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15.1 Green’s function (summary) 
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15.2 3D Green’s function (Laplace) 

We now consider the form of the Green’s function (Laplace) 
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For convenience, we assume that the direction of r is the z axis. The angle between r and 
q is .  
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Fig. Upper half-plane contour for r>0. The semi circle C1 (clock wise). 
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((Note)) Method II 

We show that we get the same result using a different contour (method II). Inside this 
contour, there is a simple pole at z = 0. 
 
 

 
Fig. The contour C2 has a counter clock-wise rotation. 
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15.3 Derivation of Green’s function (vector analysis) 
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We now consider the volume integral over the whole volume (V - V') between the surface 
A and the surface of sphere A' (volume V', radius )0 . We note that the outer surface 
and the inner surface are connected to an appropriate cylinder. 
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15.4 3D Green’s function (Helmholtz) 

We now consider the form of the Green’s function (Helmholtz) 
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We consider the shift the position of the simple poles by ± i in the complex plane, where 
 0 and >0. This shift is significant to the calculation, since the contour C is in the 
upper half plane. In other words, the position of the simple poles from the real axis to the 
upper half plane or to the lower half plane by i. 
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(retarded Green’s function). 
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This corresponds to the incoming spherical wave. We note that 
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There are two more types of Green's function which depends on the shift of poles 
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15.6 Derivation of Green's function (Helmholtz) 

We assume that G(r) is only dependent on r. 

 
)()()( 22 r rGk ,

 
 

where 

 

))((
1

)
)(

(
1

)( 2
2

2
2 rrG

rrr

rG
r

rr
rG











 . 

 
Then 
 

)()())((
1 2

2 r



rGkrrG
rr

.
 

 

For r ≠ 0, we have 

 

0)())(( 2
2





rrGkrrG
r

.
 

 



Then we have 
 

r

e
ArG

ikr

 )(  

 
where A  is constant. We show that 
 

4

1
A . 

 
We use the formula 
 

fggffgfg 222 2)(  , 
 
with 
 

r
f

1
 ,  and ikreAg 

 . 

 
Then 
 

)](4[

)](4)
2

(
1

)
1

()(2[

11
2)(

2

2
2

222

r

ree























r

k
eA

k
r

ik

rr
ikreA

r
eAe

r

A

r
eAG

ikr

rr
ikr

ikrikrikr

 

 
or 
 

)()(4)(4)( 22 rrr   


 AeAGk ikr . 
 
Then we have 
 

4

1
A . 

 
Note that 
 

ikrikr ek
r

ik
e   )

2
()( 22

  



2

1
)

1
()

1
(

rrrr rr ee 



 ,  

 
ikr

r
ikr eikre   )()( e  

 

)(4
12 r
r

 

 
15.7 Derivation of the Green's function from the Green's theorem 
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Thus we find the Green's theorem 
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We now consider the formula 
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15.8 3D Green’s function (modified Helmholtz) 

We now consider the form of the Green’s function (modified Helmholtz) 
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This function has a single pole at 
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Since r>0, the path of integration can be closed by an infinite semicircle in the upper 
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15.9 Derivation of Green's function (modified Helmholtz) 
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15.10 Classical electrodynamics  

Using  
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15.11 Ampere's law and Biot-Savart law 

We start with the Maxwell's equation 
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where we use the Gauss's law and we assume that J(r') = 0 on the surface A (large enough 
to include all the currents).  
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15.12 Electromagnetism and d"Alembertian operator 
 
15.12.1 Maxwell's equation 
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15.12.2 Vector potential A and scalar potential  
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15.12.3 Gauge transformation 



We have a gauge transformation 
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The d'Alemberetian operator or simply d'Alembertian is the differential operator 
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Using this notation, we get the following expression 
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The Green's function associated with the d"Alembertian satisfies the differential equation 
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15.12.4. Fourier transform 
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15.13 Retarded vector potential A(r, t) 
 

JA 02

2

2
2 )

1
( 





tc

 

where 
 






 


 det ti),(
2

1
),( rArA  

 






 


 det ti),(
2

1
),( rJrJ  

 
Then 
 











 



 





 dede
tc

titi ),(
2

1
),()

1
(

2

1
02

2

2
2 rJrA  

 
or 
 











  





 dede
c

titi ),(
2

1
),()(

2

1
02

2
2 rJrA  

 
or 
 

),(),()( 02

2
2 

rJrA 
c

 

 
We can solve this using the Green's function (Helmholtz) 
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We can solve this using the Green's function (Helmholtz) 
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15.15 Jefimenko's equation 
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15.16 Green's function of the d'Alembertian 
 
We consider the equation 
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(i) Retarded Green function 
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For positive value of t, we need to choose the contour C1 in the lower half plane. The 
complex exponential exp(-izt) only decays at infinity if the imaginary of z is negative. 
According to the Jordan's lemma, the integral along the path 1 is zero. There are two 

simple poles inside the contour C1. Since the path is taken with the clock-wise (negative) 
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Since r>0 and t>0, we have 
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For negative value of t, we need to choose the contour C2 in the upper half plane. There is 

no poles inside the contour C2. Then we find that for t<0, 
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(ii) Advanced Green function 



 
 

For positive value of t, we need to choose the contour C1 in the lower half plane. There is 
no pole inside the contour C1. So we find that for t>0, 
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For negative value of t, we need to choose the contour C2 in the upper half plane. The 

complex exponential exp(-izt) only decays at infinity if the imaginary of z is positive. 
According to the Jordan's lemma, the integral along the path 2 is zero. There are two 

simple poles inside the contour C2. Since the path is taken with the clock-wise (positive) 

direction, we find that for t<0, 

 

x

y

C2

t<0

G2

-¶ ¶
x

ie+ckie-ck

C1

O

t>0

G1

-¶ ¶



)(

)](Re)([Re
2

2

)
11

(
2

1

2

2

icktickt

C

izt

ee
ck

i

ickzsickzs
ck

i

ickzickzck
dzeI





















 

 

)]()([
4

][
2)2(

1

][
2)2(

1

][
2)2(

1

))((
2)2(

1
),(

)()(
2

0

)()()()(
2

0

)()()()(
2

0
2

ctrctr
r

c

eedk
r

c

eeeedk
r

c

eeeedk
r

c

eeeedk
r

c
tG

ctrikctrik

ctrikctrikctrikctrik

ctrikctrikctrikctrik

ickticktikrikr
adv












































r

 

 

Since r>0 and t<0, we have 
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((Note)) 

The retarded Green's function is represented by a spherical shell emitted at t = 0 and 
with increasing radius r = ct.  
 
 
15.17 Green's function for the Klein-Gordon equation 

We start with the Einstein's relation 

 
42222 cmcE  p
  

In quantum mechanics, we use the operators 

 

t
iE



 

,


i


p

 

 



The Green's function is defined by 

 

)()(),()
1

(
2

22

2

2

2
2 rr  ttG

cm

tc








 
 

The Green's function is expressed by the inverse Fourier transform as 
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(i) Retarded case 
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Two simple poles are located in the lower half plane. 



 
 

For t>0 
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For t<0 
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(ii) Advanced case 

 

)
11

(
2

1

000
2 






ii
edI ti





 







 
 

There are two simple poles in the upper half plane. 
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For t<0, 
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(iv) Feynman propagator 
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APPENDIX.  
 
A.1 Lienard-Wiechert potential 

We now consider the Lienard-Wiechert potential 
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The scalar potential  is given by 
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Similarly we have for the vector potential 
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The electric field E and the magnetic field B are given by 
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where 
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((Mathematica)) 
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A.2 Distribution of the electric field 
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Rp is the relative coordinate of the field point and the charge point. The electric field is along the 
position vector Rp. Rp is a vector from the instantaneous location of the charge in S to the point 
where E is measured in S. 
 
((Mathematica)) 
 

 
 
Fig. The distribition of the electric field E for  = v/c = 0.5. The direction of the velocity is the 

x axis. 

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

b = 0.50



 
 
Fig. The distribition of the electric field E for  = v/c = 0.99. The direction of the velocity is 

the x axis. 
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