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____________________________________________________________________ 
21.1 Free Particle Wave function 

Free particle wave function   satisfies the Schrödinger equation 
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) is the energy of the particle, and k is the 

wave number. This equation can be rewritten as 
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This equation is solved in a formal way as 
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(separation variables), where L is the angular momentum: 
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_______________________________________________________________________ 
((Note)) 
 
In the limit of r →∞, we have 
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________________________________________________________________________ 
We put x  kr  (dimensionless) 
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or 
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This is a Sturm-Liouville-type differential equation. 

Here we suppose that 
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The solution of this differential equation is 
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Since the spherical Neumann function diverges at x =0, it cannot be chosen as a solution. 
Finally we have 
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21.2  Expression of the spherical Bessel function 
 
For   0  (s-state): m = 0 
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which is the superposition of outgoing wave and incoming wave. 
 
((Note)) 

L.D. Landau and E.M. Lifshitz, Quantum mechanics (Non-relativistic Theory) 
(Pergamon Press, Oxford, 1977). 
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(b) For   0  
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Substitution of xxRl )(  in the limit of →0 gives an equation for : 
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In order for )(xRl  to be finite, we must set B = 0. This gives 
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When we put 
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If we differentiate this equation with respect to x, we obtain 
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we have 
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((Mathematica)) 
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________________________________________________________________________ 
21.3 Spherical Hankel functions 

We define the spherical Hankel functions as 
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where the spherical Bessel function and spherical Neumann function are given by 
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Fig. jn(x) with n = 0, 1, 2, 3, 4, 5, and 6. 
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Fig. nn(x) with n = 0, 1, 2, 3, 4, and 5. 
 
________________________________________________________________ 
21.4 Rayleigh formulas 
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________________________________________________________________________ 
21.5 Asymptotic forms 

The asymptotic values of the spherical Bessel functions and spherical Hankel 
functions may be obtained from the Bessel asymptotic form. 
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____________________________________________________________________ 
21.6 Plane wave expression 

The wave function  can be described by 
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We consider the plane wave rk ie , which is one of the solution of the Schrödinger 
equation. 
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We choose the direction of k along the z direction. 
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This formula is especially useful in scattering theory. For kr>>1, we get 
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___________________________________________________________________ 
21.7 Bessel-Fourier transform 
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This means that (apart from constant factor) the spherical Bessel function )(krjl  is the 

Fourier transform of the Legendre polynomial Pl(x). 
 
________________________________________________________________________ 
21.8 Green's function for the spherical Bessel function 

We consider the Green's function given by 
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lY  is constant, we put 
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Then we get 
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The possible solutions of Gl are jl(kr), nl(kr), hl

(1)(kr), hl
(1)(kr), or a linear combination of 

these functions.  
 

)(krAjG lIl     for r<r' (region I) 

 

)()1( krBhG lIIl    for r>r' (region II) 
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where A and B are constant. Note that If we use the positive sign for G(r, r'), we need to 

choose )()1( krhl ; 
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   (outgoing spherical wave) 

 
 
(i) The continuity of Gl at r = r' 
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(ii) The discontinuity of drdGl /  at r = r'. 
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We need to calculate the Wronskian 
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________________________________________________________________________ 
((Note)) We can calculate W by using Mathematica. 
 

WronskianSphericalBesselJl, x,

SphericalHankelH1l, x, x


x2  
________________________________________________________________________ 
Thus we get 
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In general, we have 
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This means that 
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________________________________________________________________________ 
APPENDIX 
 
Mathematica 
 
Bessel functions 
 

BesselJ[n,z]   for Jn(z) 
BesselI[n,z]   for In(z) 
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BesselK[n,z]   for Kn(z) 
BesselY[n,z]   for Nn(z) (or Yn(z)) 

 
Hankel functions 
 

HankelH1[n,z]   for Hn
(1)(z) 

HankelH2[n,z]   for Hn
(2)(z) 

 
Spherical Bessel functions 
 

SphericalBesselJ[n,z]  for jn(z) 
SphericalBesselI[n,z]  for in(z) 
SphericalBesselK[n.z]  for kn(z) 
SphericalBesselY[n,z]  for nn(z) 

 
Spherical Hankel functions 
 

SphericalHankelH1 [n,z] for hn
(1)(z) 

SphericalKankelH2[n,z] for hn
(2)(z) 

  


