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23.1 Formulation 
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èf

èq
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The closure relation 
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The  and  dependence of ml,n  is given by 

 

),()1(

),()](sin
sin

1

sin

1
[ˆ

2

2

2

2
22














m

l

m
l

Yll

YlmL







n
 (1) 

 

),(),(ˆ 

 m

l
m

lz mYY
i

lmL 


n  (2) 

 
Equation (2) shows that 
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We must require that the eigenfunction be single valued 
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which means that m = 0, ±1, ±2,    (integers). Equation (1) can be rewritten as 
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The orhogonality relation ',',,',' mmllmlml  leads to 
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To obtain the form ofY l

m(, ), we may start with m = l. 
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where Cl  is a normalization constant. 
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The result for m≥0 is 
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23.2 Dirac delta function 

The Dirac delta function can be described by 
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where we use the addition theorem (see Chapter 19) 
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In summary, the Dirac delta function is expressed by 
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This formula will be useful in the theory of scattering from a spherical potential. 
 
23.3 Associate Legendre function 
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where )(cosm

lP  is the associated Legendre function. 
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23.4 Parity 
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Here we suppose that 0,l  is the state with either even or odd parity  
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This implies that 0,ˆ lL  has also the same parity as the state 0,l . Repeating this 

procedure, we can find that the parity of the state ml,  is the same as that of the state 

0,l . The problem is reduced to the determination of the parity of the state 0,l . 
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23.5 Recurrence relation (Mathematica) 

For m = 0, 
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which can be written in the form 
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Pl(x) is the l-th order Legendre polynomial. It has l zeros in the interval -1≤x≤1. Note that 
Pl(1)=1. 
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Through the repeat action of ˆ L  , we construct  
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(recurrence relation) 

 
(ii) ˆ L   
 

Through the repeat action of ˆ L  , we construct  
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Here we use  
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((Mathematica)) 
Using recurrence relation for spherical harmonics,  we get  spherical harmonics

Clear"Global`";
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23.6 Useful formula (summary) 
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2. Orthogonality 
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where )(ˆ)(ˆˆ  yz RRR   is the rotation operator (see Chapter 27) 
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6. 
 

mlmlRRemlR zz ,,ˆˆ,ˆ en    

 



















l

lm

l
mm

l

lm

l

lm
z

RDml

mlRmlml

mlRmlmlmlmlR

'

)(
',

'

'

)ˆ(',

,ˆ',',

,ˆ',',,,ˆ

n

n

nen

 

 
or 
 








l

lm

l
mmmz RDml

l
ml

'

)(
',0, )ˆ(',

4

12
, ne 


. 

 
We also have 
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where we use the addition theorem 
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23.7 SphericalPlot3D of 
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(ii)  mln ,1  (m = -1, 0, 1) 
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l = 1, m = ±1 l = 1, m = 0 
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(ii)  mln ,2  (m = -2, -1, 0, 1, 2) 
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l = 2, m = ±2 l = 2, m = ±1 l = 2, m = 0 
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23.8 Spherical harmonics in the Cartesian coordinate 

Using the relation given by 
 

 cossinrx  ,   sinsinry  ,  cosrz  , 
 
the spherical harmonics can be expressed as follows, 
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23.9 Example-1 
((Sakurai 3-15)) The wave function of a particle subjected to a spherically symmetrical 
potential V(r) is given by  
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(a) Is )(r an eigenfunction of L2? If so, what is the l-value? If not, what are the 

possible values of l we may obtain when L2 is measured? 
(b) What are the probabilities for the particle to be found in various m states? 
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which is independent of m. 
 
23.9 Example-2 

A particle moving in a potential is described by the wave packet 
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What is the probability that a measurement of L2 and Lz yields the results 62 and, 
respectively? 
 
((Solution)) 
 
We note that 
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Thus the wave function can be rewritten as 
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The probability that a measurement of L2 and Lz yields the results 62 and, respectively 
(l = 2, m = 1) is 
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APPENDIX 
A.1 Mathematica 
 
1. Legendre polynomial:    LegendreP[n,x] 
 
2. Associated Ledendre polynomial:   LegendreP[n,m,x] 

Note that the associated Legendre polynomials are defined by 
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in the Mathematica. 
 
3. Spherical Harmonics:    SphericalHarmonicY[l,m,,] 
 
Note that the spherical harmonics is defined by 
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in the Mathematica. 
 
4. SphericalPlot3D[r, , ] 

to generates a 3D plot with a spherical radius r as a function of spherical 
coordinates  and . 

 
A.2 Addition theorem for spherical harmonics 
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We consider the two coordinate systems, xyz, and x'y'z'. The position vectors has angular 
coordinates , , and ' and ' in the two coordinate systems. 
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Under the rotation, an eigenket ml,  transforms into an eigenket ',ml , where the z' is 

the axis obtained by the rotation from the z axis, 
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Using the unitary property of the representation, 
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We consider in a particular point on the new z' axis,  
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The direction of z' axis in space is specified by its polar angle  and its azimuth  with 
respect to the unprimed system. 
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We finally obtain the additional theorem for spherical harmonics, 
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