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25.1 Definition of the translation operator 

Here we discuss the transportation operator 
 

)(ˆ aT : translation operator (unitary operator) 
 

 )(ˆ' aT  

 
or 
 

)(ˆ'' aT   . 

 
(i) Analogy from classical mechanics for x 

The average value of x̂  in the new state '  is equal to the average value of x̂  in the 

new state   plus the x-displacement a. 

 
 axx  ˆ'ˆ'  

 
 
or 
 

 axaTxaT  ˆ)(ˆˆ)(ˆ  

 
or 
 

1̂ˆ)(ˆˆ)(ˆ axaTxaT  , (1) 
 
Normalization condition: 
 

   )(ˆ)(ˆ'' aTaT  

 
or 
 

1)(ˆ)(ˆ 
 aTaT  (2) 

 
((Unitary operator)) 
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From Eqs.(1) and (2), we have 
 

)(ˆˆ)(ˆ)ˆ)((ˆ)(ˆˆ aTaxaTaxaTaTx   
 
((Commutation relation)) 
 

)(ˆ)](ˆ,ˆ[ aTaaTx  , 
 

xaTaxxaTaxxaTxaTx )(ˆ)()(ˆˆ)(ˆ)(ˆˆ  . 

 

Thus xaT )(ˆ  is the eigenket of x̂  with the eigenvalue (x+a). 

 
or 
 

axxaT )(ˆ  

 

xaxaTxaTaT   )(ˆ)(ˆ)(ˆ  

 
When x is replaced by x-a 
 

xaTax )(ˆ   

 
or 
 

)(ˆ aTxax  . 

 
Note that  
 

)()(ˆ' axaxaTxx   . 

 
(ii) Analogy from the classical mechanics for p 

The average value of p̂  in the new state '  is equal to the average value of p̂  in 

the new state  . 

 
 pp ˆ'ˆ'  , 

 
or 
 

 paTpaT ˆ)(ˆˆ)(ˆ   
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paTpaT ˆ)(ˆˆ)(ˆ   
 
So we have the commutation relation 
 

0]ˆ),(ˆ[ paT . 
 
From the above commutation relation, we have 
 

paTpppaTpaTp )(ˆˆ)(ˆ)(ˆˆ  . 

 

Thus paT )(ˆ  is the eigenket of p̂  associated with the eigenvalue p. 

 
25.2 Infinitesimal translation operator 

We now define the infinitesimal translation operator by 
 

dxG
i

dxT ˆ1̂)(ˆ


  

 

where Ĝ  is called a generator of translation. The dimension of Ĝ  is that of the linear 
momentum. 

The operator )(ˆ dxT  satisfies the relations: 
 

1̂)(ˆ)(ˆ  dxTdxT , (1) 
 

dxxdxTxdxT  ˆ)(ˆˆ)(ˆ ,  
 
or 
 

)(ˆˆ)(ˆ)(ˆˆ dxTdxxdxTdxTx  , (2) 
 
and 
 

0]ˆ),(ˆ[ pdxT , (3) 
 
Using the relation (1), we get 
 

1̂)ˆ1̂()ˆ1̂(   dxG
i

dxG
i


,  

 
or 
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1̂])[()ˆˆ(1̂)ˆ1̂)(ˆ1̂( 2   dxOdxGG
i

dxG
i

dxG
i


, 

 
or 
 

GG ˆˆ  . 
 

The operator Ĝ  is a Hermitian operator. Using the relation (2), we get 
 

2)(1̂)ˆ1̂(ˆ)ˆ1()ˆ1(ˆ dxOdxdxG
i

dxxdxG
i

dxG
i

x 







 

 
or 
 

1̂]ˆ,ˆ[ dxdxGx
i




 

 
or 
 

1̂]ˆ,[ 


iGx  . 
 
Using the relation (3), we get 
 

0]ˆ,ˆ1̂[  pdxG
i


 

 
Then we have 
 

0]ˆ,ˆ[ pG  
 
From these two commutation relations, we conclude that  
 

pG ˆˆ  . 
 
and 
 

dxp
i

dxT ˆ1̂)(ˆ


  

 
We see that the position operator and the momentum operator p̂  obeys the commutation 
relation 
 

1]ˆ,[




ipx  . 
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which leads to the Heisenberg’s principle of uncertainty. 
 
25.3 Momentum operator p̂ in the position basis. 
 








)'('''''

'''''')()(

xxxdxxxxdx

xxxdxxxdxxTxT






= 

 
We apply the Taylor expansion: 
 

)'(
'

)'()'( x
x

xxxx 

   

 
Substitution: 
 

















)ˆ1̂(

'
'

''

]'
'

'[''

)]'(
'

)'([''

)'('')(

xp
i

x
x

xdxx

x
x

xxxdx

x
x

xxxdx

xxxdxxT























 

 
Thus we have 
 

 

 '

'
''ˆ x

x
xdx

i
p


 

 













x
xi

x
x

xxdx
i

x
x

xxdx
i

px

















'
'

)'('

'
'

''ˆ

 

 
We obtain a very important formula 
 



 x
xi

px


ˆ  
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x
xi

xdx
i

x
xi

xdx

px
i

xdxp



















*

ˆˆ

 

 
These results suggest that in position space the momentum operator takes the form 
 

xi
p







ˆ . 

 
25.4 The finite translation operator 

What is the operator )(ˆ aT  corresponding to a finite translation a? We find it by the 
following procedure. We divide the interval into N parts of size dx = a/N. As N→∞, a/N 
becomes infinitesimal. 
 

)(1)(
N

a
p

i
dxT






 . 

 
Since a translation by a equals N translations by a/N, we have 
 

)ˆexp()](ˆ1̂[)(ˆ ap
i

N

a
p

i
LimaT N

N 



 

 

x
0 aDx=aN  

 
Here we use the formula 
 

e
N

N

N



)

1
1(lim , 1)

1
1(lim 


 e

N
N

N
 

 

axaxN

N

axax

N

N
ee

N

ax

N

ax 


 )()1(lim])1[(lim 1  

 
In summary, we have 
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)ˆexp()(ˆ ap
i

aT


 . 

 
25.5 Discussion 

It is interesting to calculate 
 

ap
i

ap
i

exeaTxaT
ˆˆ

ˆ)(ˆˆ)(ˆ 
   

 
by using the Baker-Hausdorff theorem: 
 

...]]]ˆ,ˆ[,ˆ[,ˆ[
!3

]]ˆ,ˆ[,ˆ[
!2

]ˆ,ˆ[
!1

ˆ)ˆexp(ˆ)ˆexp(
32

 BAAA
x

BAA
x

BA
x

BxABxA  

 
When x = 1, we have 
 

...]]]ˆ,ˆ[,ˆ[,ˆ[
!3

1
]]ˆ,ˆ[,ˆ[

!2

1
]ˆ,ˆ[

!1

1ˆ)ˆexp(ˆ)ˆexp(  BAAABAABABABA  

 
Then we have 
 

1̂ˆˆ]ˆ,ˆ[ˆ]ˆ,ˆ[ˆˆ)(ˆˆ)(ˆ ˆˆ
ax

i
a

i
xxpa

i
xxap

i
xexeaTxaT

ap
i

ap
i


 


 . 

 
So we confirmed that the relation  
 

1̂ˆ)(ˆˆ)(ˆ axaTxaT  , 
 
holds for any finite translation operator. 
 
25.6 Invariance of Hamiltonian under the translation 

Now we consider the condition for the invariance of Hamiltonian Ĥ  under the 
translation. 
 

The average value of Ĥ  in the new state '  is equal to the average value of Ĥ  in the 

new state  . 

 

 HH ˆ'ˆ'  , 

 
or 
 

HdxTHdxT ˆ)(ˆˆ)(ˆ  ,  or HdxTdxTH ˆ)(ˆ)(ˆˆ  , 
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or 
 

Hdxp
i

dxp
i

H ˆ)ˆ1̂()ˆ1̂(ˆ


  

 
Then we have 
 

0]ˆ,ˆ[ pH . 
 


