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Partial phase shift and Green's function 
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Rayleigh's expansion 
Optical theorem 
Phase shift 
Friedel's sum rule 
 
36.1 Introduction 

We now look for the solution of the Schrödinger equation for a particle in the presence of 
potential energy V(r); 
 

),(
)(

),()(  m
l

klm
lklklm Y

r

ru
YrR   

 
with 
 

0)](
)1(

[)(
1

2
22

2



 kl

kl RrU
r

ll
k

dr

dR
r

dr

d

r
 

 
where 
 

)(
2

)(
2

rVrU





 
 
and  is a reduced mass. Note that ukl(r) satisfies the differential equation 
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(i) Case-1 

The radial equation for the external region r>a, where the scattering potential vanishes, is 
equal to 
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The solution of Rkl(r) is 
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(iii) Case-2 

In the complete absence of a scattering potential (V = 0 everywhere),  
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The condition of the normalization: 
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36.2 Asymptotic form 

Far from the interaction point, where the potential is negligible, the scattered wave function 
has the general form 
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since the position of the particle is far from the origin, where the function )(krnl is poorly 

behaved. We use 
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Note that l = 0 for free particle (the case-1). Since 
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as r , then we have 
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or 
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If the potential is spherically symmetric, the scattering amplitude ),()(  r is a function of r and 

: 
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(m = 0), leading to the form 
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where lc is constant. Note that  
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The complete solution of the scattering wave function is 
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36.3 Partial wave expansion of the scattering amplitude 

On the other hand, ),()(  r has the form 
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Note that 
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(Rayleigh's expansion) 
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From Eq.(1), 
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From Eq.(2), 
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Therefore we have 
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The comparison leads to the condition for al. 
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Noting that 
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The total cross section is given by 
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Noting that 
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36.4 Optical theorem 

We can check the optical theorem 
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Then we have 
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_______________________________________________________________________ 
We now consider the complex plane 
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This is a circle of radius ½ centered at (i/2). 
 

 
 
Fig. Argand diagram of )(kkfz l ; The circle is called the unitary circle. 

 

)(kfkOP l ,  2/1OC ,  2/1CP  

O

C

O Rekfl

Imkfl

2dl

P



lOCP 2  

 
(i) 0l  

lkf  must stay near the bottom of the circle. lkf  may be positive or negative, but lkf  is almost 

purely real. 
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(ii) 2/ l  

lkf  is almost purely imaginary and lkf  is maximal. Under such a condition the l-th partial wave 

may be in resonance. 
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36.5 Comment: relative magnitude of phase shift 
Classical mechanics: 
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Quantum mechanics: 
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0r : the potential of interaction is appreciable only over the range 0r . If 0rs  , the interaction is 

negligible, 
 

0rs
p

l
  

 
or 
 

0rk

l





  or   krl 0  

 
The partial waves with l values in excess of kr0  will suffer little or no shift in phase. 

 
36.8 Phase shift and Green's function  



We use the following formula, 
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Using the above relations, we can derive the integral equation for Rkl(r). 
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Here we note that 
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Here we choose Cl such that 
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36.9 Physical meaning of Cl and l 

We consider )()( rRkl
  for r>a, where U(r) = 0. 
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If we choose 
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The wave function given by Eq.(3) has the form 
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In the large limit of r, this solution is approximated by 
 

 




l
ll

il P
l

krei
kr

l
r l )(cos)

2
sin()

12
(

)2(

1
),(

2/3
)( 


   

 
 
36.10 Determination of the phase shift. 

In the first Born approximation,  
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This approximation is good when the phase shift is small. The function )(krjl  is approximated 
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For low energies and high angular momenta,  
 

12)1(  l
l k . 

 
36.11 Friedel's sum rule (sold state physics) 
 



Jacques Friedel, (February 11, 1921 à Paris, est un physicien français et professeur émérite à 
l'Université Paris-Sud Orsay. 
 

 
http://fr.wikipedia.org/wiki/Jacques_Friedel 
______________________________________________________________________ 

We consider a metal with a single impurity at zero temperature. Electrons are scattered by the 
impurity potential, and the charge distribution of electrons below the Fermi level changes. The 
Friedel's sum rule states that the "excess charge" due to a single impurity potential in a metal is 
equal to a sum of phase shifts for scatterings of electrons by the impurity. For simplicity, we 
consider a free electron gas and a spherical scattering potential V(r).  
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Suppose that there is an impurity atom located at the origin. The total number of electrons 
inside the sphere with radius R is evaluated as 
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Here we note that 
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ukl(r) satisfies the differential equation given by 
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(iii) 



From the two differential equations with k and k', we have 
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The subtraction of these equations leads to 
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since 0)0( rukl . In the limit of k'→k, we have 
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(iv) 
From (i), (ii), and (iii), we obtain 
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((Mathematica)) 
 



 
 
 
______________________________________________________________ 
Thus the number of electrons inside the radius R is  
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under the presence of the potential V(r). In the absence of the potential, the number of electrons 
inside the radius R is evaluated as 
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since l(k) = 0 for the free particles. The difference in the number of electrons with and without 
the impurity is 
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We assume that )(sin
1

k
k l is slowly varying function of k. Then we get 
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when R →∞. Here (2l+1) is the orbital degeneracy. The factor 2 is the spin degeneracy. In 
general, ZNe  , where Z is the valency of the impurity relative to that of the host lattice. Then 

we have 
 

)()12(
2

Fl
l

klZ 
   .  (Friedel's sum rule) 

 
The total screening charge must equal the charge which it screens. The number Z is the valence 
difference between the impurity and the solvent metal, because we need precisely this number of 
extra electrons in the neighborhood of the impurity to neutralize its charge. 
 
36.12 Resistivity 

The reciporocal of  the mean free time i is expressed by 
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where ni is the concentration of impurity and vF is the Fermi velocity. e is the scattering cross 
section and is given by 
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where )(  is the cross section per unit solid angle for scattering of a conduction electron by an 
impurity atom. 
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We need to calculate I which is related to the effective average cross section for resistivity 
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Then we get 
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((Mathematica)) 
 



 
__________________________________________________________________ 
The contribution i of the scattering centers to the electrical resistivity is 
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Here the phase shift are to be taken at the Fermi surface. 
 
36.13 Example 

In the Friedel's sum rule, we assume that only one phase shift is large. 
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Then the resistivity is evaluated as 
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APPENDIX 
 
((Mathematica)) 
Spherical Bessel function, spherical Neuman function, spherical Hankel function 
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