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36.1 Introduction
We now look for the solution of the Schrodinger equation for a particle in the presence of
potential energy V(r);

Van = Ra O (0.0) =27 (0.9)

with

1d LdRy. ., I(+1)
- (r-—= k _
r? dr( dr )+l r?

-UIR, =0
where
Um=24V(r)

and y is a reduced mass. Note that uy(r) satisfies the differential equation
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Wukl(r)"'[kz_ (rz )
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(1) Case-1
The radial equation for the external region r>a, where the scattering potential vanishes, is
equal to

d? I +1
uam ik - <o,
The solution of Ry(r) is
Uy (1) .
Ry(r) = P a, J,(kr) + gn, (kr) for r>a.



V()

(i11))  Case-2
In the complete absence of a scattering potential (V = 0 everywhere),

u,, (r .
Rq(r)= # =7 Jy(kr)
The condition of the normalization:
4y [dre [, (k)T =1
0

36.2 Asymptotic form
Far from the interaction point, where the potential is negligible, the scattered wave function
has the general form

Uy (1)
r

Ra(r) = =a, J,(kr)+ g (kr)

since the position of the particle is far from the origin, where the function n,(kr)is poorly
behaved. We use

o, =9,cosJ,, B =—4,sino,

Then we have



R, (r)=a,[cos?, J, (kr)—sind,n, (kr)]
=a, coso,[ J, (kr)—tand,n, (kr)]

Note that g = 0 for free particle (the case-1). Since

I
sin(kr —I—ﬁ) cos( kr — i)
——20 nkr)> - 2
kr kr

Jikr) —
as r — oo, then we have

a, cos o, sin(kr — I;) a, cos o, cos(kr — I;T)

Ry(r)= +
a(1) kr kr
sin(kr — 1= +9,)
|
kr
or
e75| [ei(kr—%+2§,) B e—i(kr—%)]

Rkl(r) =q

2ikr

If the potential is spherically symmetric, the scattering amplitude ) (r,8)is a function of r and
6

h o
a4 i 8¢W

(m =0), leading to the form
w(r,0) = ch Ra (NDY,"(0) = ch 4x Ry (MR (cosb)
| |

where ¢, is constant. Note that

21 +1
T

Y™ (0.4)= R (cosd).

The complete solution of the scattering wave function is



i'(2|+1)sin(kr—|;[+5|)
kr

yI(r,0)=> a P (cos®)

36.3 Partial wave expansion of the scattering amplitude
On the other hand, ' (r, ) has the form

w(r,0) = 5"+ = e'kr f(6)]

(ﬂ)

Note that

i' (21 +1)sin(kr —L”)

eikz _ eikrcosﬁ N Z " PI (COS 0) 5
| r

(Rayleigh's expansion)

or

Iz
ol Z'Izl;ll i(kr =) e( 2)]P(cos9)
[

From Eq.(1),

Iz . i rfl—”
a//(”(r,&)—>2a|e”‘i'(%}kr[ T MR (cos ).
|

From Eq.(2),

l//(+)(r, 0) ~ eikZ +leikr f (9)

Iz B Iz
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|
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Therefore we have
2AA+1) 1 ikr—"Zi2s k-7
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2i Jkr
. Iz
—2(2'” LT e TR cost)
, kr
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| 20 Jkr
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—Z(zlﬂ i e e 2 IR (cos0)
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The comparison leads to the condition for a.
—ae™ +1=0, or a=¢"
Then
|kr i _L”Jr | i z 3
e'k'f(é?) Sl 241187 e 2 e 2 1B (cosd)
| 2i ) kr
Noting that
a
i'=e?

we have



f(0)= i(zl +1)f,(k)R(cos ),

1=0
with
I s .

fi (k) = €7 sin(8),
or

kfl (k) — eirS. i.[eib‘. _ e—ib] ] — i.[ezib‘. _ 1] — L[l e2|6I ] )

21 2i 2

The total cross section is given by

O = [|F(O) dO

where
f ) ZZ (21 +1)2I'+1)f," (k) f,. (k)P (cos @) P, (cos §)
1=01"=0
Noting that
[ dOP, (cos 0)R (cos ) 25,
210+1 >
we have

O = Z(2I+1)|f(k)| o w(2l+1)sm 5.

I= 1=0

36.4 Optical theorem
We can check the optical theorem

Im[f (0 =0)]= Y (21 + D)Im[ , (k)P (cos6) |, ,
P (cos®)|,,=1

Im[ f, (k)] =%sin25,



Im[f (0 =0)]= %i(ZI +1)sin? 6,

=0
Then we have

Ot = 4T”Im[ f(6=0)] (optical theorem)

We now consider the complex plane

i 1 o i1 a5
z =kf (k) =¢e" sin(5)) = —[e"" —1]=—+—¢ 2
1(K) (6) =21 =2+
or
Z—L:lei(2§l_5)
2 2

This is a circle of radius Y4 centered at (i1/2).
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Fig.  Argand diagram of z =kf,(K); The circle is called the unitary circle.

OP =k|f,(k)|, oc=1/2, CP=1/2




ZOCP =25,

(i) & ~0
kf, must stay near the bottom of the circle. kf, may be positive or negative, but Kf, is almost

purely real.
kf, (k) = €' sin(5,) = 6.

(ii) 6, = 7/2
kf, is almost purely imaginary and kf, is maximal. Under such a condition the I-th partial wave
may be in resonance.

Kf,(k)=e2 =i.
q;”=%§cl+ngn%z=%§cr+n.

36.5 Comment: relative magnitude of phase shift
Classical mechanics:

L=ps.
Quantum mechanics:

L=aJl(+1) ~Al, p = 7k

I, : the potential of interaction is appreciable only over the range r,. If S > r;, the interaction is

negligible,
I
—=5>T,
or
% >, or I >rk

The partial waves with | values in excess of r;k will suffer little or no shift in phase.

36.8 Phase shift and Green's function



We use the following formula,

eik|r—r'\ L | ] o o
r r'|:4mkzz ji(k)h® (ke )Y,™(8,0)Y," (6',4"), (1)
- 1=0 m=-I
ghr =glres? = ii' (2l +1)R (cosO) j, (kr) (2)
1=0
pO.0) =3¢ 2+ Di'R, (NP (cosH). 3)
(27) [
and
o= [arr ey, @
T @2n)’? 4z |r—r'| o
where

u(r) =;—’;‘V(r)

Using the above relations, we can derive the integral equation for Ry(r).
CiR," ()P (cos ) = ji (kr)P(cos0)

—ikC, Y] IZ Tr'z dr'j,. (kr.)h" (kr U (r')Rkl(”(r')Yl,'"'(H,(/ﬁ)jsin 0'do' j dgY," (€', 4")P (cos ")

T m=1'y 0

Here we note that



T T

2z
[sin@'do [dgy," (6',¢)P (cos0") = 275, [ sin 0'dO'Y," (cos "), (cos 6")
0 0

0
=278, /%jl [sin@'d6'R,(cos 6)P, (cos ")
0
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=278, [ 25
’ 4z 21'+1
4
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V2I+1
4
=31 7010
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where
V(0.9 = | 2R (cos0),
A

Va

Jsinm&%,(cos 0)P (cosb) = L@ -
0 21+1 ~

Then we have

C,R" (NP, (cos®) = j, (kNP (cos )

“kCZm;,5w5mw°I”2 dr'j, (kr)h" (ke U (r)R, ™ (") Z:L:;IR(COSG) %
or
C,R," ()P (cos ) = j,(kr)P (cos )
—ikC, T r'? dr'j, (kr.)h® (ke U (rHR, ™ (r')P, (cos 0)
0
or

CIRkI(H(r) = ], (kr)

—ikC, [ r dr'j, (ke)h® (ke U (R, (1)
0

or



C,Ry (N = j(kr) - ikC,h,“)(kr)j r?dr'j, (kiU ("R, (r")
—ikC, T r dr'j, (knh® (krHU (r"R, 7 (r)
or
C\Ry (1) = iy (kr)—ikC, [, (kr) +in, (kr)]j r dr'j, (kr)U (R, (r')
—ikC, j.(kr)Tr’z dr{ j, (kr') +in, (kr)JU (FR, ™ (1)

since
h (kr) = j, (kr)+in, (kr)

Then we have
C,Ry" () = j (kn)[1- ikcljr'2 dr'j, (kU (rR, ™ (r"]+kC, j rdr'j, (krn, (knU (rR, ™ (r")
0 0
—ikC, j, (kr)Tr'z dr'j, (krHU (r)R, ™ (1) + kClTr'z dr' j, (ko (kr)U (rR, ()
or
C,Ry"(r) = j, (kr)[1- ikClTr'z dr'j, (kU (rR, ™ ()]
0
+kC, T r* dr'j, (kr)n, (kr U (rR, (")
0
Here we choose C; such that
of =1—i|<c|Tr'2 dr'j, (krHU (R, (]
0

or



C = 1

L+ik [ r drj (kr)U (MR ()]
0
Then we get
R, (r) = j, (kr)+ kj r'? dr'j, (ke (kr U (FR,, 7 (r)
0

36.9 Physical meaning of C;and &
We consider Rk,“)(r) for r>a, where U(r) = 0.

Ry, (r>a)= j(kr)+kn, (kr)j' r dr'j, (kr)U (rR,, ™ (r') +kij, (kr)Tr'2 drin, (kr" U (r"R, ™ (r")
0 r
 jy (k) kny k) [ 0 (ke U (F)R, (1)
0
If we choose
tan 5, = —kTr'z dr'j, (krHU (rR, ' (r", (5)
0

then we get

R, (r>a)=j(kr)—tandn,(kr)

1 . .
0053, [cos 6, j (kr) —sin g, (kr)] (6)

1

CI = »
1+ikjr'2 dr'j, (ke (rR, ™ (r")]

0
1 5

=——=8

- cos 9,
1-itanJ,

The wave function given by Eq.(3) has the form



w(r, 9)_( 3/22e"5'(2l+1)| [cos &, j, (kr)—sin & n, (Kr)](r)P (cos &)

is) (e e ) B e —g™
DR [{—2 jj.(kr) [—ﬁ Jn.(kr)](r)P.(cose)

e 1)3/2 2(2' FLies i O (k) + b, (KPP (cos )
T [

In the large limit of r, this solution is approximated by

) 1 A+l . |
l//()(r,0)=(2”)3/22( - )i'e' sm(kr—§+5|)P,(cos0)
|

36.10 Determination of the phase shift.
In the first Born approximation,

Ro"(r) ~ j (kr)

Then we have
tan s, ~ kjr”dr'n.(kr)]um

This approximation is good when the phase shift is small. The function j, (kr) is approximated
by

2

~ x)'.
00~ G 0
Then we have
2! (I r
t 5(1) 2|+ 12|+2 drU ry )
no [(21+ 1) ! )

For low energies and high angular momenta,
5D o |2
| :

36.11 Friedel'ssum rule (sold state physics)



Jacques Friedel, (February 11, 1921 a Paris, est un physicien francais et professeur émérite a
I'Université Paris-Sud Orsay.

http://fr.wikipedia.org/wiki/Jacques_Friedel

We consider a metal with a single impurity at zero temperature. Electrons are scattered by the
impurity potential, and the charge distribution of electrons below the Fermi level changes. The
Friedel's sum rule states that the "excess charge" due to a single impurity potential in a metal is
equal to a sum of phase shifts for scatterings of electrons by the impurity. For simplicity, we
consider a free electron gas and a spherical scattering potential V(r).




Suppose that there is an impurity atom located at the origin. The total number of electrons
inside the sphere with radius R is evaluated as

N, = 2T4m2drT2ﬂk2dkTsinaﬂ9‘t//(” ’
0 0 0

20+1 [ukl(r)]
k> )

R ke )
_ 2 2
_2£2nr dl’-(|).47lk dk s le(

_4 TR
= ”Z(zl +1)£dk![ukl(r)] dr

Here we note that

(1)

v (r.0) = z(2|+1 il i 00 Uk|(r) P (cos )

(72,3/2

with
Uy (r) = sinf[kr —%ﬂ +0,(k)]

Uki(r) satisfies the differential equation given by

2

& () + K —'('r—il)—u (N (1) =0.

(ii)
IS‘nme“/’(+)(r 9)‘ 2r) Zz(zlﬂ)@l' ) “'(r)]2Ismédea(cose)ﬂ.(cose)
(2 T leOh B,
- o Z(2|+1 k,(r)]
where
i R (1)P.()du = Té. ’ (orthogonality)

(iii)



From the two differential equations with k and k', we have

I(I+1)

kl(r) ukl(r)+[k'2 U (r)Ju (Nu, (r)=0

U (N5 7 e (D + +[k* -

d '('r”) U () Uy (Nl (F) =0

The subtraction of these equations leads to

2

kl(r) ukl(r) ukl(r)d ukl(r)+(k'2_k Wy (MU (r)=0.
Then
(k?—k? )IU | (MU (r)dr _I[ukl(r) U, (r)—u |(r) ukl(r)]dr

= [uy, (r)aum (r)—uy (r)aukl'(r)]s

=[Uyy (r)%um (r)—uy (r)%ukl'(r)]mR

since U, (r =0)=0. In the limit of k'—k, we have

< 20U (N) duy () uk,(r)
2k_([[ukl(r)] dr =[ K dr Ug(N——"—— oker Ii-r
(iv)
From (i), (i), and (iii), we obtain
[lug(Fdr =i{k(R +%)—%sin[2(kR+5, (k)—%”]}

where
: Iz
Uy (r) = sinf[kr Y +0,(k)]

((Mathematica))



urk , 1

, ] =Sin[kr - % + 5[, k]];

fl =
(Dlulk, I, r1, K1 D[ufk, T, r], r] -
urk, I, r1 D[D[ufk, I, r], k], r]) /-r->R//
Simplify

kR+%Sin[lﬂ—2kR—26[l, kK11 +ks©@D o, Kk

Thus the number of electrons inside the radius R is

ds(k), 1. z
=) SR 48,00 -]

do, (k) 1 . _|_7z
™ —)— 2ksm[2(kR—|—5|(k) 2]}

Z(zl +1)Idk—{k(R
:—Z(zl l)jdk{(R

under the presence of the potential V(r). In the absence of the potential, the number of electrons
inside the radius R is evaluated as

0o _2 R I Iz
N, —EZ(ZIH)!dk{R 2ks1n[2(kR 2]}

since d(K) = 0 for the free particles. The difference in the number of electrons with and without
the impurity is
AN, =N, -N.’
:—Z(ZI I)J‘dk{m—zis n[2(kR + ¢, (k)——]+—ks1n[2(kR——]}

ds (k) 1

:—Z(ZI l)J'dk{ —Esin5|(k)cos[2kR—l7r+5| K

We assume that %sin 0,(k) is slowly varying function of k. Then we get



Z(2l+1){5(k )— Rsm5(k ) sin[2k.R— 17 + 6, (K- )]}

=;Z(2| +1)5,(ke)

when R —oo. Here (2I+1) is the orbital degeneracy. The factor 2 is the spin degeneracy. In
general, AN, =Z , where Z is the valency of the impurity relative to that of the host lattice. Then

we have
2 .
== 2I+1)5, (ke ) - (Friedel's sum rule)
T

The total screening charge must equal the charge which it screens. The number Z is the valence
difference between the impurity and the solvent metal, because we need precisely this number of
extra electrons in the neighborhood of the impurity to neutralize its charge.

36.12 Resistivity
The reciporocal of the mean free time 7 is expressed by

—=n,0,Ve,

where n; is the concentration of impurity and Vg is the Fermi velocity. o is the scattering cross
section and is given by

o, = 27[_[ o(0)(1—-cosf)sind g
0

where o(0) is the cross section per unit solid angle for scattering of a conduction electron by an
impurity atom.

a(@)=|f @) = i(zl + 1)%e“5' sin(6, )P, (cos ) |’

- kl—z | i@ (21 1) sin(5, )P, (cos0) |
=k—12 y i(ZI +1)(2I'+1)e e " sin(5, )sin(5, )P, (cos #) P, (cos 9)

We need to calculate I which is related to the effective average cross section for resistivity



Vi

J.(l cos &) sin 6P, (cos )R, (cos #)d &

0

= [ (1= )duP, ()R ()

-1

—_

- jdﬂP. ()P (1)~ [ 1eP, ()P (1)

2 l+1 |

= 2 +1 (O — 2143 O _ﬂ5""‘1)
((Note))
1 2(1+1) 2l
jl MR (R (40) = ST O Y G e O (Jackson. p.100)
Then we get
o, = %ii(zl +1)(2l'+1)e" e sin(a,)sin(5|,)j(1— 1)duP, (10)P, (1)
AT A<D fi6i oeidh . , I+1 |
o Dl e Sin(E)sinE Ay~ G~
=s—”i sin”(8,) + (1 +1)sin*(5,) = (1 +1)e" e sin(J, ) sin(3,,,) — 1e' " sin(6, ) sin(d, ,)]
|j—7r§:[(l+l)sm (5|+1)+(|+1)s1n (0)— (I+1)e'5'e '5”sm(5)sm(5l+l)

E I=0

—(I+1)e"e™ sin(s,.,,)sin(d,)]

or
o, = ;‘_’ZZ (1 +D)[sin®(5,.,) +sin’ (5, ) —e'"e 7' sin(d, ) sin(J,,,) —e'*'e ™ sin(J,,,)sin(5, )]
F I=0

AT S (1 D)Isin® (8, + sin’(8,)~ 2sin(8, ) sin(3,., ) cos(8, — .

E I=0

47 & .
Zk—ZZU +1)sin’(5, - 4,,,)

g 1=0

((Mathematica))



f1l =
Sin[s[1711%2+Sin[s[1+1]]%-

2Sin[s[17] Sin[s[1+1]]

Cos[é6[0] -6[01+1]1] // TrigFactor //

FullSimplify
Sin[s[1] -8[1+17]°

The contribution p; of the scattering centers to the electrical resistivity is

0 :ﬂznio-ev Z(I+1)sm (0,-9,,))

ne F|0

Here the phase shift are to be taken at the Fermi surface.

36.13 Example
In the Friedel's sum rule, we assume that only one phase shift is large.

2 =20L+1)5, (k).
T

or

nZ

ok F)_2(2L+1)

Then the resistivity is evaluated as

m
Pi =FniaevF

4ﬂhn' [(L+1)s1n (O, (ke )+ Lsin® (8, (ke )]

‘Wm N o 1) sin? (

L (2L +1)sin* (5, (k. )) = —~ )

L+2

K F

APPENDIX

((Mathematica))
Spherical Bessel function, spherical Neuman function, spherical Hankel function
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