Chapter 41  Perturbation theory: time independent case
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41.1 Perturbation theory-nondegenerate case

where I:|0 is an unperturbed Hamiltonian and I:|1 is the perturbation.

Approximate solution of the Isl(l) eigenvalue equation (non-degenerate case):
Hly,)=E,lv,)

We assume that

E=EPQ+iEY+ PE® + ...

o) =)+ 2w, ")+ 2w, )+
We get
|:| ﬂ,l_’\l (0) y) (O] 2’2 2)
( 0+ 1)( Wn + lr//n + Wn +)
=(E 7+ 2E, " + 2E,? +..)( 1//n(0)> + 2 Wn“} s wn“)} +.)
For the 0-th order terms in A,
(H, - £y, ) =0,
For the 1st-order terms in A,
(Ho—E"w,")+ (R, —E,")lw,”) =0, (1)
For the 2nd-order terms in A,
(Hy =& w, )+ (H, =B, "y, ") - B, 7|y, ) =0, @
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For the 3rd-order terms in A,

(H,—E, ")

b, -E)

Wn<2)> _ En(z)

Wn(l)> _ En<3)

Wn(0)> -0

((Mathematica))

Perturbation (theory : case nondegenerate)

10 10

> wn[q]] SRS En[q]]
q=0 q=0

eql = Table[{n, Coefficient[eg2, A, n]}, {n, 0, 4}] // Simplify;
eql // TableForm

U (HU -En[U]) yn[U]

1 HLyn[0] —En[1] yn[0] + (HO —ENn[0]) ¥n[1]

2 -En[2] yn[0] +HL yn[1l] -En[1] yn[1] +H0 Yn[2] —En[0] yn|

3

4

)
n[i 2]
-En[3] yn[0] -En[2] yn[1] +HL yn[2] -En[1] yNn[2] +HO ¥Nn[3] -En[0] ¥Nn[3]
-En[4] yn[0] -EN[3] yn[1l] -En[2] yn[2 ] +HL yn[3] -ENn[1] yn[3] +HO yn[4] -ENn[0] yn[4]

eql = (HO + A H1)

10
Z)«q wn[q]J] ; eq2 = Expand [eql, A];
=0

41.2  The first-order energy shift
‘l//n(o)> forms the complete set. We star with Eq.(1) and take the inner product with

<‘//n(0)

<Wn(0) ‘(l:lo _ En(O))‘V/n(l)>+ <l//n(0) ‘("11 _ En(l))‘l//nw)> ~0
or

En(l) _ <l// o4

v, (0)>
The first-order correction of Eq.(1) with <1//k(°)‘ for k #n.

"

i (0) M (0)
= \Wn >+<wk

n(l)‘l/jn(O)> ~-0
or

(Ek(m _ En(O))<l//k(0) ‘V/n(l)>+<%w) ‘l:ll‘l//nw)> —0 fork#n.
or

(0) |:| (0)
<‘//k(0) ‘l//n(l)> _ <l;//En(O) - é:“’))>

Perturbation theory-degenerate case 2 12/23/2010



If we use the basis states ‘wk(°)> to express ‘z//n(”> as

‘l//n(l)> = Z‘V/k(mx © ‘1// (1)> (closure relation)
K

or
‘ (1)> ‘l// (O)><'//n(0)‘Wn(l)>+;"//k(o)><%(0)“//n(l)>

What about < (0)‘1// (1)>

Normalization:
1=<l//n|l//n> < (0)‘1// (0)>+/1<l//n(0)"//n(1)>+/1< (U‘l// (0)>+
+ 2 < (2)‘l// <0>> < (1>‘W (1>> < ((»‘l// (2)>
Since < © ‘1,// (0)> =1, through first order in A, we must have

<‘//n(0)

l//n(l)> n <Wn<1>

Wn<0>> -0
or
< (0)"/ (1)> < (O)‘l/f <1>> _ 2Re[< (0)‘1// (1)> 0
or
< (0)‘1,1/ (1)> =ia (a: real)
which means that
‘l//n(l)> _ ia‘l//n(o)> + ‘(/’n(l)>
where
<l//n(0) ‘¢n(1)> —ia

Then
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|l//n> = ‘l//n(o)> + iaﬂ,‘l//n(o)> + /1‘(0n(1)> +.o
=1+ ia},)‘y/n(o)> + /1‘(/)“(1)> +....
—ely, ) A0
where we use

e =1+iadl+..=1+ial for |a/”t| <<1.

We assume that a = 0:

<l//n(0)

(pn<1>> -0
Then we have
)

or

‘Wn(1)> _ ;‘Wk(o)xwk(o) ‘Wn(1)> = ;‘l/lk(o)>< En(o)l__| Ek(no)
In summary

E, = Eﬂ(c) +/1<¥/n(0)‘|:|1‘l//n(0)>

(0) |_”| (0)
I

41.3 The second-order energy shift
We take the inner product of Eq.(2) with the bra <z//n(0) ‘

<‘//n(0) ‘l:lo _ En(o)"//n(z)> n <Wn<0> ‘|:|1 _ En“)‘wn(”> _ En(z) -0

or
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E® = <‘//n(0) ‘F'l‘l//n(l)>

. (0) |:| n(O)
e

_g R R ")
2 (E,”-E")

‘ n(0> b |y ©
gl

2

In summary

2

‘ n<0>|:| (0) n(O) 11, © O n(O)
En(2)=g;<wEn(<J)_l‘Z:(o>> :é@/ ‘HI‘Z:(0>>_<ZI;<0>‘HI‘W >

The first-order correction of Eq.(2) with <1//k(°)‘ for k # n.

<‘//k(0) ‘(l:lo _ En(o))‘ '//n(2)> +<Wk(0) ‘“:ll _ En(l))"//n(l)> _ En(2)<l//k(0) ‘Wn(0)> -0

<‘//k(0) ‘Wn(2)> _

11, ®
“//n(z)>=;“//kw)><l//k(0)“//n(2)>=—;‘Wk(0)><%k ‘ 1"’?” >

‘V/n(l)> _ ;‘WI(O)XWI(O) ‘l//n(l)> = Z‘l//,(0>> Enw) _ E,FO)

I#n

Thus we have

0) |_A| (0) (0) |_‘| n(0)
-

n

41.4 Example-1: simple harmonics
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Aozﬁfﬁ"‘%ma)@zﬁz, l:llzaanwozf(z: hao(A+8")
Hq[m) = E,"|n)
with
E®=(n+ %)ha)o
Hl|n>=%ghw0[1/n(n—1)|n—2>+(2n+1)|n>+1/(n+1)(n+2)|n+2>]
<n+2|I3Il|n>=%gha)m/(n+l)(n+2)
(||} = L e, (n + 1)
: 27 2
<n—2||5|1|n>=igha)01/n(n—1)
Then
=E,” +(nH,|n) +k¢nE(0) EL)
or
A 2 A 2
21 [(nfH[n=2) i )
E, = En(O) <n H, n>+ ‘EH(O) _ En_z(o‘) + ‘EH(O) _ En+2(0‘)
or
2
E —E+ Lo, (n+ 1)+ % 1) (n+ 1 +2)]
2 2 2
or

1 1 1
E =hion+)1+—c——&*+...
n o ( 2)( 2673 )
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((Note))

#[n) = (=1)"|n)

Since
X7 = —X: odd parity
AR’ = 7% AR = X : even parity
Here
=1, zTt=7
<n X m> #0 for both n and m being odd and for both n and m being even.

When n is fixed, m should be m=nand m=n=+2.

((Note)) Exact solution

~ ] 1
H=—p’ 2 1+ &)X
mp @, (1+ &)

Then we have

E, =ho,V1+&(n +%) =EVl+¢

; = ——&'+
2 8 16 128 256

415 Example-2: anharmonic oscillator

We calculate the eigenstates of the anharmonic oscillator whose Hamiltonian is given

by
g 1 A2 1 2542
Hy=—p +-mao, X",
0 2m p 2 0
H =K& =—@+a"*
H,In) = E,In)
with
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1
E©= (n+5)ha)0

Hy|n) = 4;4 [Vn(n—1)(n—2)(n-3|n—4)+2(2n—1){/n(n—1)|n-2)
+3(1+2n+2n%)|n) + (6 +4n)/(n+2)(n+1)|n +2)

+J(n+4)(n+3)(n+2)(n+ H|n+4)]

il
£y 3 E‘m

k¢n n

or
: (k| )
E," +(n[H,/n >+§h%m n
=E,” +(n|H,|n)
T 1 M e O 1 AR
hoy| In-(=4]  [n-(n-2)]  [n-(+2)]  [n—(n+4)]
=E,” +(n|H,|n)
N P{n—4|l—]l|n>r ) (n—2 ) fin+ 20 o) \<n+4|ﬁl|n>q
ho, 4 2 2 4
where

(n[H[m) =

(n— 4] =

(n—2J || =
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\<n+2|F|1|n>\2 _ (4K ) (6+4n) (N+2)(n+1)

4

(n —4|I3|1|n>‘2 = (4;4)2(n +1)(N+2)(n+3)(N+4)

41.6 Formulation of perturbation (non-degenerate case)

Holw") = E,p,)
va) =l )+ @)
with
[D)=2 z//n“)>+/12 y/n(z)>+....
and
(v, |@)=0
((Note-1))
Normalization of [y,) =y, ) +|®):

(walya) = (v,
(0)

@)y, ”)+[@))
=" pn )+ (v, @) + (@

=1+(d|®)

v, ")+ {@]0)

((Note-2))

What does <y/n(0)

d)> = O mean?
This means that we choose all eigenstate corrections

Wn(0)>'

y/n(k)> for k>0 to be orthogonal to

or
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< (0)",” (k)>:5k,0

Then the normalization

(o) =1

holds to all orders in A. Obviously, with these choices the perturbed state |z//n) is
generally not normalized to unity.

i)l

A )

R )

A R A

o P A R A M
)

:1+ﬂz< n(l)‘l//nm>+/14< n(2>‘l//n(2>>+/16< n(z ‘l//n(3>>

Walw.)

Schrodinger equation
Hly,) = Eilya)
with
fof,+
or
(Hy+H)lw,) = Elw,)
Here we define the projection operator given by

‘w (0)>< (0)

where

M ‘V/n(0>> _ ‘Wn(0)>
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M satisfies M2 =M

((Note))
M is the Hermitian operator.

A A O AR

My ) =)
or
(v M= (")
or
(v 88 =
We introduce
P=1-M,
which is the complementary projection operator.

((Theorem-1))

o) =0
) -[o)
((Proof))

F3‘1//n(°)> _ (i _ ‘Wn(0)><l//n(0) ‘)

i) =
Plo) = (i -]y, Y Plv) =)
((Theorem-2))
[P,H,]=0

((Proof))
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BH, — H,P = (i - Y, — H (-

Wn(0)><l/jn(0)

=(H,-E,“ Wn(0>><wn<o> ‘ “H,+E"

l//n<0)><%(0) )

Wn(0)><%(0) ‘ —0

((Theorem-3))
[M,H,1=0
((Proof))
MH, —H,M = (1-P)H, — H,(1-P)=0

41.7 Schrodinger equation
Now we discuss the Schrodinger equation,

(|:|0 + I:|1)|l//n> = En|l//n>

(Ho+ H)(w, ") +[@) = E, (v, ) +[@))
or

B )+ Bl @) = (Hy+ Hlw, )+ (H, + H))|@))
or

E |y )+ E.[0) = £, ")+ o[ 0)+ H )
or

(B, —H)|®) = H,|w,)~(E, ~E, |y, )
Projecting on both sides with P

P(E, — H)|®) = PH,|p,) - (E, ~E,)Ply,")

(En - l:lo)lf)|q)> = |5|:|1|Wn>

or
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(E

n

—H,)|®)=PH,|y,)
or
|(I)> = (En - |:|0)_1 Ii\)l:ll|l//n>

Thus we get the final form

|lr//n> = Wn(0)>+ (En - |:|())_1 F3|:|1|l//n>

We solve this by iteration

v,) = t//n(o)>+(En —H,)"PH,( :,//n(‘”>+(En —H,)'PH |y, )
=y, @)+ (B, = Hy) " PH [y, )
+(E,—H,)"PH,(E, —H,)'PH, 1//n(0)>+
+(E,-H,)'PH,(E, —H,)"PH,(E, —H,)"PH, Wn(°>>+
) ) . i

41.8 Brillouin-Wigner perturbation expansion
What is the energy shift due to the perturbation?

(E,—Hy)w.)=Hlv,)
Projecting on both sides with M

M (E, —Hy)w,)=MH |y,)
or

A A

(En - |:|0)|\7| |l//n> = MHI

V)

or

(E,—H,)

v, ) =NiF )

Multiplying on both sides with <Wn(0)‘
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<l//n(0) ‘(En ~H,) l//n(0)> —y, n<0>>
or
The energy shift is

= =<‘// ©IMH, l//n(o)>=<l// O\ |y, (0>>
or
E-E©= <‘//n(0) (0)> + <Wn<0) )y'PH, l//n(0>>

+(y, |HL(E, = Hy) ' PHL(E, —Hy) ' PH [y, ) +
+(y, ' |HL(E, = Hy) 'PH(E, —H,) ' PH,(E, —H,) 'PH [, )+

The first-order energy shift:

E, M <l//n(0) |:|l Wn(0)>

The second-order energy shift:
En(2> :<l//n(0)‘|:| (E, - A )-1|5|:| ‘Wn(0>>
_Z<Wn(0)‘H (E, _H ) P‘ (0)<> (0)

k#n

H,

a (0>>

2

K (0) (0>>

2 E,—E"

When E, —» En(o), we get a “Rayleigh-Schrédinger series of conventional perturbation
theory.”

Olgl,, © O

E® _z<w M|y ><W H,

no E 0 Ek(o)

k#n n

v, (0>>

The third order of the energy shift:
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0 =y OB, B GE, ) B,

=T (P AGE A Bl Y AL GE, A Bl )

k=n.l=n

5 (R B )
- Z (E,-E”)E,-E")

B Y 2 A
= “Z (" -E“)E," -E)

or

where E, - E,.

The fourth-order of the energy shift

= A L L 1 T 7
no ¥ k::%:::n (En(o) _ Ek(o))(En(O) _ El(O))(En(O) _ Em(o))

il

where E, - E,.

419 Wavefunctions
Next we discuss the wave function to the high order.

The first order of wave function:
v, )= (B, - Hy) PR [y, )
= > (B, = oy By}
k#n

OV ©1F [y ©
:Z‘l//k (>|<El/:k_ E‘k(ol)‘;// >

k=n

ﬁl‘wn(0)>

or

(0) ©) 14 (0)
g e

k=n

where E, — E, .

The second order of the wave function:
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(0)>

)= 6 H B

:kZ (E, - (0)><!//k(0)‘H (E, - A o P“/’|(0)>< O W(O)<
‘Wk(0)>< O (O)><W|(0) Al <0>>
‘m o (" “”)(E Y -E")

0
where E, - E .

The third order of the wave function:

l//(3)>z Z ‘Wk(0>>< o4 W(0)><‘//|(0) a (0)><Wm(0)

k#n,l%n (En(O) - k(O))(En(O) - EI(O))(En(O) -

m=n

1

Wn(0)>

(0))

m

The fourth order of the wave function:

l//(4) ) z ‘Wk(0)>< O V/(O)><W|(0) |:|1W (O)><Wm(0) (O)><Wp(0) a
n (e (En(O) _ k(()))(En(O) . El(O))(En(O) N m(O))(En(O) _ Ep(O))

m=n

Wn(0)>

1

41.10 Degenerate case-1

with the energy Em](l)

Here is the procedure of calculation for the perturbation with degeneracy. We have now
g-degenerate states with

it O\ _ g O
HO ¢n,y >_ En

(0)
2"

with

¢n,y(0)> (p' = 19 29 39 sy g)
New Hamiltonian H is given by
H=H,+H, (H, is the perturbation).

(1) Calculate
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A

H, ¢n’ﬂ(0)>

(1) For example, we have

(0)
gon,,u >

S

Hl

)\ _
gon,,u > - g,u

where ¢, are different for different p. The perturbed energy is given by En(o) +é,

(i1) The second case

|:|1 @n,1(0)> =A, §0n,1(0)>+ A, ¢n,2(0)>
|:|1 ¢n,2(0)> = A21 (pn,1(0)> + Azz (pn,2(0)>
H, o (0)>:g ® (0)> withp=34,..,9
1| P | P 4,..., 0.
We consider only the case
|:|1 (pn,1(0)> = All ¢n,1(0)>+ A12 ¢n,2(0)>
Hl ¢n,2(0)> = Ay @n,1(0)> + Ay, @n,2(0)>
ac(h )
1 A21 A22
The Unitary matrix

~ (U, U
U :[ 1 12J
U, Uy,

W 1(0)>: A . 1(0)>=(U11 U12j(1]:(u11]
’ ’ U21 Uzz 0 U21
W 2(0)>:Lj o 2(0)>:(U11 U12J(Oj:(u1zj
i U21 Uzz 1 U22
For 1= ¢,
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LA” ADJLUHJ (UJ
AZl A22 U21 :gl U21

(A &)%)
AZI AZZ U22 ’ U22
41.11 Degenerate case-II

We have now g-degenerate states with

(0)
7,

A

HO

O\ _ £ O
¢n,y >_En

with

2.")  M=1,23,..0

ED (g—degeneracy)

((Eigenvalue problem))
We now calculate the matrix elements

0) 0)
2.")

H,

(o

Then we solve the eigenvalue problem

>i{p,, ",

v=l

¢n’v(0)>_ Em]a)gij ]<(Pn,#(0)

Wn”<0)> ~0

where n=1,2,...,¢9,and u=1,2, ..., 9
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or

(0) (0)
H]l - Enﬂ(l) H12 H13 . . . H]g <¢n,l !//ny] >
Hy  He-E,” Ha oo Hy o | (0,%),")
=0
M
Hgl ng HgS ot Hgg - E”’I <¢n,g(0) ‘//m](O)>

for the eigenvalue Eml(l) . The Unitary transformation:

O\ _ ] (0)
Wm] >_U (onﬂ >
where
U11 U12 Ulg
U, Uy
U=
U, U, Ugg
1 0 0
0 1 0
0 0 0
0 0 0
|(Pn1(0)>: | ’l(pn2<°>>: B ) (Dng(o)>
0 0 !

Then we have the resultant energy as

En(O) + Enq(l) (77: 1’ 25 3’ tte g)
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7l

7l

)\ _ '
l//m] >_ ’

41.12 Example
Consider the so-called spin Hamiltonian:

a
"

. . b ~. =« A
H=—=S’ +?(SX2 -S,)=H, +H,

for a system of spin S = 1, where 0<b<<a. Such a Hamiltonian obtains for a spin-1 ion
located in a crystal with thombic symmetry. Find the eigenvalues of this Hamiltonian

using degenerate perturbation theory [Amit Goswami, Chapter 18, p.394 Problem((8))
Eigenvalue of |:|O

~ a -
HO :_822

hZ

1,m) = am’

1,m)

1, m> (m=1,0, -1) is the eigenket of I:|0 :
1,i1> is the eigenket of I:|0 with energy a (degenerate)

1,0> is the eigenket of I:|O with energy 0 (nondegenerate)

Now we calculate I-AI1 1 m> = h%(éxz - §y2) 1, m>

1

i
0 — 0 0 ——(— 0
g 2 1 0
1 1 i i
S,=H— 0 ——|, S =#H-—= 0 -——1—[S=4600 0
t2 V2 V2 V2 X |
1 i -
0 — 0 0 — 0
V2 V2

The Hamiltonian H is expressed by
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I
Il
.
(=]
_|_
I
I
T o o
o o o
o T

1) Exact solution
We use the Mathematica to solve the eigenvalue problem.

Eigenvlaue ¢g=a+b

Eigenket:

v,) = %( L) +[1,-1))
Eigenvlaue s=a-b
Eigenket v,) = %( L1y —|1,-1))
Eigenvalue &=0
Eigenket ;) =|1,0)
((Mathematica))
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Clear["Global " %"];

*

exp_* i=exp /. {Complex[re , im_] = Complex[re, -im]};

aob
b 0 a

eql = Eigensystem[H]
{{01 a_b, a+b}1 {{O’ 11 0}1 {_11 09 1}’ {19 01 1}}}

¥1 = Normalize[eql[[2, 1]1]]
{0, 1, 0}

¥2 = Normalize[eql[[2, 2]]]
1 1

-—,0, —

ko &)

¥3 = Normalize[eql[[2, 3]]]

(Lo L

V2 V2

{v1*. w2, v2*_ 43, y3*. y1}
{0, 0, 0}

2 Perturbation method

b
H, = 0
0

o o O
oS O O

S

H,[Ll)=b

1,-1)

A

H|L-1)=b

11)

Matrix of H, of the basis of

R 0 b
H11:b 0

We use the Mathematica to solve the eigenvalue problem.

1,1> and

1,-1) is
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g'=b(org=a+h)

1
=—(L1)+|1,-1
|‘//1> \/5( > >)
and
g'=-b(org=a-b)
1
[v2) = (L) =[1-1)
((Mathematica))
Clear["Global "] ;
exp_ * :=exp /. {Complex[re , im ] = Complex[re, -im]};
0 by.
H11 = (b 0),

eql = Eigensystem[H11]
{{7b1 b}’ {{711 1}’ {1’ 1}}}

¥1 = Normalize[eql[[2, 1]]]
{,i L}
V2 2
¥2 = Normalize[eql[[2, 2]]]
(1,1
V2 2
{w1. y2}
{0}

41.13 Perturbation theory-degenerate case

The first-order correction to the eigenstate and, consequently, the second-order shift in
the energy involves the quantity diverges, if there exists states other than |t//n(o)> with

energy E V| that is, if there is degeneracy.

or
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T A 0 A 1 0

E,=E"+ Ay, |H
( | 1 o (En(O) _ Ek(O))

v OlA |y ©
|V/n>zlwn(0)>+/1§|‘//k(0)><(é (0! _llEk(m))

degenerate state

gistates
with the same energy

Suppose that there are g-states with

0, ") (i=1,2,3, ... 9)
all with the same energy
lwad =lwa )+ Aw, )+ 20y, )+

where

O\ _ 1]
‘//nv >_

(0)
)

and

A

U is a unitary operator.

(0) l//n(l)> -0, <(pnv(0>

<(/’nv l//n(z)>:0,....

We need to determine the unitary operator and eigenvalue En”(o)

Eigenvalue problem

(Hy + 2H) v, ")+ Ay, ")+ 2y, )+
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=(E"+ " + ZE +..)(w, ") + A, ") + Z|v,?) +...)

For the 0-th order terms in A,

(|j|0 _ En(o))ll//n(o)> -0, (1)
For the 1st-order terms in A,

(|j|0 _ En(o))ll//n(l)> + (|:|1 _ En(l))ll//n(o)>: 0, )
For the 2nd-order terms in A,

(|j|0 _ En(o))ll//n(z)> n (I:I1 _ En(l))l'//n(l)> _ En(2)| Wn(0)> -0, (3)
For the 3rd-order terms in A,

(|j|0 _ En(o))ll//n(3)> n (I:I1 _ En(l))l v, © >> _ En<2>|Wn<1>> _ En(3)|Wn(0)> —0
Here we assume that

(t//n(o)ly/n“)>: 0, (l//n(o)ly/n(z)> =0, ..

We take the inner product of Eq.(2) with each of the g bra vectors (gon, ﬂ(o)l (u=1, 2,
9)

(%’ﬂ(ml('_]o . En<0>)| l//na)) +<¢n,ﬂ(0)|(|:|1 _ En(l))|‘//n(0)> -0, ()

or
|4 O\ _ O (0) (0)
(¢n,,u |H1| Vh > - En <¢n,y Y >
g O]4 (0) (0) (0) (D N (0) (0) (0) (0)
Z<¢n,y |H1 (on,v X(on,v l//n >: En Z<¢n,/4 (on,v X(on,v l//n >
v=1 v=1
or

. (0)>_E(1>5 ]((p (O)V/(O)>=0
n,v n uv n,u n

g N
2 Ken "I

v=1
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(Eigenvalue problem)

En(l) = Enn(l) (77 = 152”""9) and ‘W§0)> =

g ~
2 Ken, |

v=1

0..") - E.,"5, e,

where n=1,2,...,g,and u=1,2,..... g

or

H11 - Enr](l) le H13
H21 sz - Enn(l) H23

Hgl 92 93

Unitary transformation

2"

O\ _ gy, (0)
l//nn > - Enq l//nn >

va,")=U

A

Hl

where
u, U, . . Ulg
U21 U22
U:
Ugl ng .. Ugg

Perturbation theory-degenerate case 26

(0)
Wnn > 2

)0

— M
H 99 En n

(0)
<(Pn,1

(0)
<¢n,2

(0)
(Prg

1//n,7(°)>
Wn,,(0)>

(0)
l//m] >
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1 0 0
0 1 0
0 0 0
0 0 0
|¢n1(0)> = . , |¢n2(0)> = . 5 esesesescsasescsasesasas N ¢ng(0)> =
0 0 1
Then we have
Ull]
U,,
.//m](o)> = , with the energy E, "’
U an
The eigenvalue problem is described by
H11_En;7(1) le H13 s ng Uln
H21 sz - Enn(l) H23 co H2g U277
=0
)
H Hy, Hys, - . . Hyg-E, U,,
43.12 Second-order perturbation:
(A =)+ (A -y, ") €1, ") =0
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(0)
(2.,

<§0n,ﬂ(o)|(|:|o - En(O))l l//n(Z)> +<€0n,;,(0)|(|:|1 - En(l))|%(n> - En(2)<(ﬂn,ﬂ(o) Wn(0)> =0
<(/’n,ﬂ(0)|(|:|1 _ Enm)l l//nm>— En(2)<¢’n,ﬂ(0) Wn(0)> —0

or
(20, " Hlva )= E X0, Olv,") -E e, v, ")y =0 (@)

Here we use

v ¥y, © H Wn(O)
l//n(l)> = él k |>E<(0)k_ |Ek(l!’) >

which is obtained from the perturbation theory for the non-degenerate case.

Note that

~ g ~
(O |Hw, ) =2 (v |H,
v=1

(0) (0)
(pn,v X(pn,v

v,”)

and

(0)

<§0n,v l//n(l)> =0

From Eq.(1),

)

3 z(con,ﬂ“”ll%ll/fﬁ‘”)(t//k“”lﬁ1 ?0, Y r,"”

©) (0)
v=1 k=#n E - Ek

n

- E (2><(p (0) W (0>>
n n,u n

We define the following operator

X H |, OXw, @A
Azé 1| E:(o)>_<E::(o)| 1

Then we have

g A
3 (o..

(0) (0)
¢n,v X¢n,v

W (0)> - E (2><¢ (0)
n n n,u

")
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A, -E,"” Ay, Ay . .. A, U,

A, AZZ—EM(” Ay . .. A, U,,
=0

H A A A —E @IU

gl 92 93 ag nn an

This is a tricky problem because the degeneracy between the first and the second state is
not removed in first order. See also Gottfried 1966, 397, Problem 1.) This problem is
from Schiff 1968, 295, Problem 4. A system that has three unperturbed states can be
represented by the pertrurbed Hamiltonian matrix

o m
m o
o o

*
*

QD
O
m

2

where E,>E;. The quantities a and b are to be regarded as perturbations that are of the
same order and are small compared with E,-E;. Use the second-order nondegenerate

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?)
Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order
degenerate perturbation theory. Compare the three results obtained.

((Exact solution))

E 0
H=|0 E b
a b E
Det[H - 1] =0
i:El,
E +E 1
A :% iE\/(EZ —E ) +4(al +1bP)
2 2
— El +E2 i_l(Ez_El)[1+4(|a| +|b|2)]1/2
2 2 (E2_El)

When |d << E, - E, Jo| << E, - E,,
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— El + Ez i[Ez — El + (|a|2 +|b|2)

2 2 (Ez - E1)
or
2 2
S ld e
Ez - El
2 2
PPN
Ez - El
((Perturbation theory))
E

1

.

Holé.) = El¢.)

o M o
Jn o o
Ne—
T
Il
/—\

oS O

|:|0|¢ﬁ'> - Ell ¢ﬂ>
|:|0|¢7>: E2|¢7>

|¢7> is the eigenket of I:|O with the energy E,. Since this state is nondegenerate, we can

apply the perturbation theory (non-degenerate case) to calculate the energy
The resulting energy is

JeRled femle) o e

E, =E,+{¢H|¢s) EE E_E E,—E
2 1 2 1 2 !

|:|1|¢a> = a*‘¢y>
Huldy) =bT,)
|:|1‘¢;/> = a|¢a>+ b‘¢ﬁ>

|¢a> and ‘¢ﬁ> are degenerate.
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This is the degenerate case.

First order:

The matrix element of I—A|1 in the basis of |¢a> and ‘¢ﬂ> is equal to zero. So we need to

calculate the second order

i<¢n,,f°) A, N, ) = B2 (0, |wa)
Vel
;o Z |:|1 Wk(0)><‘//k(0) |:|1 B A1 ¢y<>¢7 I_All

- k£n En(O) - Ek(O) - El - E2

The matrix element

(¢.H\|¢, )¢, [H|4.)  (4.]H.|8, )8, |H|g,) & ab’
A= AEl_EzA AEl_EzA — EI_EZ E1_2E2
<¢ﬁ H1 ¢;/><¢;/ Hl|¢a> <¢ﬂ‘Hl ¢;/><¢y Hl|¢a> a*b |b|
E —-E, E —-E, E,-E, E -E
Det[A-41] = 0.
2 *
B P -
E1 - Ez El B Ez 0
a’b o ;
E1 o Ez E1 o Ez
al o "l
+A +A)— =
(EZ_EI )(EZ_EI : (E1_E2)2
or
A+ M] =0
Ez o E1
Then we have
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A=0and 1 =-
Ez - E1

The final result is

Ea =E,

= _ o [l

Eﬂ -5 E,-E

el

T Ez - E1
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APPENDIX

Matrix elememt of the simple harmonics for the perturbation calculation

m
p=="
annihilation and creatioAn operators
4= %(k ti mz)o )
ar :%(24 mi)o)
[4,4"]=1
N=4"a
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H = haw,(N +%)

é|n>=\/ﬁ|n—1>
a'ln>=+n+1|n+1>

N|n>=n|n>

| R
|n>:m(a) |0>

[N,a]=-4

[N.a"]=a"

The parity operator

zln>=(C=D"|n>

A

g-—L @ +a)

V28

maw, 4-4a'

X

n>:\/_%ﬂ(\/ﬁ|n—l>+M|n+l>)

%) = 2;2 (Jn(h=Dn=2)+@n+1)|n)+/(n+1)(n+2)|n+2))

)23

n) :ﬁw( n(n=1(n-2)[n=3)+3n"?n—-1)+3(n+1)"|n+1)

+/(N+1)(n+2)(n+3)[n+3))
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&'|n) = 4;4 (Jn(n=1)(n-2)(n-3)|n—4)+2/(n-D)n2n-1)|n-2)

+3(2n° + 2n+1)|n) + (6 +4n)y/ (N + (N +2)|n +2)

+(N+1)(n+2)(n+3)(n+4)|n+4))

&|n) = ﬁm(\/n(n ~)(n-2)(n-3)(n—4)|n-5)
+5(n—1)y/(n=2)(n—1Dn|n-3)
+5(2n” + DWn|n=1)+5(2n* +4n+3)Wn+1|n+1)
+5(n+2)4/(n+1D)(n+2)(n+3)|n+3)
+J(n+D(N+2)(n+3)(n+4)(n+5)|n+5))
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