Chapter 27
Rotation operator and angular momentum
Masatsugu Suzuki
Department of Physics, SUNY at Binghamton
(Date: November 22, 2010)

Eugene Paul "E. P." Wigner (Hungarian Wigner Jené Pal; November 17, 1902 —
January 1, 1995) was a Hungarian American physicist and mathematician. He received a
share of the Nobel Prize in Physics in 1963 "for his contributions to the theory of the
atomic nucleus and the elementary particles, particularly through the discovery and
application of fundamental symmetry principles"; the other half of the award was shared
between Maria Goeppert-Mayer and J. Hans D. Jensen. Some contemporaries referred to
Wigner as the Silent Genius and some even considered him the intellectual equal to
Albert Einstein, though without his prominence. Wigner is important for having laid the
foundation for the theory of symmetries in quantum mechanics as well as for his research
into the structure of the atomic nucleus, and for his several mathematical theorems. It was
Eugene Wigner who first identified Xe-135 "poisoning" in nuclear reactors, and for this
reason it is sometimes referred to as Wigner poisoning.

http://en.wikipedia.org/wiki/Eugene Wigner

27.1 Overview of 2D rotation around a fixed axis
((Classical mechanics)) See Chapter 1S for the discussion of the rotation.



R, () is geometrical rotation characterized by the axis of rotation (U) and the angle of

rotation (av).
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We define r and r' as

r'=(x'%")=x'e +X'e, = Xxe'"+x.e,'

and
r=(X,X,) = Xe, + X.e,
e -(X'e +X,'e)=¢ -(Xe'+Xe,")
e, (X'e +X,'e;) =e,-(Xe'+Xe,")
or

X,'=e, -(Xe,'"+X,e,") = X cosg—X,sing

X,'= e, (Xe, '+X,e,") = X sing+ X, cos¢g
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or
X'") (cosg —sing| X
X,' “sing  cosg X,
((Note))
Rotation around the z axis in the complex plane
X'+iy'= € (X +iy) = (cos@ + isin #)(X +iy) = Xcos¢@ — ysin g + i(Xsin @ + y cos @)
LX‘J [cos ¢ —sin ¢J (XJ
y) \sing cosg/\y

Morer generally, since X,' = X;, we have

X, cosg —sing 0} X
r'=|X'|=|sing cos¢g O] X, [=R,(Hr
X' 0 0 LA X
where
cos¢p —sing O
R,(P)=|sing cosg O0]=
0 0 1

27.2 Rotation matrix

3 3 3
— ' ' — 1
r_ijej, =2 x'e; =2 Xe,
= j j

r'=R,(Hr =R, (AQ_xe) =2 xR, (Pe; =D xe;'
j=l i=t i=1

where
mz(¢)ej = ej'

Thus we have



3 3
(Z:Xjej')-ei :(ij'ej)-ei
j=1 j=1

or
3 3 3
1 — " 1 J—
ZXJ §J' =X _z(ei € )XJ _zmuxj
i=t i=t i=t
where
_ 1
and
R, =e -e'=cosg, N,=e -e,'=-sing, R,=e -¢e'=
R, =e,-e'=sing, RN, =e,-e,'=cosg, R, =e,-e'=
— " — | _ '
R, =e;-¢'=0, Ry, =e;-e,'=0, Ry, =e;-e,'=
! )
Xl J{11 9%12 9{13 Xl
— N - S S
r'= X' [=| R, Ry, Ryl X
' )
X3 ER31 J{32 SRB X3
where

cos¢p —sing O
R,(p)=|sing cosg O
0 0 1

(1) Rotation around the z axis, where ¢ (= &) is infinitesimally small.

l-— -¢ 0

cos¢g —sing 0 2 )
R,(p)=|sing cosg¢ O0|=| ¢ 1—% 0
0 0 1 0 0 1

?2) Rotation around the X axis



y') (cosg —sing\y
7' sing cosg Nz

or

1 0 0
R (P)=|0 cosg —sing|=
0 sing cos¢

2) Rotation around the y axis

z') (cos¢ —sing)z
X)) sing cosg ) X

or

cosg 0 sing
R(@=| O I 0 |=
—sing 0 cos¢

We have the relation to the order of &

R, ()R, () R, ()%, (¢) =

ﬂ{y(g)mz(g) - mz(g)iﬂy(g) =

R, ()R, (&) =R (R, () =

where | is the unit matrix of 3 x 3.

1 0 0
2
0 1-2  _¢
2
2
0 & 1-Z
2
82
1-— 0 &
2
0 1 0
2
—e 0 1-Z2
2
0 —-& 0
g 0 0=R,(e)-1I
0 0 0
0 0 0
0 0 —-& |=R(e)-1I
0 & 0
0 0 &
2
0 0 0[=R,()-1I
-2 0 0



27.3 Mathematica

((Mathematica)) "

Rz = {{1-%, _e, o}, {e, 1- % 0}, {0, 0, 1}};
e2 e2

R = {11, 0, 03, {o, 1-—, -e}. {0, e, 1- ?}};

Ry = {{1-%2, 0, e}, {0, 1, 0}, {-¢, 0, 1- é}};

Rx.Ry -Ry.Rx // Expand // MatrixForm

0 —62é
2
3

e2 0 <
2

3 3

e 9

2 2

Ry.Rz -Rz.Ry // Expand // MatrixForm

e 3

w

0
2
3
€ 0 -g?
2
o~

e2 0

Rz.Rx -Rx.Rz // Expand // MatrixForm

3
0 & &2
2
S 5 &
2 2
3
2 € 0
2

27.4 Rotation operator in Quantum mechanics
After the geometrical rotation;



r — Rr =r' (geometrical rotation)

we assume that the state vector changes from the old state |z//> to the new state |1//'> .

y)=R

V),
or
wl=Rr"
where R is a rotation operator in the quantum mechanics. It is natural to assume that
WlEly ) = (wfly) = (v [REly),
or
(Rl = (w [Rély),
or
R'FR = RF. (1)

The rotation operator is a unitary operator.

Wlv')=(wlw).
or

R'R=RR' =1 (Unitary operator)
From Eq. (1),

R = RRF .
Here we calculate

R r> = IQSRf'|r> = IQERr|r> = ﬂ%r§|r>

RIr) is the eigenket of r with the eigenvalue Rr . So that we can write



When

or

_ -l
r=Rr,

Fi“.}{‘lr0> = |r0>

or
[%7r,) = Rr, ).
Forany r,
|%7'r) = R[r)
RR'|r)=R%'r) = [RR'r) = |r)
In summary

1. R'R=RR" =1

2. IQ|r> = |5Rr>

27.5 Theorem



o’ M

R, (de) : infinitesimal rotation around the U axis.
OM'=R,(«)OM =OM + da(uxOM)

luxOM |=OM sin@ =0'M

MM'=0'Mda =OM sin@da

The direction of MM coincides with that of uxOM .

R, (da)OM =OM'=0OM + MM = OM + der(ux OM)

((Theorem))

Every finite rotation can be decomposed into an infinite number of infinitesimal
rotations.

R, (@ +da) =R, (@)%, (da) =R, ([da)R, (@) (1)
Note the following relation which will be useful.

R, (-da" )R, ()R, (da")R,(-da) =R, (dada’) (2)

®,'(da)=%_,(da) 3)
The proof of Egs. (1) and (2) can be given using Mathematica.

27.6  Proof by Mathematica
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((Mathematica))

How can we define the rotation operator in the Mathematica?

(1) We need a package called "Calculus' VectorAnalysis™"
Needs["Calculus' VectorAnalysis™"]

(2) We use the Cartesian coordinate.
SetCoordinates[Cartesian[X,y,z]]

(3) Definition of the vectors, ey, €y, €,, and r

(4) Definition of the geometrical rotation operator R, («)
R[u ,a ]:=#+a CrossProduct[u,#]&

(5) Rotation:

Rlu,][r]

((Mathematica))
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Geometrical rotation

Clear["Global %"];

Needs["'VectorAnalysis "];

SetCoordinates[Cartesian([X, YV, z]1];

ex={1,0,0};ey={0,1,0};ez={0,0, 1};r={X,Yy, Z};
Definition of geometrical rotation

R[u , 6 ] -= #+ 6 CrossProduct[u, #] &;

R[ez, da] [r]

{(X-day, dax+y, z}

Theorem 1
R[ez,da1]R[ez,da2]=R[ez,da2|R[ez,da1]=R[ez,da1+da?2]
where R is a geometrical rotation

da1 and da?2 are infinitesimal rotation angles

rl=R[ez, dal][R[ez, da2][r]] // Simplify
(X-doldo2x - (dal +do2) y, do2x +y +dal (Xx-do2y), z}
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r2 =R[ez, da2] [R[ez, dal][r]] // Simplify
(X -daldo2x - (dol +da2) y, do2x+y +doal (x-do2y), z}

r3 =R[ez, dal +da2][r] // Simplify
{X- (dol +da2) y, (dal+do2) x+y, z}

r3-rl// Simplify
{dal da2 x, dal do2y, 0}

r3-r2// Simplify
{dal da2 x, dal do2y, O}

Theorem 2
R[ey,-da2]R[ex,da1]R[ey,da2]|R[ex,-da1]=R[ez,da1 da2]

sl =R[ex, -dal][r];
(X, y+dalz, -doaly+z}

s2 = R[ey, da2][s1] // Simplify;
{(X+da2 (-daly+2z), y+doalz, -da2x-daly + 2z}

13



s3 = R[ex, dal] [s2] // Simplify;

{x+do2 (-doly+2z), dol do2x +y+dal?y, —do2 x +z + dol? z}

s4 = R[ey, -da2][s3] // Simplify;

{(1+do<22) x-dolda2 (y+dalz), doldo2 x +y +dal?y, —~dalda2?y +z + dal? z + do2? z}
s5 =R[ez, dalda2][r] // Simplify

{(x-daldo2y, daldo2 x+y, z}

s5-s4 // Simplify

{doc2 (—doc2 X + da1? Z) , —da1? y, dal da2? y - da1? z - da2? Z}

Theorem 3
R[-ez,do|R[ez,da]=1

s6 = R[-ez, da][r]

{(X+day, -dax+y, z}

s7 =R[ez, da] [s6] // Simplify
{<l+d0(2> X, <1+dot2) Y, Z}

27.7 Expression of rotation operator

R'(da)r=R_,(da)r =r +da(—e,xr)=r—da(e, xr)

Using
e, e e
e,xr=0 0 1(=(-Y,x,0)
X y z

R'(da)r = (x+ yda,y - xda, 2)

((Note)) Another simple way to get the above result is as follows.
(X+iy)=e " (x+iy) =(I—ia)(X+iy) = X+ ay +i(y — ax)
or

X'=X+ yda
y'=y—xda
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Therefore we have

(rly) =(rR.(defy) = (%, (dar|y)
= w(X+Yyda,y — xda,z)

oy
= w+da(y—= — X
y+da(y— %

&,

6 0
=w(XY,2)—da(X— -y—=)w(X,Y,2)

¥
=<r|1—%d0d:Z

v)

where

or

((Note))

(r

AA

(R, = 9P, )|w) = (r|L;|w) =

We have the relation

R, (da)iR (dar) = RE

X

o

i
T(Xay

0
v Dyly)

R,(da)r=r+da(e,xr)=(x-yda,y + xda,7)

and

R, (da)i = (X - yda, § + kda, 2)
Then

R, (da)iR (da) =R, (da)f
or

R, (da)fR,(der) = - Yda

15



R, (da)JR,(dar) = § + ke

R, (da)iR, (da) =2

((Finite rotation))

<<
-

Aa

Fig. a=NAc«.

a

3 1 A N _ q: "_l AN_' "_lg"N
R, (@) = lim[R,(Aa)]" = lim(i——Aal)" = lim({ - L)

i -
=exp(——alL
p( - ,)

((Note))

N

. ~ | a ~ (N . ~ M,
lim(l-——L))" =1 1+-—=)“] =e”
im(i- -0 ) = i +4

N—>w
where
i -~

=——al
=0

yA

In general,

R () = exp(—éat )

In the case of an arbitrary quantum mechanical system, using the general angular

momentum j instead of L :
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R,(a))= exp(—%oﬁ ‘)

27.8 Commutation relations of the components of the angular momentum

R, (-da" )R, ()R (da")R,(-da) =R, (dada’) (2)
Note

R R,r)=R|R,r)=RR,

r)
Similarly

RR,R,r) =R|NRR,r)= RR,|R,r) = RR,R,

r)
Thus from the relation

R, (~da" )R, (da)R, (da" )R, (-de)r) =|R, (dada)r)

we get

R,(-da" )R, (de)R, (dar")R,(—da)|r) = R, (dede)|r)
or
s @af e i s (@daf e i s (da)
i+—da'd - M -~dad, - J-Lda'd, -
(Ao dad, =)y il =gdad, == d Al =g datd, =0

—i-Ldeda'd
7

z

dada'

N
3,10+ —dad, -

(da)
2h°

The left-hand side =i——2(jxjy—jij)+.... Expanding the left-hand side and
h

setting the coefficients of dada’ equal, we find
[3,.d,1=ind,
In general

A A

[3,,3,1= ey d,

irYj

17
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(1) ji is the generator of rotation about the i-th axis.
(i1) Rotations about different axes fail to commute.

R*(da)R(de) =1 (unitary operator)

A N T
l+—dad, )1 -=dad ) =1
(+h ) P al,)

or
J = J, (Hermitian)

((Note)) Here we consider the discussion by Sakurai.
R (R, (6)-R, ()R, (6) =R, (e*) -

The rotation analogue would read

R(£)R, ()~ R, ()R, () =R, (") - |

O R L T SEPS-C N P T U PSR- A
[1—%5JX—Wsz][l—%gJy—ﬁJyz]—[l—%gJy—ﬁJyz][l—gng—ﬁJj]

=[i—%gzjz —;—;jf]—i

27.9 Invariance of I:I is invariant under the rotation

~

Suppose that the Hamiltonian H is invariant under the rotation (spherically
symmetric).

('Rl ={w[Rly)

with

or

18



Then we have

(w[R"HRy) = (v [Hlw)
or
R*HR = H
or
[H,R]=0
Since
R= exp[——;l j.n@]
or
R=1 ——;l Inoo (infinitesimal rotation).
or
[H,Jn]=0
or
[H,J,1=0, [H,,]=0, [H,,]=0

Using these relations, we also have the commutation relation
71 72 12 32 A
[H,3,+J,+J,71=0.

((Proof))

A

H,2]=HJJ -JJH=HIJ —JHI =[H,I ] =0
Thus we have the two commutation relations.
[H,J,1=0, [H,3°]1=0

Simultaneous eigenket
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H|n, j,m)=E,|n, j,m)
J,|n, j,m)=nm|n, j,m)
32|n, j,m) =7 j(j +1)n, j,m)

27.10 Commutation relations

[C,L 1=inL,, [L,,0,]=inl,, I0,,L]=inl

y
Generalization: definition of an angular momentum.

The origin of the above relations lies in the geometric properties of rotations in three-
dimensional space.

Now we define an angular momentum ji (i=X,Y, 2) as any set of three observables
satisfying

[3,.3,1=ind,

(a) J, and J_

J, =3, £iJ,
where
=13, Jr=1,
[3,,d,1=hJ,, [3,,d 1=-hrJ_, [3.,3.1=2nJ,

20



~

JJ,=3-32-nl,

Thus we have

Formula:
[a-J,b-J]=in(axDb)-J
((Proof))

A

| =[a-3.b-J]=> ab[J,.J,
i,j

Since
[3,,,1=ingyd,
then

| =Y abjing,J, = in(axb)-J
ij

(b) Notation for the eigenvalues of J>and J ,

For any ket |y)

) =W w)+ (w3,

= (w3, 3 Jw)+(y

A

3 w)
5

Z z

jz

)+ (v
3 w)+(w

y oy

(w

w)=0
For an eigenket |y, )

Ply,)=elv.)

W Dlwe) =y, |v,)=a=0
We shall write

Iy, ) =ri(i+Dlw,) = 7|w,)

21



where
A=j(j+1)=0

27.12 Eigenvalue equations for J? and jz

v,)=]i.m)

A A

| j.m> is the simultaneous eigenket of J? and jz, since [jz,JZ] =0

jz

m)=n*j(j+1)

j.m)

A

JZ

j,m)=nm

j.m)
Eigenvalues of J? and jz

Lemma 1 (Properties of eigenvalues of J? and jz)
J and m satisfy the inequality

-j<m<j

((Proof))

(j,m[J_J,

jm)>0

(j,m|3,J

j.my>0
We find

(omf3 3 )= ([ 33,20,

j.m)=n’[j(j+1)-mm+1)]=0

and

AA

3,3 |im)y=(j,m[3> =3 +nd,

(j,m|J,J j,m)=R[j(j+1)—m(m-1)]>0

Then we have

[G+D-mMm+D]=(j-m)(j+m+1) =0

22



[+D-mm-D]=(j-m+D(j+m)=0
Then
—(j+H<m<j
and
—j<m<j+1
If —j <m < j, these two conditions are satisfied simultaneously.
Lemma IT  (Properties of the ket vector of J_|j,m))
@O Ifm=-j, j|jm)=0

(i) If m>-j, J§ _|i,m) is a non-null eigenket of J? and jz with the eigenvalues
j(j+1)%2 and (m-1)A.

((Proof of (i)))
Since

J.J

(3,m[3, 3| j,m) =[G+ m)(j-m+1)]=0

for m = -j, we get

A

J|jm)=0

for m=-j.

Conversely,
if

A

J

A

j.m)=0

then

(j,mfJ,J

Jm)=’[(j+m)(j-m+1]=0
Then we have j = -m.

((Proof of (ii)))
Since

23



or

323_|jm)=J3_3°j,m)=r"j(j+DJI_

j,m)

So j_| j.m) is an eigenket of J? with the eigenvalue 7°j(j +1).

Moreover,
[3,.9.1j.my=—nJ | j.m)

or
3,3 5m) =33,/ j,m)=nd [jm)=nm-1J |j,m)

So J |j,m) is an eigenket of jz with the eigenvalue A(m—1).

Lemma IIT  (Properties of the ket vector of J

jim))

@ Ifm=j, j |j,m)=0
(i) If m<j, J,|j,m) is a non-null eigenket of J? and jz with the eigenvalues

j(j+1)A2 and (m+1)A.
[Proof of (1)]
(i,ml3_ 3.1, m=#[(G-m)(j+m+1)]>0

If m=j, then J,|j,m)=0.

[Proof of (ii)]
[3%,3,1=0

or
[3%,3.75.m)=0

24



or

(5.m[323 | j.m)=n"j(j+DJ,

j.m)

J.|j,m) is an eigenket of J? with an eigenvalues 72j(j+1).

A A

[J..J.]

oY+

j.m)=hd,

j.m)
or
55

jom)=J3.3,]j,m)+nd,

j.m)=n(m+1)

j.m)
j+| j.m) is an eigenket of jz with an eigenvalues 7(m+1).

27.13 Determination of the spectrum of J? and jz.
There exists a positive or zero integer p such that

m-p=-j

j.m): [eigenvalues aim, A2j(j+1)]

J.

j.m) : [A(m-1), A2j(j+1)]

G

@y
@

j,m)=0

j,m): [a(m-2), 72i(+1)]

j’ m> : [h(m'p)a th(J+1)]

There exists a positive or zero integer such that

m+q=}j,

j.m): [eigenvalues 7im, 72j(j+1)]

J.| j,m): [r(m+1), n2j(+1)]

25
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3.y

)
3.

Combining Egs.(1) and (2),

j.m): [a(m+2), A2j(j+1)]

j.m): [a(m+q), 72j(j+1)]

A

j.my=0

p+q=2j
Since p and q are integers, j is therefore an integer or a half-integer.

1=0,1/2,1,3/2,2, .......

(1) If j is an integer, then m is an integer.
(i)  Ifjis a half-integer, then m is a half-integer.

27.14 |j,m) representation
(3,m3_3,|j,m)=(j,m|3* =32 = nd,| j,m)=n[(j —m)(j+m+1)]
Since
J.|i.m)=aljm+1)
we have
(3,m[3_3,|j,m) = e = A*[(j—m)(j+m+1)]
Thus
J.|i,m)=a(j—m)(j+m+1)|j,m+1)
Similarly

26



(j,m|3,3_|j,m)=(j,m|3* -3 +nd,

j,m) =1[(j+ m)(j—m+1)]

Since

J_[j,m)=plj.m-1)
we have

(§.m[3, 3 |j.m)=|g" =m*[(j+m)(j-m+1)]
or

J]j,my=ay(G+m)(G—m + )| j,m—-1)
In summary:
3[j,m) =7’ j(j +1)lj,m)

3 j.m) = am|j,m)

J1j,m) =nf(G—my(Grm+ Dl j,m+1)

J1j,my=a(G +m)(G—m+ D] j,m-1)

27.15 Matrix element of the angular momentum

Using Mathematica, you determine the matrix elements of J x> Jy,>and J

A A

z

32| jm)y=n*j(j+1)| j.m)

A

JZ

j,m)=nm

j.m)

J,

.m) =7 —m)(j+m+1)| j,m+1)

J

j.m)=A(j+m)(j-m+1)

j,m-1)

Since
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J,

. 1+ .
J,m>:5(\]+ +J)

j.m)

:%(\/(j—m)(j+m+l) Lm+D)+/(j+m)(j-m+1)]j,m-1))

Jy

j’m> = _IE(j+ - j—) J’m>

=P G=mEmeD

im+1)—J(j+m)(j-m+1)] j,m—1))

J,

j.m)=nm

jm)

Thus the matrix elements are expressed by

(3mJ,

j,m>:§(\/(j—m)(j+m+1)<j,m'|j,m+l>+\/(j+m)(j—m+1)<j,m'|j,m—1>)

= =G M08 GG =MD )

(.3, j,m>=—%<¢(j—m)(j+m+1)<j,m'

im+1)—(j+m)(j-m+D{j,m'|j,m-1))

- _%h(\/(j —m)(j+M+1)S, 00 —/(J+M(j—Mm+ DS, )

(jimd,

j.m)=ma(j,m

j.m) =ams, .

27.16 Matrix elements with J

j=1/2
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1
0 —

. 0 1
JX: 2 :l =
gl 2\ 0

2
0 i
A Y 0 —i
i<l 2=
L 2{1 0
2
1
- 0
A 1 0
J, = 2 _1
o 1| 200 -1
2
where &,, 6, ,and &, are the Pauli matrices.
J=1
1
0 — ©0
V2
A 1 1
Jy=l— 0 —|,
"2 V2
1
0 — 0
V2
i
0 -—— 0
ooz
A I |
I R L
O I RN
1
0 — 0
V2
1 0 0
J,=[0 0 0
0 0 -1
J=3/2
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(=R e

0

2 00 O

0

0
-2

0 00 O
0 0 0

-1

0 00 O

A

<ry

J=5/2
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Z0000000
2
02000000
2
OOEOOOOO
2
00010000
j, - 2
0000—1000
2
00000—200
2
000000—20
2
7
o 0 0o 0o o0 0 -——

27.17 Mathematica
We make a program for the matrix elements in Mathematica. For simplicity, we use

the unit of = 1.

((Mathematica))
Clear["Global +"];

1
IX[7 ,n_,m] == 5 v (#7-m) (#/+m+1) KroneckerDelta[n, m+1] +

1
ZV (#+m) (#/-m+1) KroneckerDelta[n, m-1];

1
Jy[7 ,n_, m] 1= -5 iV (/-m) (#+m+1) KroneckerDelta[n, m+1] +

1
Zi\/ (#+m) (#/-m+1) KroneckerDelta[n, m-1];

Jz[7 , n_, m_] -=mKroneckerDelta[n, m];
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Matices for J=3/2

Table[Jx[3/2, p, 9], {p,3/2, -3/2, -1}, {q, 3/2, -3/2, -1}] // MatrixForm

o ng o

0]

V3
2
0

1

0]

0

1

0
V3

0

o nfg o

2

Table[Jdy[3/2, p, 9], {p, 3/2, -3/2, -1}, {q, 3/2, -3/2, -1}] // MatrixForm

0 -ﬁf 0 0
if o  -i o0

0 i 0 —ﬁf

0 o 18 0

2

Table[Jz[3/2, p, 9], {p,3/2, -3/2, -1}, {q, 3/2, -3/2, -1}] // MatrixForm

3 00 o0
2
ol o o
2

1
00-% 0

3
oo o -3

27.18 Representation of rotations
Let the polar and the azimuthal angles that characterize n be #and ¢, respectively.
We first rotate about the y axis by angle 6. We subsequently rotate by ¢ about the z axis.
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The rotation operator is defined as
oA . i . i .
R=R,(#R,(0) = eXP(—% WZ)GXP(—g A,).
The matrix element is given by
(5.mR[§.m) = (j.m'R, (AR, (©)] j.m)
=(J.m[R, (&) j.m)(-im'¢)
=dih (@)™ = D)y (6.9)

These matrix elements are sometimes called Wigner functions after E.P. Wigner, who
made pioneering contributions to the group-theoretical properties of rotations in quantum
mechanics.

The problem of finding the representative matrices of the full rotation group has been
reduced to that of finding d'!) ().

27.19 Rotation operator with j =1/2
The rotation operator with j = 1/2 is given by
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_if —ig
¢ Neos) —sin@)| [e2cos?) —e2sin?)
F’i:D(l/Z)(e ¢): e 0 2 2 = 2 2
’ 0 ei% sin(e) cos(e) ig 0 ig 4
R —_— - e J—
5 > e sm(2) 003(2)

The eigenkets |+>n and |—>n are obtained as

and

i

_i? 0
—e 2sin(—)
_> - g :

i 0
e’ —
cos(z)

), =#

where n is the unit vector given by

n =(n,,n n,) = (sinfdcosg,sin Osin @,cos )
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N

y
X
27.20 Rotation operator with j =1
The rotation operator with J = 1 is given by
_is 1+ cos@ _issin@ __, 1—cosé@
e (0T —e PN e MR
2 V2 2
R in @ sin @
R=D"(8,¢) = S cosf -
CA)) N N
is 1—cos@ iy SIn@ is 1+cosd
e"( ) e )
2 V2 2

The eigenkets |1>

n,

O>n ?

and |— l>n are obtained as
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1+cosd
2
sin @
\/5 5

1—cos@
2

e’

e'

sin @

2

cos@ ,
sind ;
_e'¢

V2

e’

0), =R

0)=

1-cosé
2

sin @

\/5 5

1+ cosé@
2

e’

el

For ¢ = 0, the rotation operator is given by

1+cosd@ _sint9 1—cosé
2 V2 2
A in@ sind
R=DV@.¢)=| 2 cosd -
0.9) N -
l1—-cos@ sind 1+cos@
2 V2 2
and
1+ cosd@
'26
A sin
) =R|l)=
1), =R -| e
1—cos@
2
_sin@
) V2
|O>n:R|O>: cosd
sind
V2
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1), =R-1)-

((Mathematica))
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Matrices j = 1

Clear["Global " %"];

IX[7 ,n_,m]z:==v(/-m) (#/+m+1) KroneckerDelta[n, m+1] +

NI P

1
EV (#+m) (#/-m+1) KroneckerDelta[n, m-1]

1
Jy[/ ,n ,m] := -5 iV (/-m) (#/+m+1) KroneckerDelta[n, m+1] +

1
Ei\/(/+m) (#-m+1) KroneckerDelta[n, m-1]

Jz[7 , n_, m_] -= mKroneckerDelta[n, m]

Jx = Table[Jx[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}];
Jy = Table[Jy[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}];
Jz = Table[Jz[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}1;

Ry[e ] := MatrixExp[-i Jy ¢] // Simplify

Rz[# ] :

MatrixExp[-1 Jz #] // Simplify
Rz[¢]- Ry[e] // MatrixForm

e'id’Cos[g]z e 1?3in[o; e'id)Sin[%]z

V2
Sin[e] Cos 6 _Sin[e]
V2 el V2
idcs 012 el?Sinfo) ) 612
(e]l Sln[z] T (E]l COS[E]

ul =Rz[¢]-Ry[e]-{1, 0, O} // Simplify
{e‘MCos[g]z, %, ei"JSin[g]z}
u2 = Rz[¢] - Ry[e]-{0, 1, 0} // Simplify
{e-w\/sgn[e} . Coslo]. ewj;[e] }

u3 = Rz[¢]-Ry[6].{0, 0, 1} // Simplify

{e’MSin[?]z, 7w, eMCos[g]z}

2 NEY

27.21 Mathematica for the rotation operator with J=3/2
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The rotation operator with J = 3/2 is given by

R=D""7(0.9)

“3ig

—3ig —3ig —3ig E
2 cos3(g) —ﬁe 2 csc(g) sin” @ ﬁe 2 sin(gj sin @ —e 2 sin3(€)
2 4 2 2 2 2
ﬁe 2 csc(—)sin* @ le 2 [cos(g}ﬁcos(ﬁj] le 2 [sin(gj—Ssin(ﬁJ] ﬁe 2 sin(gjsinﬁ
B 2 4 2 2 4 2 2 2
B ig ig ig ig
ﬁe 2 sin(gjsinﬁ le 2 [—sin(gj+3sin(£)] le 2 [cos(gj+3cos(£]] —ﬁe 2 csc(g) sin® @
2 4 2 2 4 2 2 4 2
i3 i3 i3 i3
e? sin3(g) ﬁe 2 sin(gj sin @ ﬁe 2 csc(=)sin’ @ e? cos3(g)
2 2 2 2
3ig
2 cos’ (=)
V3 0.,
‘§> . §>_ 1 e | csc(E)sm 0
2/ 2 ﬁei sin(gjsiné’
2
i34
- 0
e? sin’(=
sin (2)
3ig
—ﬁe 2 csc(g)sinzﬁ
I 2
— ez[cos(gj +3 cos(ﬁj]
‘1> _R 1> |4 2 2
Py Y ig
2/ 2 —e? [—sin[gj+3sin[ﬁj]
4 2 2
i34
ﬁe 2 sin(gjsine
2 2
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ﬂ
ﬁe 2 sin(gj sin @
2 2

—i¢
e [sin(gj -3 sin(ﬁ)]
~|4 2 2
1
4

ig
e [COS(QJ +3 cos(ﬁj]
2 2
ﬁ i34

e csc(g) sin” @
4 2

“3ig
— 0
—e 2 3cY
) sin (2)
QGT sin{gj sin @
2 2
ig
—ﬁe 2 csc(g) sin” @
4 " 2

EX 0
e 2 cos’(—
Ccos (2)
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Matrices with j = 3/2

Clear["Global " %"];

1
IX[/ ,n_,m] := 5 vV (#-m) (#+m+1) KroneckerDelta[n, m+1] +

1
5\/ (#+m) (#/-m+1) KroneckerDelta[n, m-1]

1
Jy[/ ,n ,m]:= -3 i vV (#-m) (#+m+1) KroneckerDelta[n, m+1] +

1
5:’1‘\/(/+m) (#-m+1) KroneckerDelta[n, m-1]

Jz[7 , n_, m_] :=mKroneckerDelta[n, m]

Jx = Table[Jx[3/2, n, m], {n, 3/2, -3/2, -1}, {m, 3/2, -3/2, -1}]1;
Jy = Table[Jdy[3/2, n, m], {n, 3/2, -3/2, -1}, {m, 3/2, -3/2, -1}1;
Jz = Table[Jz[3/2, n, m], {n, 3/2, -3/2, -1}, {m, 3/2, -3/2, -1}1;

Ry[&_ ] := MatrixExp[-1 Jy @] // Simplify;

Rz[g# ] :

MatrixExp[-i Jz g] // Simplify;

ul = Rz[¢]- Ry[e]-{1, 0, 0, 0} // Simplify

3ig i i 3i
e 2 Cos[ﬁ]a, }\Eef_Z@ Csc[g} sin[e]?, 1\Ee_z@ Sin[g} sin[o], o2 Sin[?]s}
2 4 2 2 2 2
u2 = Rz[¢]-Ry[e]-{0, 1, 0, 0} // Simplify
1 _3i¢ 07 - 1 _i¢ o 30
{_Zﬁe 2 CSC[E] sin[e]?, 3¢ 2 (Cos[é] +3Cos[7]),

i 3ig
L% (sin[2) -asin[29)), Lz e 2 sin[ 2] singe)
4 2 2172 2

u3 = Rz[¢]-Ry[e]-{0, 0, 1, 0} // Simplify

1 3io o, 1 _i¢ , _ o _ ;30
{Eﬁe 2 Sm[E]Sln[e], 2 € 2 (s.n[a]_3s|n[7]),
i 31i
1 e_ZQ (Cos[g} +3C0$[£}), }ﬁe% Csc[g] Sin[e]z}
4 2 2 4 2

u4 = Rz[¢]- Ry[e]-{0, 0, O, 1} // Simplify
3ig¢ i¢
(e 2 sin[2)7, Lvz o7 sin]
20 72

| sin

6],

N|O©

i¢ 3ig¢
—%ﬁeZ Csc[g}Sin[e}z, e 2 Cos|

3

I

NI O

27.22 Mathematica for the rotation operator with J=2
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Matrices j = 2

Clear["Global ™ %"];

IX[7 ,n ,m]i==~N(/-m) (#+m+1) KroneckerDelta[n, m+1] +

NI

1
Z+V (7/+m) (#/-m+1) KroneckerDelta[n, m-1]
2

1
Jy[7 ,n_, m] = _E i V(/—m) (#+m+1) KroneckerDelta[n, m+1] +

1
EiV (#+m) (#/-m+1) KroneckerDelta[n, m-1]

Jz[7 , n_, m_] :=mKroneckerDelta[n, m]

Jx = Table[Jx[2, n, m], {n, 2, -2, -1}, {m, 2, -2, -1}1;
Jy = Table[Jy[2, n, m], {n, 2, -2, -1}, {m, 2, -2, -1}];
Jz = Table[Jz[2, n, m], {n, 2, -2, -1}, {m, 2, -2, -1}1;

Ry[&_ ] := MatrixExp[-1 Jy ¢] // Simplify

Rz[# ] :

MatrixExp[-1 Jz ¢] // Simplify

ul = Rz[¢].Ry[e]-{1, 0, 0O, 0, O} // Simplify

{e’ZM’COS[g]A‘, %e*”’ (1+Cos[6]) Sin[e],
1 /3 _. fe s 1012 fo . 104
543 Sin[6]?, e ¢sin[Z]" sin(e], e? ("Sln[i] }

u2 =Rz[¢]-Ry[e]-{0, 1, 0, 0, 0} // Simplify

2 6.3 .. 6 1
[-2e ‘DCOS[E} Sln[i}, e ¢ (Cos[6] +Cos[26]),
/g Cos[e] Sin[e], %e” (Cos[6] -Cos[26]), ezWSin[g}ZSin[e}}

u3 = Rz[¢]-Ry[e]-{0, 0, 1, 0, O} // Simplify

1 /3 2ipa: 2 Sig .
{2 5 € sin[o]°, e *?Cos[o] Sin[o],
(1+3Cos[26]), .|> e'®Cos[e] Sin[e], % /g e?*?sin[o1?}

u4 = Rz[¢]- Ry[e]-{0, 0, 0, 1, 0} // Simplify

N W

HlR
NI w

{% e21% (_1.cos[e]) Sin[e], % e'? (Cos[e] -Cos[26]),

- g Cos[©] Sin[e],

u5 =Rz[¢]-Ry[e]-{0, 0, 0, 0, 1} // Simplify

el® (Cos[6] + Cos[26]) ., %ezw (1+Cos[e]) Sin[e]}

NI

{e’Zﬁ“’Sin[g}“, %e’” (-1+Cos[e]) Sin[e],

4

1 3 9 2i¢ 9
J. o cos 2]°)

= |2 sinfe)?, —Zei"’Cos[?}aSin[
2 2 2 2
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27.23 Spherical Harmonics as rotator matrices
Using the relation

[9r) = Rlr)
we have

[m)=[Re,) = Rle,) = R, (AR, O)e.)
=2 R,(#)R,(0)(m')(Im'[e, )

Then

(Im[n) = 3" (IM[R,(#)R, (@) Im'YIm|e, )

Here note that

(n[Im) =Y,"(n) =Y,"(6,¢)
or

(Im|n) =[Y,"(6,4)] .
We also note that

(Imle,) =[Y," (0,1

which is evaluated at = 0 with @ undetermined. At =0, Y,"(6,4) is known to vanish
for m#0;

(Imle,)=[Y," (0 =0,$)] 5,

= 125 p s =1)5,
4r

2€+15m0
47 ’
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[Y,"(0,8)] = (Im[R, ()R, ()[Im')(Im'|e, )

m'

20+1 R .
o ZAMR@R, @),

2041, a s
— | 4; (Im|R, (#)R, (0)]10)

or
5 3 4r o m "
(IM[R. (AR, (O)10) == | ==Y (6. 9]
Since
R,(¢) = expl—J,4]
(Im|R,(H)R, (0)]10) = <|m|exp[—%j SIR (0)]10)
=e ™™ (Im|R,(6)[10)
or
—img 3 . 4 m *
e (MR, (0)10) = || 5 1Y"(0.9)]
or
5 —im 4 m *
(Im[R,@)[10) =& | === 1Y"(0.9)]
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