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40.1 Displacement operator

[4,47]=1

The displacement operator
D, =exp(cd” —'8) = exp(—%|a|2) exp(cd*) exp(—a a)

(Baker-Hausdorff’s relation)

Suppose that o = a. Then we have

A

D, = exp(ad" — o 4) = exp[a(a” - a)],

where
A —8=—i |—2p
mha,
or
A i \/Ea .
Da = exp[__— p]!
hp
with
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This operator coincides with the translation operator
- [
T(a) =exp[—— pal,

where



'f(a)|x>:|x+a>

or
<x|'I:+(a) =(x+a|
Note that
D e R

40.2 Properties of [30,

- - ~ LN 1 ~ * A
D, =D, =exp(-c@" +a a) = exp(—EIalz)exp(—aa*)exp(a a)

A

D, = exp(ad" —a ' 4) = exp(—%lalz)exp(aé*)exp(—a*é)
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. aD, =al+a
Y 7oA
., aD,=al+

[exp(ad®),a] =—exp(cd’)a
[exp(ad),a’] =exp(ad)a

D +I\A1[A)a =N +|05|21+05*¢’§+aé+

a

with
N=a'a
D,"a8D, = 4a +a’1+20d = (& + al)’
N AN+ *N2n *A+ A+ * 2\ 2
DaaD =aa +(a)l+2ca =(a +al)
In general

D,'f(44")D, = f(A+0al " +a'1)

where f is any function of a and a* with a power series expansion.



a = p 2 a+f

only when
af —a B =2a|plisin(0, - 6,) =0

or

D, Iﬁﬁ =exp(af —a B)D,D,

40.3 Coherent state |a)
((Simple harmonics))

aln>=+/n|n-1>
a'n>=+n+1|n+1>

N|n>=n|n>

)= B,|0) = exp(=2 o) exp(ad”) exp(-a 8] 0)

Here



exp(—a4)|0) =|0)
then we have
- 1 »
la)=D,|0) = exp(—E|a|2)exp(aa )|0)

This is the definition of |a>.

0).

dla)= exp(—%|a|2)éexp(0£é+)

Note that

[exp(c@®),a] = —exp(cd”)a

or
exp(cd’)(ad + &) = dexp(ad’)
Thus
~ 1 ~ N
ala) = exp(—5|a|2)exp(aa*)(al+ 4)|0)
_ aexp(—%|a|2)exp(aé+) 0) = alar)
or

8|ar) = o)
which means that |a> is the eigenket of a with the eigenvalue a.

40.4 The explicit expression of |a) in terms of |n)

&)= B,|0) = exp(— e exp(ad ) )

In>=——(a)"[0>,



1 ’ & ngAa+\n 1 2 = n
) =expt o3 E0) - exp(- o)),
or
1 poa"
(ol =expt- 31 5.

2n
o]

(nfer)f” =exp(fa)" -

which corresponds to the Poisson distribution function. We now consider the single mode
coherent state

<N >= <a|N|a> = <a|§*é|a> = |a|2,

<N? ><a|l<|2|a>:<a|é*é+é a aa|a>=|a| ,

AN = J(a|N?|a) ~ (a|N|a)’ =]a],
or

AN 1

<N>_M'

40.5 Unitary operator Iil
The Unitary operator:
Iil = exp(ida‘a)
where A is real.
Ii[éFAg =exp(id)a

Note that

A8] [AIAS] [ATAASY),

exp(A)Bexp(—A) =B + > 3



A=—-ila'4,B=4,and [N,4] = -4

[AB] = -iA[d"4,d] = -iA[N,4]=i4

[A[A B]]= —iA[a"4,i 4] =—(iA)*[N,a] = (i4)°4

[A[A[A B]]]=-iA[a"4,(i4)%4] = —(iA)’[N,4] = (iA)’4
and so on.

Let us show that

A

R,|a)= c‘e”a>
We note that
dla) =a|a)
R,"8R,|a)=e"8la) = ae"|a)
or
A(R,|a) =e"8a) = o™ (R,|a))
which means that F§l|a> is the eigenket of & with the eigenvalue ce". Thus we have

A

R,1|a> = C‘e”a>.
‘e”“a> is the coherent state. c is the phase factor.

40.6  Orthogonality
The coherent state (|a>) do not form an orthogonal state.

é|a>:a|a>,

ap)=p8),



@)= B,]0) = exp(- laf Yexp(ed”)exp(-a 2)0)

= exp(—%|a|2) exp(cd*)|0)
(8] =(0[B,” = (0[5, = (0lexp(— | Yexp(5 ).

(Bla)= exp(—%|a|2)exp(—%|,6’|2)<0|exp(,6’*é) exp(cd”)|0).
Note that

exp(B d)exp(ad”) exp(-f8)) = exp(ad” ) exp(ef’) ,
or

exp(B8)exp(cd’) =exp(af’)exp(ad”)exp(S8),
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(Blar) = exp(- +af")(0]exp(cd") exp(5°4)|0),

or

(pla)=exn(- L o)

We also note that
A = (a=pa=p) =laf +|ff ~(@p +a'p),
Kﬂ|a>‘2 _ exp(—|0¢|2 —|,6'|2 + aﬂ* + a*ﬂ) = EXp(—|a _ﬂ|2) .

The distance |o — ,Blzmeasures the degree to which the two eigenstates are approximately
orthogonal.

40.7 Closure relation



~ 1 ) N
K=— =1.
L fle*aal

The integration is extended over the entire « plane with a real element of area. Let us
give a proof for this.

@) = exp(-af >Z |>

*

.

0

1
<Ot| = eXp(—E

n=0
We calculate K defined by
~ 1 )
K :—ﬂa)d a<a|

- [ injenataf a% z‘“’ (m|

We assume that
a=|ae"
then we have
a"(@)" =la" "™
J= J‘dza exp(—lad?)led™ " exp[i(n — m)6]
with
=|ald6dlod
Then
3 = [[lodd el adexp(ed*)led™ " exp[i(n — m)6]

where 0 <|a|< © and 0 < < 27. Note that

2z
[ ™do =274, ,



1 =275, , [ dldexp(lef Yol " = mts, ,
0

Thus

~ 1 n! A
R = 3ol 5,0 = Tlni(o] =1,

.m - n

Using the closure relation, we have

)= [ 2 |5)(pa),
where

(Ble)’ =exp-le— 4.

This means that a coherent state forms an complete set and that the simultaneous
measurement of &, and 4,, represented by the projection operator |o)(c| is not an exact

measurement but instead an approximate measurement with a finite error measurement.

40.8  |x)-representation of the coherent state
If we multiply the left-hand side of

§|a>=a|a>,

by (| and use

~ p(. ip
a="_| x+ ,
\/E( ma)oJ
with
_ |Ma,
B .

Then we have

(xlda) = a(x|a)



or

g SR
or
m’z)o%<x|a>+(x_ﬁ%)<x|a>:o.

The solution for <x|a> can be solved as

(me ) may . sa
()= | expl- T (x-V2 27,

where

]]<x|a>rdx -1

Note that

<X>= Tx‘<x|a>‘2dx = ﬁ%,

—00

h
2me,

< (AX)? >= T(x— <X >)2Kx|a>‘2dx -

<(Ap) >= [EJ [(x|a)- (x|arix = T2

Then we have

/) miaw 7]
AXAp = AX)? Ap)? > = G _
KAp =< (40" >y/< (4p)" > V2me, V2 2




The wavefunction <x|a> is indeed the minimum uncertainty wave-packet with stationary
quantum uncertainty.



