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Friedrich Wilhelm Bessel (22 July 1784 — 17 March 1846) was a German
mathematician, astronomer, and systematizer of the Bessel functions (which were
discovered by Daniel Bernoulli). He was a contemporary of Carl Gauss, also a
mathematician and astronomer. The asteroid 1552 Bessel was named in his honour.

http://en.wikipedia.org/wiki/Friedrich Bessel

24.1 Bessel functions and Neuman functions
((Mathematica))

The four Bessel functions @, L@, K@, and Y@ are the best known and most
frequently used special functions. That is why we will devote a slightly longer section to
them and present a couple of applications. Following Mathematica’s naming convention,
they are written as follows.

Bessel functions
Bessell[n,z] for Ju(2)
BesselY[n,z] for Ny(2) (or Yn(2))



Modified Bessel functions

Bessell[n,z] for 1,(2)
BesselK[n,z] for Kn(2)

Hankel functions

HankelH1[n,z] for H,"(2)
HankelH2[n,z] for H,®(2)

Spherical Bessel functions

SphericalBesselJ[n,z] for ju(2)
SphericalBessell[n,z] for in(2)
SphericalBesselK[n.z] for kn(2)
SphericalBesselY[n,z] for ny(2)

Spherical Hankel function

SphericalHankelH1[n,z] for h,'"(z)
SphericalKankelH2[n,z] for h,?(2)

Hankel function

HO(x)=J,(x) +iN,,(X)
H® (x)=J,(0)—iN,(x)

Modified Bessel function

L00=e 2 3,0
K, (X) = %iV“Hsn(ix) = %iv*‘[Jv(ix) +iN, (ix)]

Spherical Bessel function

j|(X)=1/£J L(x) (s integer)
2X I+E
7

100= N,

h(x) = \/gHHJ”(x) = §i (0 +in(x)




h(x) = \/ZH V700 = (0 =iy (x)
2X I+E
k, (x) = —i'h®(ix)

i, () =i ji (ix)
24.2  Bessel functions of the second kind (Neuman function)

cos(vr)Jd, (X)—J_,(X)

N (X)=
/(%) sinvr

For v=n (integer),

L’Hospital’s rule:

9 o) 3, (0 — 3, ()]
N, (x) =lim N, () = lim 9V

dsinvr
dv
[-7sin(vr)d, (X) + cos(vr) dJ,(x) _d] -v(X)]

=lim dv

von T COSVIT

1.dJ dJ
—_-— v __ _1 n —y

T [ d v ( ) d v ]v:n

In order to verify that N (X) satisfies the Bessel’s equation for integral v, we may proceed

2
220,00+ 353,00+ V)L, (0 =0

Differentiating this with respect to v,

2
X2 d_ZM-F XiM-F (X2 _VZ)M = 2VJ+V(X)
dx dv dx dv dv -

Then

x* d—zzN A(X) + XiN () + (X =n*)N (x) = E[Jn(x) -(=D"J,(0)]=0
dx dx Vd

Thus Ny(X) is seen to be a solution of Bessel’s equation.

(b) Forv#n,



Jy(X) and J.,(X) are independent solutions.

or
Jy(x) and N,(x) are independent solutions.
For v=n,
Jn(X) and J.,(X) are dependent.
Jn(X) and N,(X) are independent solutions.
((Mathematica))
1.0y
; Bessell[n,x]
0.8}

0.6
04f
0.2
0.0

-02f

-04f

1.0r
Bessell[n,x]
0.8F
0.6+
041
0.2

0.0

-0.2+

—04}




1.0

BesselY[n,x]

10 -

Bessell[n,x]

24.3 Hankel function



Definitions
HP (0 =3, () +iN, (%)
H2 (%)= J,(x) —iN, (x)
where >0, v = integral and nonintegral values.

In the limit of X = 0,
H" (x) = iZinx+1+ iz(}/—an)‘f‘ ........
Vs T

D2y,

H00 = -
X
HP (x) = —iglnx+1— i£(7—1n2)+ ........
T T

HOo) =i 2y
T X

Since the Hankel functions are linear combinations of J, and N, they satisfy the same
recurrence relations.

H, (0 + Hv+l(x>=27VHv<x)

H,,()-H,,(x)=2H,'(X)

24.4 Integral representation of Bessel functions
The generating function is defined as

g(x,t) = exp| (t ——) ZJ (ot"
Here we substitute t = e’
IXSlnE’ Z\] (X)emH J (X)+Z\J (X)emB + Z\] (X)emH

Using the property of J_ (X)=(=1)"J,(x), we have



eiXsinH — JO(X)+ZJH(X)eIn9 +ZJ7H(X)efin9 ,
n=1 n=l1

or
eix sin @

= cos(Xsin @) + isin(xsin &)

= 3,00+ 3,00e™ + (=D, (e ™"
n=1 n=1
Then we have the Fourier series,

cos(xsinf) = J,(X) + 25: J,,(X)cos(2n8)

sin(xsin @) = Zi J,n,(X)sin[(2n - 1)0]

1 j cos(xsin @) cos(nG)dd = J_(X),
T

0

for n = even, and zero for n = odd.
w

1 j sin(xsin @)sin(n@)dé = J (X),
T

0

for n = odd and zero for n = even. Thus, if these two equations are added together,
J,(X)= lI{cos(x sin @) cos(nd) + sin(xsin &) sin(nH)}d &
2 0

or

J.(X) =ljcos(n9— Xsin 0)d@
T

0
forn=0,1,2,3,..... Whenn =0,

lﬂ' l 2r 1 27[_ .
J.(X)=— xsin8)d@ = — xsin@)dg = — | e**"’d@g
0(X) ”!cos( sin &) - !cos( sin &) 27[!



24.5  Contour integral representation
We derive the Schalaefli formula given by

J,(X)= L_J.e(xm("”t) %dt (Schlaefli integral)
2 t

using the generating function of the Bessel function.

For v=n,
exp| (t —-) ZJ (x)t"
For a complex variable z, we have the same result,

eXp[g(z —%)] = iJn(x)z” =t 1) + .+ 3, (X)2" ...

r}+1 exp[l(z _l)] =..+t J n(+)l() +...+J (X) + .
z 2 7z 7

Then we apply the Cauchy theorem.

§ anH eXp[g(Z - %)]dz = 27iRes[z = 0] = 27 _(X)

or

3,00 =5 f—rexl] (2 e

r

where I' is a circle (counter-clock wise) around z = 0.



Im(z)

O

» Re(z)

For z=¢",

2z
J,(X) = ﬁ j e "% exp[%(eig —e™)]do
0

27
= L [expli(xsin0-n6))do
27

a

=ljcos(n9—XSin9)d9
7[0

Suppose that vis not an integer. We can show that

1 1 X 1
fL00 =] rexpl (2= )dz

satisfies the Bessel’s differential equation, where, except for avoiding the origin, we take
an arbitrary integration path for the moment.



Path of the integral

XE () + xE,' () + (¢ = v T (X)

1 ¢ 1 X 1.,.X 1, X .,
=— | ——exp[=(z- ][~ (Z——)  +=(z——)+ x> —v*]dz
24177 P[2( Z)][4( z) 2( z) ]

Z

the resulting integrand is a perfect differential, such that

X2 () + xF () + (X2 = v L (X)
1

1
=—AF [z,x]=—F,[z,X]]}
27 2] 27 [2.X1,

where
FI2.X] = explX (2 - DI (2 4 1) 4 )]
Z 2 z7 2 Z

2
SR X= el @ - I -1+ 2Dy e -]

v+l

where A indicates the difference between values at the endpoints (zo, ;) of integration.

(a) When v —n is an integer, F [z,X]is a single-valued and the right-hand side
vanishes for any closed path (including the contour /" (a circle around the olrigin).

Paths which do not enclose the origin, though , degenerate to the trivial solution

f,(x) —0). Hence f, (x)is a solution to Bessel’s equation under those conditions.

(b) When vis not an integral, we require a branch cut to interpret the integrated term.
It is customary to cut the z-plane below the negative real axis. We also need to
choose a contour for which F [z,X] has the same value at both ends for any X

within a usefully large domain.



The integrand is not a single-valued function. There is a cut-line between z = 0 and

7= Ooeiizr .
Im(z)
A
C
oo e
<< 0
® » Re(z)
>
0o e—iﬂ
Fig.  Contour for J,(x).
For z —> cwe*” F[z,x]= iyexp[%](% 1) >0 for x>0
z

We now deform the above contour so that it approaches the origin along the positive real
axis.

For z 0", F 2,5 = —exp(—91 +v) >0, for x>0
Al 2277212

Thus the two contours shown in the Fig. provide integral representation of the two
independent solutions to the Bessel's differential equation; Hankel functions, Hv(l)(x)

and H,"”(x)



Lm(z)

(@]

oo e

» Re(z)

—in

Fig. Contours C, for H,"(x) and C, for H ®(x)

1 1 X 1
H,"(0) == | rexpl5(z - 2)ldz
M0 =— Iz“l exp[2 (2]

C

1 1 X 1
HV(Z)(X) - I v+l eXp[—(Z __)]dz
V1 a4 2 7

C,

where the contour C; and C, are not closed.

or
171 X 1
H,700=— J Srexpl~(z——)]dz
m 5z 2 Z
1 o 1 X 1
H200=— [ —rexpl5(z- )z
4 weiT yA 2 Z
Noting that

HP(x)=J,(x) +iN,(X),

H®(x)=3,(0)~iN,(x).



we have

3,00=3TH," 00+ H.% (01,
and

N, 09 = [H," 00~ H,” ().

24.6  Hankel’s definite integral for Jo(X)

/2
Jo(x):l jcos(XSine)de

-r/2

t=siné, dt =cos@ =+/1-t>d@
or

dt
1-t2

dé =

|9|s%—>|t|31

Then we have

cos(Xt) cos(xt)
0= [P 2 =

24.7 Hankel’s contour integral
We now consider the function

ﬂ

where t is complex variable and x>0

2 |xt]

Xy"+y'+xy =[-1v1-t

If we put a==1, b=i#n and 77 —> o, y satisfies



Xy"+y'+xy =0

More generally, a=+1, b=Re” (R > ),

iXR(cos S+isin B) ixR cos f—xRsin )

e =€
When sin >0, o0r, 0< <, it follows that
Xy"+y'+xy =0,

y is the solution of Bessel differential equation.

rEOF

Path (t = %1 to infinity in the upper half of the t-plane)

|xt |xt I+io0
e N L ey
or
We define

7, (X) = I\/_t

1+io ixt

~JHY = |

|xt
V1-t*



—%Héz)(x) = _lw — dt
or

3,00 =3 THI (0 + H? (0]
From the path BD

t=1+in, dt =idn (7 is real)

JI-€ = 1-(+in) =\1-(+2in 1) :\/Ee‘”/4,/77+%i772

72_ 0
-SHP 0=
0

idn

\/Ee_'”/4\/77+ ;inz

or

Putting U = X7 (we assume X>0)

2 1/2 (x )oc
4Oy :( J | 1
0 (0 X 7r -([

In the same kind of way we find that

Hé”(x)=(%} = e fa——)‘“d

When x>0, H{"(x) and H{®(x) are a conjugate pair of complex numbers. Jo(X) is the

(1+ )’”Zdu

real part of either.



Hg" () = 35(X) +iNy(X)

H? () = J,(x) —iNy(x)

24.8 Use of the contour C=ABDEA

|xt 1 |><t I+i0 ixt 0 ixt
0= [
§¢1 t2 :[\/1 t2 V-t !0 1-t2

Along the path AE, we put

t=in, dt=id7@

V-t =1+

From the definition,

23,00+ j'sm(Xt)dt——H<”(x)+T

e
w1+ 7

idnp=0

Putting

Hg” (X) = 3,(X) +iNy (%)

7T Toe sin(xt)
TN, (x) = - dn+ dt
2" £¢1+772 7 I\/l t?



We may also write, with

u

n =sinhu, t=siné, v=e
/2

—N (0 = je xsinh Uy 4 jsm(xmne)de

or

0 X 1 /2
%NO(X):—IG 2y AV —+ Ism(xmné’)d@

t
((Note)) v L e' —e" =2sinhu
Vv

249 Use of the contour DBCD

ixt 1 |xt

Ozix/l—tz lgf.w\/l—tz I«/1—t2

or

Now along the path BC



VI-t? =—iyt* —1

ixt

2i7 e
H" (x) = -~
(%) ”j o
or
0 el)(t
H00 =2 [ —

73 - 1
In the definition given by

0

H o 2| eIXt
0 (X) = _?J‘ \/tZ—— dt

1

we put

t =coshs =%(€‘S +e7%),

1
VP —1==(e’-¢7),
2( )

dt = Te‘“‘“hsds :
0

Then we have

Hél)(x) — _gj.echoshsds )
ﬂ- 0

24.10 Asymptotic expansion
We start our discussion from

Weyo |21 ot
o

f(x)= .[\/_(1+—)‘”2du.

2
T

T cos(xt) +isin(xt) dt
1

t* -1

ICOS(Xt)dt _J-

1 _

1
dt =—(e* —e*)ds,
2( )

(1+ )‘”2du

T sin(xt) dt =

e

Jo(X)+iIN,(X)



When X—o0, we have

DOe,

f(oo):J.\/audu =2Te*y2dy=\/2

Therefore we get

. 1
1(X——1)
HO () — 1/ie 4
7tX

Similarly,

2 it
HY?)=H ) -, —e
7iX

Since

35(x) =§[Hé”<x>+ HE (0]

1
Ny (X) =E[Hé”(x) —Hg” (0]
then we have the asymptotic forms

Jo(X) > icos(x —lﬂ)
7X 4

No(X) = isin(X—lﬂ)
7X 4

for X > 0.

for X > 0.
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Fig.  Plot of Jo(X) and its asymptotic form.

APPENDIX
Mathematica

Bessel functions

BesselJ[n,z]
Bessell[n,z]
BesselK[n,z]
BesselY[n,z]

Hankel functions

HankelH1[n,z]
HankelH2[n,z]

Spherical Bessel functions
SphericalBesselJ[n,z]
SphericalBessell[n,z]
SphericalBesselK[n.z]
SphericalBesselY[n,z]

Spherical Hankel functions

SphericalHankelH1[n,z]
SphericalKankelH2[n,z]

for Jn(2)
for 1,(2)
for K,(2)
for Ny(2) (or Yi(2))

for H,"(2)
for H,®(2)

for ju(2)
for in(2)
for kn(2)
for n,(2)

for h,"(2)
for h,”(z)




