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Friedrich Wilhelm Bessel (22 July 1784 – 17 March 1846) was a German 
mathematician, astronomer, and systematizer of the Bessel functions (which were 
discovered by Daniel Bernoulli). He was a contemporary of Carl Gauss, also a 
mathematician and astronomer. The asteroid 1552 Bessel was named in his honour. 
 

 
 
http://en.wikipedia.org/wiki/Friedrich_Bessel 
 
________________________________________________________________________ 
24.1 Bessel functions and Neuman functions 
((Mathematica)) 

The four Bessel functions Jnz , Inz , Knz , and Ynz  are the best known and most 
frequently used special functions. That is why we will devote a slightly longer section to 
them and present a couple of applications. Following Mathematica’s naming convention, 
they are written as follows. 
 
Bessel functions 

BesselJ[n,z]   for Jn(z) 
BesselY[n,z]   for Nn(z) (or Yn(z)) 

 



Modified Bessel functions 
 

BesselI[n,z]   for In(z) 
BesselK[n,z]   for Kn(z) 

 
Hankel functions 
 

HankelH1[n,z]   for Hn
(1)(z) 

HankelH2[n,z]   for Hn
(2)(z) 

 
Spherical Bessel functions 
 

SphericalBesselJ[n,z]  for jn(z) 
SphericalBesselI[n,z]  for in(z) 
SphericalBesselK[n.z]  for kn(z) 
SphericalBesselY[n,z]  for nn(z) 

 
Spherical Hankel function 
 

SphericalHankelH1[n,z] for hn
(1)(z) 

SphericalKankelH2[n,z] for hn
(2)(z) 

 
 
Hankel function 
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Modified Bessel function 
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Spherical Bessel function 
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24.2 Bessel functions of the second kind (Neuman function) 
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For  = n (integer), 
 
L’Hospital’s rule: 
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In order to verify that N(x) satisfies the Bessel’s equation for integral , we may proceed 
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Differentiating this with respect to , 
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Then 
 

0)]()1()([
2

)()()()( 22
2

2
2   xJxJ

n
xNnxxN

dx

d
xxN

dx

d
x n

n
nnnn 

 

 
Thus Nn(x) is seen to be a solution of Bessel’s equation. 
 
(b) For n , 



 
J(x) and J-(x) are independent solutions. 

 
or 
 

J(x) and N(x) are independent solutions. 
 
For n , 
 

Jn(x) and J-n(x) are dependent. 
 

Jn(x) and Nn(x) are independent solutions. 
 
((Mathematica)) 
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24.3 Hankel function 
 



Definitions 
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where >0,  = integral and nonintegral values. 
 
In the limit of x ≈ 0, 
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Since the Hankel functions are linear combinations of J and N, they satisfy the same 
recurrence relations. 
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24.4 Integral representation of Bessel functions 

The generating function is defined as 
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Here we substitute iet   
 















1

1
0

sin )()()()(
n

in
n

n

in
n

n

in
n

ix exJexJxJexJe   

 
Using the property of )()1()( xJxJ n
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Then we have the Fourier series, 
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for n = even, and zero for n = odd. 
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for n = odd and zero for n = even. Thus, if these two equations are added together, 
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for n = 0, 1, 2, 3,….. When n = 0, 
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24.5  Contour integral representation 
We derive the Schalaefli formula given by 
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using the generating function of the Bessel function. 
 
For  = n,  
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For a complex variable z, we have the same result, 
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Then we apply the Cauchy theorem.  
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where   is a circle (counter-clock wise) around z = 0.  
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_______________________________________________________________________ 

Suppose that  is not an integer. We can show that 
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satisfies the Bessel’s differential equation, where, except for avoiding the origin, we take 
an arbitrary integration path for the moment.  
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the resulting integrand is a perfect differential, such that 
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where  indicates the difference between values at the endpoints (z0, z1) of integration. 
 
(a) When n  is an integer, ],[ xzFn is a single-valued and the right-hand side 

vanishes for any closed path (including the contour  (a circle around the olrigin). 
Paths which do not enclose the origin, though , degenerate to the trivial solution 

)(xf →0). Hence )(xf is a solution to Bessel’s equation under those conditions.  

 
(b) When  is not an integral, we require a branch cut to interpret the integrated term. 

It is customary to cut the z-plane below the negative real axis. We also need to 
choose a contour for which ],[ xzF  has the same value at both ends for any x 

within a usefully large domain.  



 
The integrand is not a single-valued function. There is a cut-line between z = 0 and 

iez  .  
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Fig. Contour for Jn(x). 
 
 

For iez    0)
2

](
2

exp[
1

],[  
xzxz

z
xzF   for x>0 

 
We now deform the above contour so that it approaches the origin along the positive real 
axis. 
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Thus the two contours shown in the Fig. provide integral representation of the two 

independent solutions to the Bessel's differential equation; Hankel functions, )()1( xH  

and )()2( xH   
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Fig. Contours C1 for )()1( xH  and C2 for )()2( xH  
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where the contour C1 and C2 are not closed. 
or 
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Noting that 
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24.6 Hankel’s definite integral for J0(x) 
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24.7 Hankel’s contour integral 

We now consider the function 
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where t is complex variable and x>0 
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If we put 1a , ib   and  , y satisfies 
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y is the solution of Bessel differential equation. 
 
 

 
 
Path ( 1t  to infinity in the upper half of the t-plane) 
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From the path BD 
 

it 1 , iddt   ( is real) 
 

24/222

2

1
2)21(1)1(11   ieiit i    

 











0 24/

)1(
0

2

1
2

)(
2










id

ie

ee
xH

i

xix

 

 
or 
 


 




0 2

)
4

1
(

)1(
0

2

1

2
)( 





d

i

e
exH

xxi
 

 
Putting xu   (we assume x>0) 
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In the same kind of way we find that 
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When x>0, )()1(

0 xH  and )()2(
0 xH  are a conjugate pair of complex numbers. J0(x) is the 

real part of either. 
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24.8 Use of the contour C=ABDEA 
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24.9 Use of the contour DBCD 
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Now along the path BC 
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24.10 Asymptotic expansion 

We start our discussion from 
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When x→∞, we have 
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then we have the asymptotic forms 
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Fig. Plot of J0(x) and its asymptotic form. 
 
 
_______________________________________________________________________ 
APPENDIX 
Mathematica 
 
Bessel functions 
 

BesselJ[n,z]   for Jn(z) 
BesselI[n,z]   for In(z) 
BesselK[n,z]   for Kn(z) 
BesselY[n,z]   for Nn(z) (or Yn(z)) 

 
Hankel functions 
 

HankelH1[n,z]   for Hn
(1)(z) 

HankelH2[n,z]   for Hn
(2)(z) 

 
Spherical Bessel functions 
 

SphericalBesselJ[n,z]  for jn(z) 
SphericalBesselI[n,z]  for in(z) 
SphericalBesselK[n.z]  for kn(z) 
SphericalBesselY[n,z]  for nn(z) 

 
Spherical Hankel functions 
 

SphericalHankelH1[n,z] for hn
(1)(z) 

SphericalKankelH2[n,z] for hn
(2)(z) 

___________________________________________________________________ 


