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41S.1 Hydrogen atom in the presence of an electric field
H, is the Hamiltonian of the hydrogen atom. We apply an external electric field ¢
(along the z axis) to the hydrogen atom, producing the Stark effect.

Ao+ A
H, =1, - & =—(—€f) e, = eef .

where -e (e>0) is the electron charge and P, (=-er) is an electric dipole moment. The
vector r is the position vector of electron. The proton (charge e) is located at the origin.
The eigenstate of H, is given by |n,1,m) with the energy

E (0) __B
n - n2'

where R is the Rydberg constant. R = 13.60569193 eV.

41S.2 Selection rules
The selection rules are summarized as follows.

Q) Selection rule-1
(n,L,m|Zn",I",m)=0,
only form'=m.

(i) Selection rule-2
(n,I,m|Z|n",I',m)=0

unless I’ =1+ 1.

In the presence of I:|l, the full spherical symmetry of the Hamiltonian is destroyed by

the external electric field that selects the positive z-direction, but H is still invariant
under the rotation around the z axis (see Chapter 27 for the notation).



or
(wIRHR Jy)=(w[H[w),
or
RHR, = H
or
[H,R]=0
Since
A i~ A j o~
R, =exp[— L,00] ~1-- L,60.
We have
[H,(,]=0
or
[H,L,]1=0
Since i
H, =e&
we have
[L,,7]=0.

((Note-1))  [L,,2]=0

Using this relation we calculate the matrix element;



(n,1,m[[L,, 2], 1", m) = (n,1,m|L,2 - 2, n", 1", m)

= (m—m')h(n,l,m|2|n',l',m'>:0'

Thus

(n,L,m|Zn", 1" m)=0 unless m’ = m.
((Note-2)) L' 202312 +3L* - 21? (%2 + 7%) = 0.
Using this relation we can calculate the matrix element;

(n,1,m|'2 - 20232 + 21 - 21 (L2 + 2L2)| ', 1', m') = 0.
This expression yields

(1 +1+2)(A+ 1) (A= 1+1)( = 1'-2)(n,1,m|Z|n",I', M} =0.
Then we have

(n,L,m|Z|n", 1" m) =0

only forI’=1+1.
((Note-3)) 7 is the parity operator:

-1

LA A
=rT=7 ,

Vi
Z is the parity odd operator with
hr=-1,
and

z[n,1,m)=(=1)'|n,1,m),
or

(n,I,m|7 =(=1)"(nl,m|.

Then we have



(n,I,m|Z|n',I'm’)=0 for the I-state and I'-state with the same parity.
The reason is as follows.

(n,L,m|zZz|n, I m)==(n,I,m|Z|n",I',m),
or

(n,Lm|Z ', 1 m) = (=)0, 1, m|Z 1 m).
When | +I'+1=2k +1(odd numbers), or 1+I'= 2k (even number), we have

<n,|,m|2|n',|',m'>:0.

41S.3 The Stark effect on the n =1 level
The ground state is non-degenerate.

lwo)=|n=11=0,m=0)

o>

The energy to the first order:

(1,0,0[H,|1,0,0)=0
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(1,0,0/2|n,1,m) ’
El(z) _ ezgzngm ‘ El(O) - En(O) ‘

where



Then we have

1 1,0,0/2n,1,m)[*
AEl = El(Z) = —E(lgz = ezgznﬂzlm K E1(0|) |_ E (0) >‘

or

(1,0,0[2|n,1, m)’
0 0
nzll,m E() E()

The proceeding sum is certainly not zero, since there exist states |n,|,m> whose parity is

opposite to that of |1,0,0>. To the lowest order in g, the Stark shift of the 1s ground state
is quadratic.

41S.4 Polarizability of the 1s-state

n,I,m{Z|1,0,0
|y/15> =|1,0,0>+e€§| n,l,m>w+

I,m

n I,m
<‘//15|( ez)|‘//15> —2e ‘9;‘ R | _E, (0)

I,m

or

nI mleO
a_ Zezz\ E(O)HE@\

n#l

Under the perturbation, the energy shift is given by

n,1, m{z{10,0 as?
.oy g

n¢l

((Note-1))

<n,|,m|z|1,%?)> +.)(ed)

(vis|(—€D)|ws) = ((1L0,0] +e£) (.1, m|
n=l (El - En

I,m



(n,1,m|71,0,0)
x (|1,0,0>+eg§| n,I,m) ET_ED) +...)

I,m

The electric field £ causes an induced dipole moment to appear, proportional to &.

((Note-2))
Since

(10,0/21,0,0)=0 and E,” ~E,% >E,” ~E,¥ >0
we have

(n,1,m|71,0,0) 2¢° A 2
oo Zezz‘ 5 (0)| |E(°) ‘ <= (O)_E(O)Z;Kn,l,m|z|1,0,0>‘
2 1 n#

n#-l

I,m

2¢° 3|(n,1,m|2[10,0)f

= (0 0
E,O_E0 <4
I,m
Here

>|(n.1,m|2[1,0,0)" = 3 (1,0,0[2 n, 1, m)(n,1,m|2[1,0,0) = (1,0,0|2?[1,0,0)

n, n,
I,m I,m

Then we have

a< 2—‘*22\<n,|,m|2|1,o,0>\2 = 2—2<1o 0[2°/1,0,0)
Ez(O) _ El(O) “ EZ(O) E, 0

I,m

2
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which is consistent with the experimentally observed value: a = 4.5 ag3.
(1,0,0[2%/1,0,0) = a,”

((Bethe-Salpeter))



Hans Albrecht Bethe (July 2, 1906 — March 6, 2005) was a German-American physicist,
and Nobel laureate in physics for his work on the theory of stellar nucleosynthesis. A
versatile theoretical physicist, Bethe also made important contributions to quantum
electrodynamics, nuclear physics, solid-state physics and particle astrophysics. For most
of his career, Bethe was a professor at Cornell University.

http://en.wikipedia.org/wiki/Hans_Bethe

How can we calculate the exact value of &?

n,1,m|1,0,0 n,1,m|2|1,0,0
o= ZeZ‘ E(O)_El(O)‘ Z‘ EO_ E(O)‘

n¢1 n¢1

(n.1,m|2[2,0,0) = [ d R, (Y™ (6, #)r cos O[Ry, (1YL (6, )]

Here

Y. (6, §) :ﬁ, cosﬁ=‘/Z;Y1°(9,¢)

~ m” 1 0 T 3
(n,l,m|z|1,o,o>=deY, (0,¢)EY1 0, 9) ! r*drR, (r)Ry (r)



[ aay™ (9¢)\,- (0¢)=T

Then we have

(n,1,m|71,0,0)=—=4,,6, jrsdarl(r)Rlo(r)

J§

or
Kn10|z|100 =—[jr3dar1(r)Rm(r)] =a,’f(n)

where f(n) is obtained by H.A. Bethe and E.E. Salpeter [Quantum Mechanics of One- and
Two Electron Atoms, Academic Press, New York, 1957, p.262]
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Then we have
nlOleO 3
o = 26’ Z‘ 3 (0)| | E“’" 43,y LD f(”) — 43,°0.915806 = 3.66326a,°
n=l n=2 n?—

((Mathematica))



Stark effect withn =1

Clear["Global +"];

1 1+7 -3 /-2 7 Af
R[N ,7,r ]i=—— |2* a0 2 e @0 n"“r (n-7/-1)1 LaguerreL[-1+n-f, 1+27, —
V(n+7)!

Y[7_, m_, &, ¢ 1 :=SphericalHarmonicY[/, m, &, #];
yIn_,7,m_,r_,e.,¢]1:=R[n, 7, r]1 Y[/, m e, ]
fnl_,4 ,ml_,n2 ,2 ,m2 ,r ,6,¢]-=

(-1)™ y[n1, /1, -m1, r, e, ¢] rCos[e] ¥[n2, ¢2, m2, r, 6, ¢] r’Sin[e] // Simplify;
Integral calculation

gMmni_, 4 _,ml_,n2_, 72 ,m2_] :=
f[nl, 71, m1, n2, 2, m2, r, 6, ¢]

a0

Simplify[lntegrate[lntegrate[Integrate[ , {4, 0, 27r}] s

{6, 0, m}], {r, 0, ®}], a0 0];
Beth' s formula

128n7 (n-1)2n-5
hin]=-n ——
3 (n+l)2n+5

Table[{n, 1, g[n,1,0,1,0,01%2//N, h[n] // N}, {n, 2, 10)] // TableForm

2r

a0n

1)

2 1 0.554929 0.554929
3 1 0.0889893 0.0889893
4 1 0.0309238 0.0309238
5 1 0.0145191 0.0145191
6 1 0.00802234 0.00802234
7 1 0.00491424 0.00491424
8 1 0.00323396 0.00323396
9 1 0.00224381 0.00224381
10 1 0.00162158 0.00162158
@ n2h[n]
42 // N
n=2 n2 -1
3.66326
41S.5 Stark effect on the n = 2 level

We now consider the state with n = 2.
n = 2 state (4 states-degeneracy):

I =1 (m=41, 0): p-state (3 states)

| =0 (m = 0): s-state (1 state)
Note that
R
EZ(O) — _?

is the eigenvalue of I:|0 . The degenerate system with the four states:
In,I,m)=2,0,0),/211),[2,1,0),|2,1,-1)

with the same energy. For convenience we introduce the basis as



|2 0, O even state

= | 21 0 odd states

From the selection rule, we have

(21,m|72,0,m) =(21,m|72,0,m)5,
(24,m|z21m)=0
(2,0,0/2|n,0,0)=0

The matrix of |:|1 based on these bases is given by

0 0 (H)y O
0 0 0 ©
(H), 0 0 0
0 0 0 O

where
(H), = eg<w3(°’ ‘2‘ '//1(0)> ——3esa, =
or
E, =3esa, (>0)
Note that
(v, 2]p®) = (22012 r)(r|2]2,0,0)

= [[[r cos Ry, (r) T (0, A1 oo (1)Y5' (6, 4)r” sin cird o
= _3a0

Matrix elements of (n,I", m'|I:|1| n,I,m) is given by

10



1211) [21,0) [21-1) [2,0,0)

(211 0 0 0 0
(210 0 0 0 -E
(211 0 0 0 0
(2000 0o -E O 0

where
(2,1,0|H|2,0,0) = -3esa, = -E,
The reduced matrix:

12,1,0) [2,0,0)
(2100 0  -E,
(200 -E, 0

We find that

I:|1 V/l(O) = _EO‘W3(0)>

‘W2(°’> and ‘y/4(°)> are the eigenstates of H, with the energy 0.

We now consider the matrix of H, in terms of the basis "//1(0)> and ‘w3(°)>

- 0 -E
e o)
|¢1>:0“//1(0)> and |¢3>:0‘W3(0)>

with

11



e

A: U T
ool uf 57

For A = -Eg (the lowest level)

(0)> U11 _
U12

For A = Eg, (the highest level)

@) =U

S

1
N
0 =0}ws) <[ 02| 2

2

The degenerate level of n = 2 splits into the three levels:

(i)  Theround state: E = E,) — E, (symmetric state)

|¢1 (‘ ‘//1(0)> “//3(0)>)
(i)  The first excited state with E,'” (double-degeneracy)

va) and o)

(ili)  The second excited state with EZ(O’ +E, (anti-symmetric state)

|(03 (‘ ‘//1(0)>_“//3(0)>)

12



|p3>

EY+Eo
0 0 0
Ey) >y > ©
=)
B —Eg
|¢p1>

Fig.  Energy splitting (Stark effect withn=2). E, =3esa,.

41S.6 Charge density distribution for the Stark effect with n =2
The charge density distribution for the |@;), |@,), ‘1/12(0’> and ‘1/14(°)> is evaluated

from the CountourPlot (Mathematica) of

(el Nirles) |(r[v®)

where y = 0, in the x-z plane.

2

i , and Kr

‘//4(0)>

13
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-10
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0
ContourPlot of ‘<r|¢1>‘2 with y =0, in the x-z plane. When the electric field is applied

along the z axis, the average position of electrons shifts to the (-z) direction. The energy
eigenvalue is E=E,” — E,.

10F

1) | | | |
-10 -5 0 5 10
ContourPlot of ‘<r|¢3>‘2 with y =0, in the x-z plane. When the electric field is applied
along the z axis, the average position of electrons shifts to the z direction. The energy
eigenvalue is E=E,” +E,.
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10F

_107\ Il Il Il \7
-10 -5 0 5 10

ContourPlot of ‘<r‘y/2(°)> K ‘W4(O)>2

field is applied along the z axis, the average position of electrons remains unshifted in the
direction to the z axis. The energy eigenvalue is E = E,"* .

with y =0, in the x-z plane. When the electric

Two of the four degenerate states for n = 2 (‘l//z(o)> and ‘w4(o)>) are unaffected by the
electric field to the first order, and the other two linear combinations

|¢1 ("//1(0)> ‘ 3(0)>) (E= Ez(O)_Eo)v
and
|(03 (‘ ‘//1(0)>_“//3(0)>) (E= Ez(O) +Ey).

This means that the hydrogen atom in this unperturbed state behaves as though it has a
permanent electric-dipole moment of magnitude 3ea,, which can be oriented in three
different ways; one state parallel to the external electric field, one state anti-parallel to the
field, two states with zero component along the field (Schiff).

((Mathematica)) The eigenvalue problem for n = 2 is solved using the Mathematica.

15



Calculation of matrix element for the Stark effect withn=1

R[n,7,r]:=

1

Y (n+7)!

3 r
(21”’ a0 2 e @n n 2’V (n-/-1)1

2r
LaguerreL[-1+n—/, 1+27, T )
aln

Y[7,m , & , d ] :-=SphericalHarmonicY[/, m, &, &#];
y[mn , 72, m,r ,8 ,¢]1:=R[n, 7, r] Y[/, m, &, #];
fln1 ,24 ,ml_,n2 ,2 ,m2 ,r ,6,d8]-=
(-1)™ y[n1, ¢1, -m1, r, 6, ¢] rCos[e] ¥[n2, ¢2, m2, r, 6, ¢]
rZSin[e] // Simplify;

Simplify][
Integrate]
Integrate[Integrate[f[2, 1, 0, 2, 0, O, r, &, ¢],
{6, 0, 2n}1, {6, 0, 7}], {r, 0, «}], a0 > 0]

-3 a0

16



EO = 3 e a0 &; Eigenvalue problem for the simplified system

H22 = {{0, -EO}, {-EO, 0}}
{{01 —EO}, {_EO, 0}}

eql = Eigensystem [H22]
{{_EO, EO}’ {{11 1}’ {_11 1}}}

¥1 = Normalize[eql[[2, 1]]]
1 1

= =)

¥2 = -Normalize[eql[[2, 2]]]
1 1

{\/?’_\/?}

UT = {¥1, y2}
1 1 1 1

% {5 -]

U = Transpose [UT]

{{1’ O}’ {O’ 1}}

17



41S.7 n = 3 Stark effect
We consider the case of n = 3.

n = 3 state (9 states degenerate):

=2 (m=42, +1, 0): d-state (5 states)
I=1(m=%1, 0): p-state 3 states)
I=0(m=0): s-state (1 state)
Note that
R
(0)
E3 = —?

is the eigenvalue of I:|0 :

Matrix elements of Hj:

32,2) [321)  [320) [32-1) [32-2)

(322 0 0 0 0 0

(321 0 0 0 0 0
(320 0 0 0 0 0
(321 0 0 0 0 0
(32,2 0 0 0 0 0

(311 0 — gega0 0 0 0

(310 0 0 -3J/3am, 0 0
(31-1 o 0 0 - %esao 0
(300 0 0 0 0 0
where

13L1)
0

9
58

0

0
0
0
0
0
0

131,0)
0

0

- 3\/§ega0
0
0

_9

31-1)
0

0

(3.21)A,|311) = —%egao (32,0[H,[31.0) = —343eca, ,(3.2,-1|7[31,-1) = eca,

(31,0/2/3,0,0) = -3+/6ezay .

Note that

18
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H,/3,2,2) =0, H,/3,2,-2)=0

Thus [3,2,2) and |3,2,-2) are eigenstates of H; with the zero energy. So we consider the
matrix under the basis {|3,2.1), [3,2,0), [3,2-1), [311), [310), [31-1), |3,0,0)}.

321)  [320) [32-1) 31)  [310)  [31-1)  [300)
(321] 0 0 —%Eé‘ao 0 0 0
(3.2,0| 0 0 0 0 -3J3a, 0 0
(32,1 0 0 0 0 0 - %eeao 0
(311 e, 0 0 0 0 0 0
2
(31,0] 0  -3/3%am, 0 0 0 0 -3J6esa,
(311 0 0 —%egao 0 0 0 0
(30,0 0 0 0 0  -3J6eaa, 0 0

This matrix consists of three submnatrices.

(1)
3,2,0) 31,0) 3,0,0)
(320 0 -3J3ea, 0
(310] —3v3eea, 0 ~3V6eca,
(300 0  -3J/6ea, 0
or
0 —3V3esa, 0
M, =| —3+3eea, 0 ~3J6esa,
0 —3/6esa, 0

Eigensystem[M;] (Mathematica is used for the calculation)

E = Oca=3E  |p)= %[%p,z,o) —\E|3,1,0> +[30,0)]

Ez=0, v,) =%[\/§| 3,2,0)-13,0,0)]

19



Es=-9ecao=-3E0  |v,) =%[%|3,2,0>+\/§| 31,0)+|3,0,0)]
(i)
32-1) [31-1)
(32-1 0 —%eaao

Eigensystem[M;] (Mathematica is used for the calculation)

9 3 1
By = Secan =SB ) = ﬁ[|3’2’_1> -[31-1)]
9 3 1
Es = - ecto=-— Eo ) = ﬁ[[|3’2’_1> +|31-D)1]
(iii)
321 [311)
(321 0 —%eeao

(311 —%egao 0

Eigensystem[M3] (Mathematica is used for the calculation)

9 3 1
Ey= 2 et = - Eo ) = ﬁ[|3’2’1> ~|311)]
9 3 1
Es =-> e =-_Eo lv,) = ﬁ[[|3,2,1> +[31,D)11

20
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Fig.  Energy splitting (Stark effect withn=3). E, =3esa,.

41S.8 Charge density distribution for the Stark effect withn =3

0}

o

710 L L L L L L ]
-10 -5 0 5 10

ContourPlot of K"|‘//1>‘2 with y =0, in the x-z plane. The energy eigenvalue is E® +3E,.
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ContourPlot of Kr|z//3>‘2 with y =0, in the x-z plane. The energy eigenvalue is E{® —3E,.

10F

_107\ L L L \7
-10 -5 0 5 10

ContourPlot of ‘<r|w2>‘2 with y =0, in the x-z plane. The energy eigenvalue is E® —3E,.
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_107\ L L L
-10 -5 0 5 10

-

P
.

ContourPlot of ‘<r|y/7>‘2 and Kr|://5>‘2 with y =0, in the x-z plane. The energy eigenvalue
is E{¥ —1.5E,.

_107\ Il Il Il \7
-10 -5 0 5 10

ContourPlot of K"|'//e>‘2 and ‘<r|y/4>‘2 with y =0, in the x-z plane. The energy eigenvalue
is E +1.5E,.
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[42]
T
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ContourPlot of ‘ |322‘ and ‘ ri3z 2)‘ with y =0, in the x-z plane. The energy

eigenvalue is E{*.
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APPENDIX

The wavefunction of hydrogen atom:

Vo (1, 0,4) =(r|n.1,m)

(n=1-)! 1.1 132 r a2l 2
iy 2 % eRC N L 1( )Y (¢.9)

The matrix element:
(0,11, m[2|n,1,m) = [[[r?sin @rdogdQy ., (r,0, )1 cos Oy, (1, 0, §)

Calculation of matrix elements forn=3

24



R[n ,7,r_]:=
1 3 r 2r
_ (21"/ a0z e @n n" 2"V (n-/-1)1 LaguerreL|-1+n-/,1+27, —]]
V(n+7)! a0n

Y[/ ,m_, &, ¢ 1 :=SphericalHarmonicY[/, m, &, &];
yn_,7,m,r ,e,¢]1:=R[n,7, r] Y[/, m, &, 4]
fni ,4 ,ml_,n2 ,2 ,m2 ,r_,6,¢]-=
(-1)”1 y[ni, ¢1, -ml, r, 6, ¢] rCos[e] ¥[n2, ¢2, m2, r, 6, ¢] rZSin[e] // Simplify;
g1 ,1_,ml ,n2_, 2_,m2_] :=
Integrate[ Integrate[Integrate[f[nl, 7, m1, n2, 2, m2, r, 6, ¢1, {#, 0, 2x}], {6, O, «}],
{r, 0, «}] // Simplify;

Matrix element calculation

a=Simplify[g[3, 2, 1, 3, 1, 1], a0 > 0]; B = Simplify[g[3, 2, 0, 3, 1, 0], a0 > 0] ;
¥ = Simplify[g[3, 2, -1, 3, 1, -1], a0 > 0] ;
6 = Simplify[g[3, 1, 0, 3, 0, 0], a0 > 0] ;

M1 = {{0, B, 0}, {B, 0, &}, {0, &, 0}}
{{o, -3+/3 a0, 0}, {-3+/3 a0, 0, -3+/6 a0}, {0, -3/6 a0, 0}}

eql = Eigensystem[M1]

{{0,—9a0,9a0},{{—ﬁ,o,l},{ﬁ, R g,l}}}

M2 = {{O, a}, {a, 0}}

eg2 = Eigensystem[M2] // Simplify

9a0 9Yao
{{-— =} (1. 1, (-1, 13y}

M3 = {{0, a}, {a, 0}}

Eigensystem [M3]

9a0 9ao
{{-—= =} 1t 1, (-1, 133
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