transformation

A=A+VA,
LA
¢_¢ O’t’

where

Ez—%A—Wﬁ and B=VxA

Let us calculate

0 0 oy O0A
—ZA-Vg=—(A+Vy)-V(p-L)=—""_V4=E,
ot / at( -V a ot ¢

VxA'=Vx(A+Vy)=VxA.
Therefore (A',¢') and (A,¢) gives the same expression for E and B.

We adopt the Lorentz gauge
o
V-A+egu, 2 =0 (Lorentz gauge)

Then we have
> 0’
(V7 = 18, G?)A =4

or

1 ¢
(V? - C_ZE)A =—14J

and

2

0 yo,
V= gty —)p = —L
( gOIUO atz )¢ 80

or



1 o7 D
vie— Do P
( o 8t2)¢ .

The d'Alemberetian operator or simply d'Alembertian is the differential operator
1 ¢
— 2
s
Using this notation, we get the following expression
__P -
Og=——, and OA=—u,]

The Green's function associated with the d"Alembertian satisfies the differential equation

1G(r,t) =-3(r)s(t) .

15.12.4. Fourier transform

Fourier transform

A(r,m) = ﬁ TA(r,t)e‘“"dt
A(r,t) = ﬁ TA(r,w)e-i”‘dw

J(r, t)e'*dt

_

o) —ﬁ[o\](r,

J(r,t)= b mJ(r,a))e‘i‘”tda)
NEYRA

H(r,0) = ﬁ [p(r,bedt

#(r,t) = ﬁ [p(r, e " “do,



p(r,o) = ﬁ jp(r,t)e"”‘dt

pry=7— [ oo “do.

15.13 Retarded vector potential A(r, t)

1 0°
(V=G A=)
where
1 7 )
A(r’t) = J‘A(r’a))eflwtda)
N2x 2
J(r,t) = % '[J(r,a))e““’tda)
T —o0
Then
L7 21 o’ P 1 % it
e \% ———AI’, ela)d —-—yy - Jr’ eIa)d
/_27[ :[O( C2 atz) ( CU) 0] ﬂoﬂj[o ( a)) W
or
L T (Vz +w—2)A(r a))e*"”‘da) =—u L TJ(I,- a))e"”’tda}
TR T 0
or

2

(V2 +f—2)A(r,a)) = —u,3(r, )

We can solve this using the Green's function (Helmholtz)
A(r,0) = [G(r,rud(r,m)d*r

with

(V? +i)—22)G(r,r') =—o(r-r



expl[i @ [r—r']
G(r,r')=

4 |r—r'|

Thus we have

exp[i Z [r—r'[]

A(r,a)):yojd%' 4ﬂ’Cr_r,‘ J(r',m)

or

1 1
A(r,t) = g, | dr
0= s Az |r—r|\2r

ara=Lr-ry
C

[doexpl-ia(t —%| r—rR(r,o)

r=r|
The retarded time is defined as
t, :t—l| r—r.
c
15.14 Retarded potential g(r, t)
1 0°

vie_ 9 gL
( c’ 6t2)¢ £

where

#(r,t) = ﬁ [p(r, e “de

p(r,t) = ﬁ J‘p(r,a))efi’”‘da)

Then

1 10 i 1 iy
ﬁ J. (Vz —C—2¥)¢(r, a))e tda) = _g_ﬁ Ip(r,a))e tda)
S 0



or

o0 2 .
T L o=t [ptr ot

or

(v + Zpir.0) = —gip(r,an

0

We can solve this using the Green's function (Helmholtz)
1 3
p(r,0) = [G(r,r)—g(r',)d*r
2
with

(V> + f—;)G(r, rN=-6(r-r"

expli @ [r—r']
C

G(r,r") =
(r.r) 4 |r—r'|

Thus we have

exp[ig lr—r"]

1 30 '
r, = r r,
#(r,0) pr. ror p(r', o)
or
)= fdr L1 jdwexp[—ia)(t—l|r—r'|)]p(r' )
T A, [r—r|J2z C ’

' 1 '
p(r't——[r—r')
31 C

1
= r
472'6‘0'[ |r—r|

15.15 Jefimenko's equation



Ez—%A—V¢ and B=VxA

For simplicity , we define

1
t=t——|r—r, and R=r-r
C

L PR prt) o 3t
E(r,t) = r—+ “R- 21d°r!
Y 472-80.[[ R’ cR? c’R |

and

_ ,U ‘](r'atr) j(r'atr) 3
B(I’,t)—ﬁj‘[ R’ + R ]der.

15.16 Green's function of the d'Alembertian

We consider the equation

1 o° o,
vVieo Yy P
( c’ 6t2)¢ £,

The Green's function of the d'Alembertian is defined as

v =L 260 =—sms)
c” ot

Here we introduce the Fourier transforms,

1 T ik-r—iawt
G(r,t) = mjolk_jmc;(k,a))e do

1 ik-r K —iwt
5(r)5(t)=(27)4je dkLe de

Then



1 2 1 62 ik-r—iot 1 ik-r—iwt
Gy [[fJv? == —)6k.0pe dkder=— [[[[e*“dkde

or

1
(27)°

b

(-k? +f—22)G(k,a)) =-

The solution to this equation is

1 1
e o
2

c

Gk,w) =
k*.

The inverse Fourier transform:

eik~r—ia)t

11
G(r,t)= Wmﬂﬂdkdwwz "

C2

For convenience, we assume that the direction of r is the z axis. The angle between r and
kis 6.

k-r:krcosﬁ,

dk =27k*dksin&d @ ,

1 eik-r—iwt
G =5, [[[] dkde 7
-
1 F i T T . ikr cos 1
6= Le tda).(l;27zk2dk£sm6d6lek '— "

C2

Since

sin &d ge™ **? = _L(eikr B e—ikr)
kr

5



G(r,t) = j e d jznk dk—— ( )( e _
c2 -
_ 1 ikr —|kr _m)t
@) )I
|kr . e—ikr)J' dw e—m)t
( ) J a)Z _ C2k2
where
© g-iet
=[do g
_ T da)efiwl 1 1 _ 1
c 2ck o—-ck w+ck
= §dze‘iZt ! L1
2ck 'z—ck z+ck

0] Retarded Green function
We calculte the intergral given by

1 1 1

Ilszdze‘iZt — :
2ck z—ck+ie z+ck+ice

—|kr)



For positive value of t, we need to choose the contour C; in the lower half plane. The
complex exponential exp(-izt) only decays at infinity if the imaginary of Z is negative.
According to the Jordan's lemma, the integral along the path 77 is zero. There are two
simple poles inside the contour C;. Since the path is taken with the clock-wise (negative)
direction, we find that for t>0,

I]=:f>dze*iZt : : —— 1 .
g 2ck z-ck+ig¢ z+ck +ig
= _22:' [Re s(z=ck —ig)—Res(z=-ck —ig)]
C
_ g(eickt _piw

Then we have



c ik
Gret(r,t) — k(elkr _ |kr)(e ickt eIth)
2 0
— T |k(r ct) |k(r+ct) e—ik(r+ct) +e—ik(r—ct)]
(2;;) 2rs
— T |k(r ct)y |k(r+ct) e—ik(r+ct) +e—ik(r—ct)]
(2;;) 2r

0

_ ij’ |k(r ety |k(r+ct)]
oo

= ——[§(r —ct)—o(r +ct)]
4nr
Since r>0 and t>0, we have
c
G, (r,t)y=———x[0o(r —ct)]
4nr

For negative value of t, we need to choose the contour C, in the upper half plane. There is
no poles inside the contour C,. Then we find that for t<0,

Gret(r’t) =0

(if) Advanced Green function



For positive value of t, we need to choose the contour C; in the lower half plane. There is
no pole inside the contour C;. So we find that for t>0,

1 1 1
I, = ¢dze™ - =0
: (Zf 2ck(z—ck—ig z+ck—ig)

or

Gadv(rvt) =0

For negative value of t, we need to choose the contour C, in the upper half plane. The
complex exponential exp(-izt) only decays at infinity if the imaginary of z is positive.
According to the Jordan's lemma, the integral along the path 73 is zero. There are two
simple poles inside the contour C,. Since the path is taken with the clock-wise (positive)
direction, we find that for t<0,



1 1 1

= :ﬁdze i —
2ck ‘z—ck —ie z+ck -
= 27[' ——[Res(z=ck +ie)—Res(z=-ck +ig)]
T 2ck
7

— _(e—ickt _ eiCk'[ )
ck

Gadv (r ) =

ij k(e —e " )(e o _ gickt)
tary

(21) 2C k[elk(r ct) elk(r+ct) _e—ik(r+ct) +e—ik(r—ct)]
T r
0
1 C T ik(r—ct) ik(r+ct) —ik(r+ct) —ik(r—ct)
(2 7 o k[e —e —e +e ]
T r
0
(271[) 2Cr T k[elk(r ct) elk(r+ct)]

= —[5(r —ct)—o(r+ct)]
4nr

Since r>0 and t<0, we have

Gy (I, 1) =—ﬁn[5(r+ct)1.

((Note))
The retarded Green's function is represented by a spherical shell emitted at t = 0 and
with increasing radius r = Ct.

15.17 Green's function for the Klein-Gordon equation

We start with the Einstein's relation

E2 — pZC2 + m2C4

In quantum mechanics, we use the operators

E—)ihﬁ p—>EV
ot i

b



The Green's function is defined by

1 &> mc?
c? ot? h’

)G(r,t) =-5(1)s(r)

The Green's function is expressed by the inverse Fourier transform as

1

G(r,t) = )"

J‘ei(k'rfa)t)G(k, a))

From the Klein-Gordon equation, we have

1 8¢ m*? 1 i (ke —a o> m’c?
(V=g 8D = e [ kol 0K+ - TG (ko))
1 .
__ d3kdaﬁl(k-r—a}t)
(27T)4I
or
2 2.2
1
( e )G(K, ®) 2r)
or

1 I

Gk, @) =

k@) Qry ., mc o
e

Then



1

G(r,t)= J-d3kJ'da)ei(k~r—wt)

Q2r)*

_
- 23}

eik-rd3k da)
ferafao—— L
R e
C2 —iat

2r)*

J'eikJ’d 3k:[oda) a: - wg

where

m’c’ ), 1

1
o = (O + =) = (ke +miet) = U F,

We now calculate

| = |do
_J;o o -]
2600 —o w—w, a)+a)0
(1) Retarded case
1 % ) 1 1
I =— J-da;e"”"( __ -
20, =, O-0,+ie oO+o,+ie

Two simple poles are located in the lower half plane.



For t>0

—iZt( 1 1
2a ¢ I-wy+tle 1+wm,+ie
- (_2m)(efltwﬂ _ elta)o )
2w,

:_ﬂ(e—itwo _eita)o)

@y
For t<0
Il—L dret(————— 1 g
2a0 ¢, I-w,+le I+w,+le

(i)  Advanced case

|2:Lj.daﬁ_iwt( 1 _ 1 .
20, 7, w-w,—le o+w,—le

There are two simple poles in the upper half plane.



For t>0
1
1, =—— fdze™( : =0
@ ¢, I-w,—le 1+w,—ls
For t<0,
I, = 1 dze_m( : ! -
2 ¢ I-w,-le I+w,—le
— 1 (27Zi)(e_ita)o _eita)o)
@,
=ﬂ-(e—ita}0 _eita)(])
W,
(iii)
I L doe™™( ! - !
P 2w, Y w-0,+ie o+,



For t>0,

I, = L fdzem—1 1
20 ¢, I-w,—ie I+a,+ie
= L(_zﬂj)(_e_itwo ) — ﬂ'e—itwo
2a)0 w,
For t<0,
I = _l &dze —izt ( 1 _ 1
’ 20, ¢ 1-w,—ie 1+w,+ic

— L(zﬂl)(eltwo) — ileita)o
2600 ,

(iv)  Feynman propagator

I, =

2w, 7, w-0,-ie o+,+ic



For t>0,
P dze ™ ( ! -~ !
! 20, ¢, I-w,—ie 1+w,+ie
_ 1 (—27Z'i)(—eitw0) — ﬂeitwo
@, @,
For t<0,
i 1 1
I, = 1 dze ™ ( —— .
20 ¢, I-w,—l¢ I+w,+le

:L(zm)(e—ltwﬂ) zﬂe—itwﬂ
2w, @,
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APPENDIX.

A.l  Lienard-Wiechert potential
We now consider the Lienard-Wiechert potential

wt Field paoint

&

wewit




In the S’frame:

a1
drg, r'
A'=0
1 V '
A5
A=—=
1-p°
A=A
A=A
_ VA |+¢'
1-p°
Then we get

where

The scalar potential ¢ is given by

or

¢=\/1

¢l

q

or

1

1

X;'= y (X —vt)

>
)
Il
>
I

- B  47s, \/1—132 \/x1'2+x2'2-|rx3'2

4z, \/1 -5 \/72()(1 —Vt)* + Xz2 + X32

q

1

"4, o, v+ (- B0+ x0)




with

R* = /(X =Vt + (1= B)(%,’ +X)
Similarly we have for the vector potential
A =(A,0,0)
with
v

4 _ vV q l_qvﬂoi
2 ) 47 R

¢’
A _\/1_132 c” 4re, R
The electric field E and the magnetic field B are given by

0

E=—-——A-V¢g and B=VxA
ot
q » R
E= 1-
47r£0( P )R*3
Vv
B:C_ZXE
where
R=(x-wt,y,2)

((Mathematica))



Clear["Global "%"]
<< "VectorAnalysis "

SetCoordinates[Cartesian[X, Yy, z]]

Cartesian[x, Yy, Z]

R =\/(x—vt)2+ (1-8%) (v*+2°)

Jtvex)?e (24 2%) (1-82)

qvuo
47r\/(—tv+x)2+ (y2+22) (1—52)

A = {Al, O, 0}
{ qv uo
47T\/(—tV+X)2+ (y2+22) (1—/52)

,o,o}



Bl = Curl[A] // FullSimplify

{O qvz (-1+p%) uo
T4 ((—tv+x)2— (y2+22) (—1+52>)3/2’

qvy (-1+8%) uo }
47 ((—tv+x)2— (y2+22) (—1+/32)>3/2

Electric field in the frame S

El=-Grad[¢] -D[A, t] /. {u0~>1/ (e0c?)} // FullSimplify

Vli={v, 0, 0}
{v, 0, O}

1
eql = = Cross[V1, E1] // Simplify
C

{O qvz (-1+p%)
T 4c?y ((—tV+X)2— (y2+22> (—1+52)>3/2 e0’

. qvy (-1+p?) }
4c?r ((-tvex)2- (y2+2Z?) (-1+8%))%2 c0

eql-B1 /. {u0—> }// Simplify

c? e0
{0, 0, O}

A.2  Distribution of the electric field

q Ry
E= 1- gH)—2%
47250( ﬂ)R*3



where

R™ = J(x=vt)* + (1- B*)(y* + )

R =(x=vt,y/1- By.A1- 8°2)
R, =(x-W,y,2)

R, is the relative coordinate of the field point and the charge point. The electric field is along the
position vector R,. R, is a vector from the instantaneous location of the charge in S to the point
where E is measured in S.

((Mathematica))
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Fig.  The distribition of the electric field E for f#=v/c =0.5. The direction of the velocity is the
X axis.
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Fig.  The distribition of the electric field E for = v/c = 0.99. The direction of the velocity is
the X axis.



