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16.1 Summary 
 
Table 
 
 Laplace Helmholtz Modified Helmholtz 
 2  22 k  22 k  
 

2D 21ln
2

1
ρρ 


 )(

4 21
)1(

0 ρρ kH
i

 )(
2

1
210 ρρ kK


 

 
 
((Note)) 

 
Cylindrical co-ordinate: 
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16.2 2D Green’s function for the Helmholtz equation 
 

 
 



We now consider the Helmholtz equation 
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For x (≠0) ( ≠0), we put k = x 
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The solution of this equation is 
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In the limit of → 0, (or x → 0) 
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Then we have 
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(when 0 ) 
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Green’s function is given by 
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16.3 2D Green’s function for the modified Helmholtz equation 

We now consider 
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For x (≠0) ( ≠0), we put k = x 
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The asymptotic forms of these functions are given by 
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Since 
 

xexK )(0   Decaying function 
xexI )(0   diverging function 

 
we take )()( 00 kaKxaKG  , where a is constant. 

 
Note that 
 

2lnln)(0  xxK  in the limit of x→0. 
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In the limit of →0, 
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Similarly, we have 
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Then we have 
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16.4 2D Green’s function of the Laplace equation 
 

We now consider 
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We note that 
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In the limit of →0, 
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16.5 Derivation of the Green function for  the 2D Helmholtz equation: Fourier 

transformation 
 
We start with  
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Now we return to the calculation of the Green’s function 
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16.6 Derivation of the Green function for the 2D modified Helmholtz equation: 

Fourier transformation 
 
We start from 
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Now we return to the calculation of the Green’s function 
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Note that 
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16.7 Mathematica 



Clear"Global`"
IntegrateExp x  Cos, , 0, 2  

Simplify, x   Reals &

2  BesselJ0, x 

Integratex BesselJ0, x 
x2  k2

, x, 0,  
Simplify, k  0,   0 &

BesselK0, k 

Integratex BesselJ0, x 
x2  k2

, x, 0,  
Simplify,   0, k2  Reals  Rek2  0 &

BesselK0,


 1
k2
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Appendix 
 
((Mathematica)) 
 
The four Bessel functions Jnz, Inz, Knz, and Ynz are the best known and most frequently 
used special functions. That is why we will devote a slightly longer section to them and 
present a couple of applications. Following Mathematica’s naming convention, they are 
written as follows. 
 

BesselJ[n,z] for Jn(z) 
BesselI[n,z] for In(z) 
BesselK[n,z] for Kn(z) 
BesselY[n,z] for Nn(z) (or Yn(z)) 

 
Hankel function 
 

)()()()1( xiNxJxH    

)()()()2( xiNxJxH    



 
where >0,  = integral and nonintegral values. 
 
In the limit of x ≈ 0, 
 

........)2ln(
2

1ln
2

)()1(
0  


ixixH  

 

........)
2

(
)!1(

)()1( 


 
 


x

ixH  

 

........)2ln(
2

1ln
2

)()2(
0  


ixixH  

 

........)
2

(
)!1(

)()2( 


 
 


x

ixH  

 
 


