
Chapter 19 Laplace's equation in spherical coordinate: Green's function 
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Addition theorem 
Green's function in the spherical coordinate 
Dirac delta function in the spherical coordinate 
See Chapter 22 for the detail of the Legendre function. Some content in Chapter 22 is the same 
as that in this Chapter. 
 
19.1 Formal solution of Laplace's equation 

We consider the solution of Laplace's equation 
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where )(r  is a scalar electric potential. 
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Here we assume that 
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(separation variable)  
 

0),()(
1

))((),(
1 2

222

2



  m

l
m

l YrU
r

rrU
r

Y
r

L


. 

 
We use the relation 
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The solution of U(r) is given by 
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The general solution is 
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19.2. Dirac delta function in the spherical co-ordinate 

We define the Dirac delta function as 
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Suppose that 
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with  = cos and ' = cos. 
 
From the property of the delta function, we have 
 

)'(
'sin

1
)]'('sin[)'( 


  , 

 

where  and ' are in the range between 0 and . Then we have 
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19.3 Green's function 

We consider the Green's function given by 
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with the boundary surfaces which are concentric spheres at r = a and r = b (b>a). Note that 
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where r is the variable and r' is fixed. 
 



 
 
Within each region (region I (a<r<r'<b) and region II (b>r>r'>a), we have the simpler equation 
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The solution of the Green's function is given by the form 
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Then the differential equation of the Green's function is given by  
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Note that 
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where  
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Then we get 
 

222

2 )'()1(
)(

1

r

rr
g

r

ll
rg

rr ll








 

, 

 
with the boundary condition 
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(i) )',( rrgl  is continuous at r = r'. 
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Using Mathematica we get the Green's function 
 

)12)((

)'(')(
1212

1212)1(1212)1(




 



lab

rbrarr
g ll

llllll

Il   for a<r<r' 

 

)12)((

)()'('
1212

1212)1(1212)1(




 



lab

rbrarr
g ll

llllll

IIl   for b>r>r' 

 
or 
 







 








 





















0

*

12

1211

12

0

*

121211

12121212

)','(),(

]1)[12(

)
'

'

1
)((

)','(),(
)('

)')((
)

12

1
()',(

l

l

lm

m
l

m
ll

l

l

ll

l
l

l

l

lm

m
l

m
lllll

llll

I

YY

b

a
l

b

r

rr

a
r

YY
abrr

rbar

l
G



rr

 

 







 








 





















0

*

12

1211

12

0

*

121211

12121212

)','(),(

]1)[12(

)
1

)(
'

'(

)','(),(
)('

))('(
)

12

1
()',(

l

l

lm

m
l

m
ll

l

l

ll

l
l

l

l

lm

m
l

m
lllll

llll

II

YY

b

a
l

b

r

rr

a
r

YY
abrr

rbar

l
G



rr

 

 
Or more simply, we have 
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This means that 
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   in the region I (a<r<r'<b) 
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   in the region II (a<r'<r<b) 

 

 
 
Fig. Plot of the Green's function gl(r, r') as a function of r. a = 1. b = 2. l = 3. r' is changed as a 

parameter; r' = 1.2, 1.4, 1.6, and 1.8. 
 
When a→0, 
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___________________________________________________________________________ 

19.4 Special case (b∞, )0a ) 

In the limit of b∞ (but )0a , we have 
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for the region I (a<r<r'), and 
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for the region II (r>r'>a). Or more simply, we have 
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Further we assume that a0. 
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19.5 Mathematica 

Find the Green's function for 
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with the boundary condition 
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____________________________________________________________________________ 
19.6 Addition theorem for spherical harmonics 

The Green's function G(r, r') for the differential equation  
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is given by 
 

Clear"Global`";

eq1  Dr Gr, r, 2  L L  1
r

Gr 
1

r
DiracDeltar  r1;

eq2  DSolveeq1, Gr, r  FullSimplify, L  0, 0  a  r1  b &

Gr 
r r1L r1L r12 L C1  C2  r12 Lr112 L HeavisideThetarr1

r12 L r1

r


GIr_  Gr . eq21  Simplify, 0  a  r  r1  b &

rL C1  r1L C2

GIIr_  Gr . eq21  Simplify, b  r  r1  a &

r r1L  r12 Lr112 L

r12 L r1
 r1L r12 L C1  C2
r

eq3  SolveGIIb  0, GIa  0,  C1, C2  Simplify

C1 
r11L b12 L  r112 L
a12 L  b12 L 1  2 L, C2 

a12 L r11L b12 L  r112 L
a12 L  b12 L 1  2 L 

GI1r_  GIr . eq31  Simplify

r1L a12 L  r12 L r11L b12 L  r112 L
a12 L  b12 L 1  2 L

GII1r_  GIIr . eq31  Simplify

b12 L  r12 L r r11L a12 L  r112 L
a12 L  b12 L 1  2 L



|'|4

1
)',(

rr
rr





G  

 
This leads to the relation 
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Here we note that 
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where  is the angle between r and r'. 



 
Fig. The angle  is the angle between the vectors r and r'. 
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(addition theorem) 

 
____________________________________________________________________________ 
19.7 Electric potential - I 
 
Jackson: Classical Electrodynamics 
 

We consider a hollow grounded sphere of radius b with a concentric ring of charge of radius 

a and the uniform charge density  (= Q/(2a). Q is the total charge. The ring of charge is 

located in the x-y plane. We discuss the distribution of the electric potential . 
 



 
 

The electric potential  is described by a Poisson equation, 
 

0

2




  

 

Using the Green's function, the electric potential  can be obtained as 
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since the total charge Q is )2( a . Here we use the Green's function (a0); 
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Then the electric potential )(r  is obtained as 
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Here ),( m
lY  can be also expressed by 
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where )(cosm
lP  is the associated Legendre function. We note that 
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For r<a, Lmax = 5 (the highest term in the summation), 
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For a<r<b, Lmax = 5 (the highest term in the summation), 
 

)(r = 

 
 
 

1

4  0
Q

1

a


1

b


1

4

1

a3


a2

b5
r2 1  3 Cos2 

3

64

1

a5


a4

b9
r4 3  30 Cos2  35 Cos4

1

4  0
Q 

1

b


1

r


1

4
a2 1

r3


r2

b5
1  3 Cos2 

3

64
a4 1

r5


r4

b9
3  30 Cos2  35 Cos4



 
Fig. Plot of the electric potential  as a function of r. red ( = 0) and blue ( = /2). a = 1. b = 

2. Q = 1. 0 = 1. Lmax = 5. 
 

 
Fig. TheContourPlot of the electric potential  and the StreamPlot of the electric field.  a = 1., 

b = 2, 0 = 1. Q = 1. We use Lmax = 5. 
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19.8 Electric potential - II 
Jackson: Classical Electrodynamics 

 
We consider a hollow grounded sphere of radius b with a uniform line charge of total charge 

Q, located on the z axis between the north and south poles of the sphere. We discuss the 

distribution of the electric potential . The volume charge density is given by 
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The electric potential )(r  can be described by 
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Here we note  
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For the integrand,  
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19.9 Electric potential due to charge distribution 
 
Susan M. Lea: Mathematics for Physicists 



 
We consider a grounded sphere of radius a  and a ring of charge of radius b with the uniform 

charge density . The ring of charge is located in the x-y plane. We discuss the distribution of the 

electric potential . 
 
The electric potential is described by a Poisson equation, 
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Using the Green's function, the electric potential  can be obtained as 
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Note that the constant A is determined as 
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since the total charge is )2( b . 
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lP  is the associated Legendre function. 
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Fig. Plot of the electric potential  as a function of r (the first 20 terms, l≤20). red ( = 0) and 

blue ( = /2). a = 1. b = 2. Q = 1. 0 = 1. 
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APPENDIX 
 
From the Green's law, we have 
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