Chapter 21 Green's function: Spherical Bessel function
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21.1 Free Particle Wave function
Free particle wave function y satisfies the Schrodinger equation

2
where m is the mass of particle, Ex (= ;l—kz) is the energy of the particle, and £ is the
m

wave number. This equation can be rewritten as
(VP +k)y =0.
This equation is solved in a formal way as

W =0, (r.0.0) = (r0p|kim)

1 L
27+ )00 (120.0) = Er9y, (,6,9)

(separation variables), where L is the angular momentum:

Pum(1,0,0) =R, ()Y, (0,9)
with

LY, (6.4) = 1> +1)Y,,(0.9)

Vector analysis 1 12/23/2010



Since p, = Elir (see Chapter 1), we have

iror
hl1o hlo 1 o2
prszé(r) =———r(C——nR,(n)= —n’ —— R, (r)]
iror iror r or
or
1 o2 1 5
_;y[”ka(V)]"‘r_zf(g +DR,, (r)=k"R,(r)
or
1 02 , 1
;y[rsz (M]+[k —r—zf (L+D]R,(r)=0.
with
21,2
Ly
2m
((Note))

In the limit of » —o0, we have

82
?[FRM(V)] + kz[rsz(r)] =0
Then we get

+ikr

R, = (outgoing and incoming spherical waves)
r

We put x =kr (dimensionless)

2 2
izgi:kg, iz:kg(kg):kza—z
or Or Ox ox or ox Ox ox

k2

k 2 62 X 2
——k"—E)+— LUl +D]R=k"R
[ . 6r2(k) = (C+1)]
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or

2
%%(xR) +[1- %E(ﬁ +1)]R =0 (Spherical Bessel equation).

or
1 1
C[XR™M2R']+[1 - — ((f +1)]R =0
X X
or
R 2R - Dyp g
X X
or

i(sz') +[x* = 0(L+1)]R=0.
dx

This is a Sturm-Liouville-type differential equation.
Here we suppose that

J(x)
R= ,
Jx
(042
d’J 1dJ 5
= [l-—2— ) =0.
dx x dx X

The solution of this differential equation is
J(x) =J (%), or J(x) =N, (x).

Then the solutions of R are obtained as the spherical Bessel functions defined by

="
]f(x)_\/;JHI/Z(x)a

and spherical Neumann function defined by
| 7
n(x) = 7=Ny (%)
2x
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Since the spherical Neumann function diverges at x =0, it cannot be chosen as a solution.

Finally we have
2k*
¢k£m(r’0’¢) = <7",9,¢ kalam> = 7][(kr)YZm(€’¢) ’

with

h2k?
2m

and

(k'l'm'|klm) = 5(k —k')S,,5,,-

21.2  Expression of the spherical Bessel function

For /=0 (s-state): m=0

0= 000 (1. 0.0) = %jo(krmo(e, 9

where

¥, (0.9) = \/g

sm(kr) B eikr _ efikr
ke 2ikr

1 eikr e—ikr
===
20 kr kr

Jo(kr)=

which is the superposition of outgoing wave and incoming wave.

((Note))
L.D. Landau and E.M. Lifshitz, Quantum mechanics (Non-relativistic Theory)
(Pergamon Press, Oxford, 1977).

1 &2

A2
X Ox

(xR)+[1 —%E(ﬁ +1)JR=0
X
(a) When /=0,

2

0
ax—z(XR)+XR =0
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= Jo(x)= \/71/2()5) \/;SIHX \/7$mx

(b) For /#0

d
E(xZR/ Y+[x* =4l +D]IR, =0

Substitution of R,(x) = x” in the limit of p—0 gives an equation for p:

(p=D(p+i+1)=0

Thus R,(x) has the following form.
R/(x)~ Ax' + Bx™"*)
In order for R,(x) to be finite, we must set B = 0. This gives

R/(x)~x' in the limit of x — 0

When we put
R, = XZZ[(X),
we have

() + 2L+ O (x) +xg,(x) = 0.
or

(f)

")+ ———2,"' )+ 1,(x) =0

If we differentiate this equation with respect to x, we obtain

() ()

27 00) + 2 () +[1 -1 (x)=0.

By the substitution

X ()= xx,,(x)
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we have

202+ 0)
X

X '(X)+ X )+ x,,(x)=0

which is in fact the equation satisfied by y,,,(x). Thus the successive function y,,,(x)is
related by

', (x)
Xin(X) = oA
X
or
R[Jrl l d R€
=)
X xdx x

Since R, ~ j,(x)

i) = (=)' (- S

((Mathematica)) 1
\
Clear["Global %"]; OP := (— Dl#, X] &];
X )
SIn[x :
fix , 71 1= (-x)7 Nest[OP, # 71
X -

Table[{n, F[x, n]}, {n, O, 5}] 7/ Simplify // TableForm

O Sin[X]
X
1 =X Cos[X]+Sin[X]
X2
3 x Cos[X]+ (—3+x2) Sin[x]
X3
X (-15+x2) Cos[X]+3
x4
5 X (—21+2 xz) Cos[X]+
X5
-X (9457105 x2+x4) Cos[x]+15 (63728 x2+x4) Sin[x]
6
X

2 -

5-2 xz) Sin[Xx]

105-45 x2+x4) Sin[Xx]
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21.3  Spherical Hankel functions
We define the spherical Hankel functions as

h"(x) = \/%Hgl(x) = j,(x)+in,(x)

hﬁuﬁigqﬁmzmm4mm

where the spherical Bessel function and spherical Neumann function are given by

= |
hu»J;@¢w
m@h&%&im=ew£§gim

1.0 -
i jn[x]
OSj n=
0.6
0.4:— \

L 2 3

0.2% \

0.0] ‘ o D .
B D
—02}

Fig. ja(x) withn=0,1,2,3,4,5, and 6.
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0.4

0.2+

0.0

-02F

—04l

Fig. ny(x)withn=0,1,2,3,4, and 5.

21.4 Rayleigh formulas

. 1d._,sinx
J(x) = (<1 (L Ly S
x dx X

n, (x) = (-1« (L Dy €8x

' x dx x
B () = i1y (L

’ xdx’ x
1P =iy Ly €

' xdx x

215 Asymptotic forms
The asymptotic values of the spherical Bessel functions and spherical Hankel
functions may be obtained from the Bessel asymptotic form.

. 1. Iz
Ji/(x) = —sin(x ——),
X 2

n,(x)= —lcos(x - l—ﬁ) s
) x 2
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ei(xflir /2)
h((l) (x) ~—i

(outgoing spherical wave)

—i(x=Ix/2)
2 . . . .
hP(x)mi——— (incoming spherical wave)
X

21.6  Plane wave expression
The wave function y can be described by

v (r0.0)=3 Y a,Y"0.6)j,(kr)

=0 m=-1

We consider the plane wave ", which is one of the solution of the Schrodinger
equation.

o 1
e = z ZClle]m(H,¢)jl(kI’)
1=0 m=—1

We choose the direction of k along the z direction.

k =(0,0,k), K-r=krcosé

We note that ¢ =™’ is independent of ¢. ¥"(6,4) is independent of ¢ only for m
=0.

21 +1

1"(0.4) = yy

B (cosO)
Then we get
&7 = 0 =3 ¢ P(B) (k)
1=0
where
¢, =i'(21+1)

((Proof))

J.eik’COS‘gB (cos@)sindd =Y c,j, (k’”)_[ P, (cosO)F (cosO)sin 6
s=0 0

0

Vector analysis 9 12/23/2010



or

2

"0 P (cos @) sin GdO = ki S =—
I 1(cos®) Zc*(”) +15 2 +1

0 s=0

¢.J,(kr)

Differentiate / times with respect to x = kr.

d' T s 2 d
— "’ P(cos@)sindd = ——c,— j,(x)
dxl~([ 21 + 1 d !
or
,[ . 2 d
[(icos0)' " (cos 0)sin 646 = ST )
0
Note that
2N N
~ for x«1.
7= o A
d'j,(x) _ 2')
dx' I+
When x =0,
' [+1 | 2
2 ¢ 2 (l) Icos 6P (cos@)sinGdO =i Ig P(¢)ds = EOn
2417 QI+ (21+1)1
or
¢, =i (21+1)
or

e = ghrest = Zil (21 +1)P(cos®) j,(kr) (Rayleigh's expansion)
=0

This formula is especially useful in scattering theory. For k&7>>1, we get
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e = Y '+ DB(K 1), (kr)
=0
- i sin(kr—l—ﬁ)
=Y 2+ DBk P2
1=0 kr
o . cos[kr—w]
=>'QI+1)B(K-P) 2
= kr
1 0 il ik (l+l)/r) —i(kr—w)
=—kz {e2 2+DP(K-P)e 2 4e 2
=0
zkr © —zkr Ee)
Z(2I+I)P( Z(zz+1)( ) P(k-P)
=2’7€ 5(k.¢ )—2”e 5(K,)
ikr
where
R-f:uzcose
kr

From Chapter 23, we have

(n|n')=8(n,n") = zzZHP(n-n').

21.7 Bessel-Fourier transform

eikrcosﬁ — 211(21 + l)Pl(e)][(kr)

=0

[P (cos@)sinaif = Y i* (25 +1)j,(kr) [ P.(O)P(cos O) sin 6
s=0 0

0

J' "’ P (cos 0)sin 6d0 = Z, (25+1)Jb(k”) 1 ;=21 j,(kr)

0 s=0

or
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. _ tkrcosH _ ikrx
],(kr)—z ! F(cos0)sin A0 = jl P (x)dx

This means that (apart from constant factor) the spherical Bessel function j,(kr) is the
Fourier transform of the Legendre polynomial Pi(x).

21.8 Green's function for the spherical Bessel function
We consider the Green's function given by

(V> +EHG(r,r)y=-5(r-r"),
The solution of the Green's function is given by

eik|r—r'|

Gr.r)= dr|r—r|
with the boundary condition
G(r,r') >0 forr — 0 and for » — oo.
where r is the variable and r' is fixed.
Within each region (region I (0<r<#') and region II (»'<r), we have the simpler equation

(V2 +E)G(r,r)=0

The solution of the Green's function is given by the form

Gt =YY 4, (r.r'.0 )Y (60.9).

1=0 m=—1

Then the differential equation of the Green's function is given by

5(r r)

2[1 )+ 0 =S, 107 0.0 =25 59 - 90510,

Note that

8,18, = [ A1 m[n)(n|1,m) = [[sin 6dady," (0.4)Y" (0.9)

where
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dQ =sinGdad¢.

Then
3 [aox @, A a0 LED
——[aar 0. ”5(¢ )5t~ 1)
or
1o . I+
D LT
——[aar 0. T o9~ 9)5(u-u)
or
L+ -1, =D a0y (0,950 410 )

=—5(”Z”')K’”*<e',¢') I dud g9~ )5 ~ 1)

Since Y,’”*(H',¢') is constant, we put
GI(V,I"') A,m(r,r,0 ¢)
Y (0.4
Then we get
1 0 [(I+1 o(r—r
o L
r o r r

The possible solutions of G; are ji(kr), ni(kr), b\ (kr), h{V(kr), or a linear combination of
these functions.

G,, = 4j,(kr) for <r' (region I)

G

L

= Bh,(l) (kr) for r>r' (region 1)
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where A4 and B are constant. Note that If we use the positive sign for G(r, '), we need to

choose 7" (kr);

. i(kr—Ir/2) ikr
b (kr) ~ —i———— ~
kr r

(outgoing spherical wave)

(1) The continuity of G;at r =7
Aj, (k') = Bh (kr")
or

A B B B
B krty (k')

(11) The discontinuity of dG,/dr atr=r".

ree I+ " S(r—r
j{ Gy =X )]G}d——j =) gy
or
d r've 1
[E (rG)l. =——
or
F+é 1
(G, +r—)| —
dG,”(k,r,r')| _dG,’(k,r,r')| 1
dl" r'+e dr r'-e r,z
or

KL " k) =, G ] ==

We need to calculate the Wronskian
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Jikr) -y (kr')
VACORACY)

i

k2r|2

((Note)) We can calculate /7 by using Mathematica.

Wronskian[ {SphericalBesselJ[Il, X],

SphericalHankelH1[l, X]}, X]
i

X2

Thus we get
C=ik

In general, we have

Gy = k> S ke (ke )T 0. )% (04

=0 m=-1

This means that

r.=r . ‘
' in the region I (r<r")
r=r
ro=r . ‘
in the region II (»'<r)
r.=r
We also get
ik|r—r'| o 1 ; .
PR O WL CA AT CED
- 1=0 m=—1I
APPENDIX

Mathematica
Bessel functions

BesselJ[n,z] for Ju(2)
Bessell[n,z] for I,(2)
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BesselK[n,z] for K(2)
BesselY[n,z] for Ny(z) (or Yy(2))

Hankel functions

HankelH1[n,z] for H,"(2)
HankelH2[n,z] for H,?(z)

Spherical Bessel functions

SphericalBesselJ[n,z] for ju(z)
SphericalBessell[n,z] for in(2)
SphericalBesselK[n.z] for ky(2)
SphericalBesselY[n,z] for ny(z)

Spherical Hankel functions

SphericalHankelH1 [n,z] for 1, (z)
SphericalKankelH2[n,z] for 7, ?(2)
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