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20.1 Dirac delta function 
Arfken: 14.3.12 
 
We verify that 
 







m

im )](exp[
2

1
)( 2121 


 . 

 
is a Dirac delta function by showing that it satisfies the definition of a Dirac delta function: 
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Hint. Represent f(1) by an exponential Fourier series. Note. The most important application of 
this expression is in the determination of Green's functions. 
 



((Proof)) 
Suppose that 
 

)2()(   ff . 

 

Then the function f() can be described as 
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Then we have 
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Here we note that 
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20.2 Dirac delta function for the z component 
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20.3 Dirac delta function in the cylindrical co-ordinate 

We define the Dirac delta function as 
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Suppose that 
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In summary,  
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20.4 Green's function 

We consider the Green's function 
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In the cylindrical coordinates, the Laplacian is expressed by 
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We expand the Green's function as 
 

 





 

m
m

im kGzzikdkeG
0

)'(
2 )',,()]'(exp[

2

1
)',( 


rr  

 
The reason for expressing the delta function as an integral over positive k is that it will result in 
Bessel functions of positive argument in the final form. Then we have 
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and 
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Thus we get 
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(1) The discontinuity of   /)',,(kGm  of at  = ': 
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(2) Solution of the differential equation 

The solution of the differential equation 
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is the modified Bessel functions; 
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((Mathematica)) 
 

In(x)  BesselI[n, x] 
Kn(x)  BesselK[n, x] 

 



 
 
Fig. In(x) vs x with n = 0, 1, 2, 3, 4, 5, and 6. 
 

 
 
Fig. Kn(x) vs x with n = 0, 1, 2, 3, 4, 5, and 6. 
 
__________________________________________________________________________ 

Here we demand that )',,( kGm  be finite at →0 and vanishes as →∞, 
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From the condition of continuity of )',,( kGm  at  = ': 
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where C is constant. 
 
Then the Green's function can be rewritten as 
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which is symmetric with respect to the exchange between  and '. 
 

(iii) The discontinuity of   /)',,(kGm  at  = '; 
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Here the Wronskian determinant is given by 
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____________________________________________________________________________ 
((Note)) We can calculate W by using Mathematica. 
 

 
____________________________________________________________________________ 
Thus we get 
 

C = 1. 
 
More generally, 
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WronskianBesselIm, , BesselKm, ,   Simplify
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Fig. Gm(k, , ') vs  with m = 3. k = 1. ' is changed as a parameter. ' = 0.2, 0.4, 0.6, 0.8, 
and 1.0. 

 
20.5 Application-1 
The Green's function in the cylindrical coordinate is obtained as 
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When r'→0, >=  and <= ' = 0. 
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where 
 

I0(0) = 1, Im(0) = 0. 
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