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41.1 Perturbation theory-nondegenerate case 
 

10
ˆˆˆ HHH   

 
where ˆ H 0  is an unperturbed Hamiltonian and ˆ H 1  is the perturbation. 
 
Approximate solution of the ˆ H ( )  eigenvalue equation (non-degenerate case): 
 

nnn EH  ˆ  

 
We assume that 
 

....)2(2)1()0(  nnnn EEEE   

 

....)2(2)1()0(  nnnn   

 
We get 
 

....))(ˆˆ( )2(2)1()0(
10  nnnHH   

 

...)....)(( )2(2)1()0()2(2)1()0(  nnnnnn EEE   

 
For the 0-th order terms in , 
 

0)ˆ( )0()0(
0  nnEH  , 

 
For the 1st-order terms in , 
 

0)ˆ()ˆ( )0()1(
1

)1()0(
0  nnnn EHEH  , (1) 

 
For the 2nd-order terms in , 
 

0)ˆ()ˆ( )0()2()1()1(
1

)2()0(
0  nnnnnn EEHEH  , (2) 
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For the 3rd-order terms in , 
 

0)ˆ()ˆ( )0()3()1()2()2()1(
1

)3()0(
0  nnnnnnnn EEEHEH   

 
((Mathematica)) 
Perturbation (theory : case nondegenerate)

eq1  H0   H1 
q0

10

q nq  
q0

10

q Enq 
q0

10

q nq ; eq2  Expandeq1, ;

eq1  Tablen, Coefficienteq2, , n, n, 0, 4  Simplify;

eq1  TableForm

0 H0  En0 n0
1 H1 n0  En1 n0  H0  En0 n1
2 En2 n0  H1 n1  En1 n1  H0 n2  En0 n2
3 En3 n0  En2 n1  H1 n2  En1 n2  H0 n3  En0 n3
4 En4 n0  En3 n1  En2 n2  H1 n3  En1 n3  H0 n4  En0 n4 

 
41.2 The first-order energy shift 

)0(
n  forms the complete set. We star with Eq.(1) and take the inner product with 

)0(
n  

 

0)ˆ()ˆ( )0()1(
1

)0()1()0(
0

)0(  nnnnnn EHEH   

 
or 
 

)0(
1

)0()1( ˆ
nnn HE   

 

The first-order correction of Eq.(1) with )0(
k  for k ≠ n. 

 

0ˆˆ )0()1(
1

)0()1()0(
0

)0(  nnknnk EHEH   

 
or 
 

0ˆ)( )0(
1

)0()1()0()0()0(  nknknk HEE   for k ≠ n. 

 
or 
 

)(

ˆ

)0()0(

)0(
1

)0(

)1()0(

kn

nk

nk
EE

H





  
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If we use the basis states )0(
k  to express )1(

n  as 

 


k

nkkn
)1()0()0()1(   (closure relation) 

or 
 





nk

nkknnnn
)1()0()0()1()0()0()1(   

 

What about )1()0(
nn  ? 

 
Normalization: 
 

 )0()1()1()0()0()0(1 nnnnnnnn   

 

...)( )2()0()1()1()0()2(2  nnnnnn   

 

Since 1)0()0( nn  , through first order in , we must have 

 

0)0()1()1()0(  nnnn   

 
or 
 

0]Re[2 )1()0(*)1()0()1()0(  nnnnnn   

 
or 
 

iann )1()0(   (a: real) 

 
which means that  
 

)1()0()1(
nnn ia    

 
where 
 

iann )1()0(   

 
Then 
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....

....)1(

....

)1()0(

)1()0(

)1()0()0(







nn
ia

nn

nnnn

e

ia

ia









 

 
where we use 
 

 iaiaeia  1...1  for 1a . 

 
We assume that a = 0: 
 

0)1()0( nn   

 
Then we have  
 

)1()1(
nn    

 
or 
 


 


nk kn

nk

k
nk

nkkn
EE

H
)0()0(

)0(
1

)0(

)0()1()0()0()1(
ˆ 

  

 
In summary 
 

)0(
1

)0()0( ˆ
nnnn HEE   

 


 


nk kn

nk

knn
EE

H
)0()0(

)0(
1

)0(

)0()0(
ˆ 

  

 
41.3 The second-order energy shift 

We take the inner product of Eq.(2) with the bra )0(
n  

 

0ˆˆ )2()1()1(
1

)0()2()0(
0

)0(  nnnnnnn EEHEH   

 
or 
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






















nk kn

kn

nk kn

nkkn

nk kn

nk

kn

nnn

EE

H

EE

HH

EE

H
H

HE

)(

ˆ

)(

ˆˆ

)(

ˆ
ˆ

ˆ

)0()0(

2
)0(

1
)0(

)0()0(

)0(
1

)0()0(
1

)0(

)0()0(

)0(
1

)0(

)0(
1

)0(

)1(
1

)0()2(










 

 
 
In summary 
 


 





nk kn

nkkn

nk kn

kn

n
EE

HH

EE

H
E )0()0(

)0(
1

)0()0(
1

)0(

)0()0(

2
)0(

1
)0(

)2(
ˆˆˆ 

 

 

The first-order correction of Eq.(2) with )0(
k  for k ≠ n. 

 

0)ˆ()ˆ( )0()0()2()1()1(
1

)0()2()0(
0

)0(  nknnnknnk EEHEH   

 

)0()0(

)1(
1

)0(

)2()0(
ˆ

nk

nk

nk
EE

H





  

 

)0()0(

)1(
1

)0(

)0()2()0()0()2(
ˆ

nk

nk

nk
k

nk
nkkn

EE

H


 




  

 


 


nl ln

nl

l
nl

nlln
EE

H
)0()0(

)0(
1

)0(

)0()1()0()0()1(
ˆ 

  

 
Thus we have 
 


  


nl lnkn

nllk

nk
kn

EEEE

HH

))((

ˆˆ

)0()0()0()0(

)0(
1

)0()0(
1

)0(

)0()2(


  

 
________________________________________________________________________ 
41.4 Example-1: simple harmonics 
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22
0

2
0 ˆ

2

1
ˆ

2

1ˆ xmp
m

H  , 2
0

22
01 )ˆˆ(

4
ˆ

2

1ˆ  aaxmH    

 

nEnH n
)0(

0
ˆ   

 
with 
 


En

(0)  (n
1

2
)0  

 

]2)2)(1()12(2)1([
4

1ˆ 01  nnnnnnnnnH   

 

)2)(1(
4

1ˆ2 01  nnnHn   

 

)
2

1
(

2

1ˆ
01  nnHn   

 

)1(
4

1ˆ2 01  nnnHn   

 
Then 
 

...
ˆ

ˆ
)0()0(

2

1

1
)0( 


 

nk kn

nn
EE

kHn
nHnEE  

or 
 

)0(
2

)0(

2

1

)0(
2

)0(

2

1

1
)0(

2ˆ2ˆ
ˆ

 









nnnn

nn
EE

nHn

EE

nHn
nHnEE  

 
or 
 

)]2)(1()1([
32

)
2

1
(

2

1 0
2

0
)0(  nnnnnEE nn

 
  

 
or 
 

...)
8

1

2

1
1)(

2

1
( 2

0   nEn   
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((Note))  
 

nn n)1(ˆ   

 
Since 
 

xx ˆˆˆˆ  : odd parity 
 

22 ˆˆˆˆˆˆˆˆˆˆ xxxx   : even parity 
 
Here  
 

1ˆ 2  ,   ˆˆ   
 

mxn 2ˆ  ≠0 for both n and m being odd and for both n and m being even. 

 
When n is fixed, m should be m = n and m = n ± 2. 
 
((Note)) Exact solution 
 

ˆ H 
1

2m
ˆ p 2 

1

2
m0

2(1 ) ˆ x 2  

 
Then we have 
 

...)
256

7

128

5

16

1

8

1

2

1
1(

1)
2

1
(1

5432)0(

)0(
0









n

nn

E

EnE 

 

 
______________________________________________________________________ 
41.5 Example-2: anharmonic oscillator 

We calculate the eigenstates of the anharmonic oscillator whose Hamiltonian is given 
by  
 

ˆ H 0 
1

2m
ˆ p 2 

1

2
m 0

2 ˆ x 2 , 

 
ˆ H 1  Kˆ x 4 

K

4 4 ( ˆ a  ˆ a )4  

 
ˆ H 0 n  En

(0) n  
 
with 
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
En

(0)  (n
1

2
)0  

 

]4)1)(2)(3)(4(

2)1)(2()46()221(3

2)1()12(243)(2)(1([
4

ˆ

2

41







nnnnn

nnnnnnn

nnnnnnnnn
K

nH


 

 
 


 


nk kn

nn
EE

kHn
nHnEE )0()0(

2

1

1
)0(

ˆ
ˆ  

 
or 
 


 


nk

nn kn

nHk
nHnEE

)(

ˆ
ˆ

0

2

1

1
)0(


 

 







































)]4([

ˆ4

)]2([

ˆ2

)]2([

ˆ2

)]4([

ˆ41

ˆ

2

1

2

1

2

1

2

1

0

1
)0(

nn

nHn

nn

nHn

nn

nHn

nn

nHn

nHnEn



 

 















 













4

ˆ4

2

ˆ2

2

ˆ2

4

ˆ41

ˆ

2

1

2

1

2

1

2

1

0

1
)0(

nHnnHnnHnnHn

nHnEn



 

 
where 
 

)366(
4

ˆ 2
41  nn

K
nHn


 

 

)3)(2)(1()
4

(ˆ4 2
4

2

1  nnnn
K

nHn


 

 

)]1()12(4[)
4

(ˆ2 22
4

2

1  nnn
K

nHn

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)1)(2()46()
4

(ˆ2 22
4

2

1  nnn
K

nHn


 

 

)4)(3)(2)(1()
4

(ˆ4 2
4

2

1  nnnn
K

nHn


 

 
_________________________________________________________ 
41.6 Formulation of perturbation (non-degenerate case) 
 

)0()0()0(
0

ˆ
nnn EH    

 

 )0(
nn   

 
with 
 

....)2(2)1(  nn   

 
and 
 

0)0( n  

 
((Note-1)) 

Normalization of  )0(
nn  : 

 







1

))((

)0()0()0()0(

)0()0(

nnnn

nnnn





 

 
((Note-2)) 
 

What does 0)0( n mean?  

This means that we choose all eigenstate corrections )(k
n  for k>0 to be orthogonal to 

)0(
n . 

 
or 
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0,
)()0(

k
k

nn    

 
Then the normalization  
 

1)0( nn   

 
holds to all orders in . Obviously, with these choices the perturbed state  n  is 

generally not normalized to unity. 
 

....)2(2)1()0(  nnnn   

 

...1

..)(

)(

)(

)(

)3()3(6)2()2(4)1()1(2

)0()4()1()3()2()2()3()1()4()0(4

)0()3()1()2()2()1()3()0(3

)0()2()1()1()2()0(2

)0()1()1()0()0()0(











nnnnnn

nnnnnnnnnn

nnnnnnnn

nnnnnn

nnnnnnnn











 

 
Schrödinger equation 
 

nnn EH  ˆ  

 
with 
 

ˆ H  ˆ H 0  ˆ H 1  
 
or 
 

nnn EHH   )ˆˆ( 10  

 
Here we define the projection operator given by 
 

)0()0(ˆ
nnM   

 
where 
 

)0()0(ˆ
nnM    
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ˆ M  satisfies ˆ M 2  ˆ M  
 
((Note)) 

ˆ M  is the Hermitian operator.  
 

MM nnnn
ˆ)(ˆ )0()0()0()0(     

 
)0()0(ˆ

nnM    

 
or 
 

)0()0( ˆ
nn M    

 
or 
 

)0()0( ˆ
nn M    

 
We introduce 
 

ˆ P  ˆ 1  ˆ M ,  
 
which is the complementary projection operator. 
 
((Theorem-1)) 
 

0ˆ )0( nP  

 

P̂  

 
((Proof)) 
 

0)1̂(ˆ )0()0()0()0(  nnnnP   

 

 )1̂(ˆ )0()0(
nnP   

 
((Theorem-2)) 
 

[ ˆ P , ˆ H 0 ]  0 
 
((Proof)) 
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0ˆˆ(

)1̂(ˆˆ)1̂(ˆˆˆˆ

)0()0()0(
0

)0()0()0(
0

)0()0(
00

)0()0(
00





nnnnnn

nnnn

EHEH

HHPHHP




 

 
((Theorem-3)) 
 

[ ˆ M , ˆ H 0 ]  0 
 
((Proof)) 
 

ˆ M ˆ H 0  ˆ H 0
ˆ M  (ˆ 1  ˆ P ) ˆ H 0  ˆ H 0(

ˆ 1  ˆ P )  0  
 
41.7 Schrödinger equation 

Now we discuss the Schrödinger equation, 
 

nnn EHH   )ˆˆ( 10  

 

)())(ˆˆ( )0()0(
10  nnn EHH   

 
or 
 

))ˆˆ()ˆˆ( 10
)0(

10
)0(  HHHHEE nnnn   

 
or 
 

nnnnnn HHEEE  10
)0()0()0( ˆˆ   

 
or 
 

)0()0(
10 )(ˆ)ˆ( nnnnn EEHHE    

 
Projecting on both sides with ˆ P  
 

)0()0(
10

ˆ)(ˆˆ)ˆ(ˆ
nnnnn PEEHPHEP    

 

nn HPPHE 10
ˆˆˆ)ˆ(   

 
or 
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nn HPHE 10
ˆˆ)ˆ(   

 
or 
 

nn HPHE 1
1

0
ˆˆ)ˆ(   

 
Thus we get the final form 
 

nnnn HPHE  1
1

0
)0( ˆˆ)ˆ(   

 
We solve this by iteration 
 

...ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(

)ˆˆ)ˆ((ˆˆ)ˆ(

)0(
1

1
01

1
01

1
01

1
0

)0(
1

1
01

1
01

1
0

)0(
1

1
01

1
0

)0(
1

1
0

)0(

1
1

0
)0(

1
1

0
)0(





















nnnnn

nnnn

nnn

nnn

nnnnnn

HPHEHPHEHPHEHPHE

HPHEHPHEHPHE

HPHEHPHE

HPHE

HPHEHPHE











 

 
 
41.8 Brillouin-Wigner perturbation expansion 

What is the energy shift due to the perturbation? 
 

nnn HHE  10
ˆ)ˆ(   

 
Projecting on both sides with ˆ M  
 

nnn HMHEM  10
ˆˆ)ˆ(ˆ   

 
or 
 

nnn HMMHE  10
ˆˆˆ)ˆ(   

 
or 
 

nnn HMHE  1
)0(

0
ˆˆ)ˆ(   

 

Multiplying on both sides with )0(
n  
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)0(

1
)0()0(

0
)0( ˆˆ)ˆ( nnnnn HMHE    

 
or 
 
The energy shift is 
 

)0(
1

)0()0(
1

)0()0( ˆˆˆ
nnnnnn HHMEE    

 
or 
 













)0(
1

1
01

1
01

1
01

)0(

)0(
1

1
01

1
01

)0(

)0(
1

1
01

)0()0(
1

)0()0(

ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆˆ

nnnnn

nnnn

nnnnnnn

HPHEHPHEHPHEH

HPHEHPHEH

HPHEHHEE







 

 
The first-order energy shift: 
 

)0(
1

)0()1( ˆ
nnn HE   

 
The second-order energy shift: 
 




















nk kn

kn

nk
nkknn

nnnn

EE

H

HPHEH

HPHEHE

)0(

2
)0(

1
)0(

)0(
1

)0()0(1
01

)0(

)0(
1

1
01

)0()2(

ˆ

ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆ







 

 
When En  En

(0) , we get a “Rayleigh-Schrödinger series of conventional perturbation 
theory.” 
 


 


nk kn

nkkn

n
EE

HH
E )0()0(

)0(
1

)0()0(
1

)0(

)2(
ˆˆ 

 

 
The third order of the energy shift: 
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


















nlnk lnkn

nllkkn

nlnk
nllnkknn

nnnnn

EEEE

HHH

HPHEHPHEH

HPHEHPHEHE

.
)0()0(

)0(
1

)0()0(
1

)0()0(
1

)0(

.

)0(
1

)0()0(1
01

)0()0(1
01

)0(

)0(
1

1
01

1
01

)0()3(

))((

ˆˆˆ

ˆˆ)ˆ(ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆˆ)ˆ(ˆ







 

or 


 


nlnk lnkn

nllkkn

n
EEEE

HHH
E

.
)0()0()0()0(

)0(
1

)0()0(
1

)0()0(
1

)0(

)3(

))((

ˆˆˆ 
 

 
where En  En

(0) . 
 
The fourth-order of the energy shift 
 




 


nm
nlnk mnlnkn

nmmllkkn

n
EEEEEE

HHHH
E

.
)0()0()0()0()0()0(

)0(
1

)0()0(
1

)0()0(
1

)0()0(
1

)0(

)4(

))()((

ˆˆˆˆ 
 

 
where En  En

(0) . 
 
41.9 Wavefunctions 

Next we discuss the wave function to the high order. 
 
The first order of wave function: 
 




















nk kn

nkk

nk
nkkn

nnn

EE

H

HPHE

HPHE

)(

ˆ

ˆˆ)ˆ(

ˆˆ)ˆ(

)0(

)0(
1

)0()0(

)0(
1

)0()0(1
0

)0(
1

1
0

)1(







 

 
or 
 


 


nk kn

nkk

n
EE

H

)(

ˆ

)0()0(

)0(
1

)0()0(

)1(


  

 
where En  En

(0) . 
 
The second order of the wave function: 
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


















nlnk lnkn

nllkk

nlnk
nllnkkn

nnnn

EEEE

HH

HPHEHPHE

HPHEHPHE

,
)0()0()0()0(

)0(
1

)0()0(
1

)0()0(

,

)0(
1

)0()0(1
01

)0()0(1
0

)0(
1

1
01

1
0

)2(

))((

ˆˆ

ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(ˆˆ)ˆ(







 

 
where En  En

(0) . 
 
The third order of the wave function: 
 




 


nm
nlnk mnlnkn

nmmllkk

n
EEEEEE

HHH

,
)0()0()0()0()0()0(

)0(
1

)0()0(
1

)0()0(
1

)0()0(

)3(

))()((

ˆˆˆ 
  

 
The fourth order of the wave function: 
 




 


nm
nlnk pnmnlnkn

nppmmllkk

n
EEEEEEEE

HHHH

,
)0()0()0()0()0()0()0()0(

)0(
1

)0()0(
1

)0()0(
1

)0()0(
1

)0()0(

)4(

))()()((

ˆˆˆˆ 
  

 
_____________________________________________________________________ 
41.10 Degenerate case-1 
 

with the energy En
(1)  

 
Here is the procedure of calculation for the perturbation with degeneracy. We have now 
g-degenerate states with 
 

)0(
,

)0()0(
,0

ˆ
  nnn EH   

 
with 
 

)0(
,n  (µ = 1, 2, 3, ...., g) 

 
New Hamiltonian H is given by 
 

ˆ H  ˆ H 0  ˆ H 1   ( ˆ H 1  is the perturbation). 
 
(1) Calculate  
 



Perturbation theory-degenerate case 17 12/23/2010 

)0(
,1

ˆ
nH  

 
(i) For example, we have 
 

)0(
,

)0(
,1

ˆ
  nnH   

 
where µ are different for different µ. The perturbed energy is given by En

(0)    

 
(ii) The second case 
 

)0(
2,12

)0(
1,11

)0(
1,1

ˆ
nnn AAH    

 
)0(

2,22
)0(

1,21
)0(

2,1
ˆ

nnn AAH    

 
)0(

,
)0(

,1
ˆ

  nnH     with µ = 3,4,..., g. 

 
We consider only the case 
 

)0(
2,12

)0(
1,11

)0(
1,1

ˆ
nnn AAH    

 
)0(

2,22
)0(

1,21
)0(

2,1
ˆ

nnn AAH    

 

ˆ H 1 
A11 A12

A21 A22









 

 
The Unitary matrix  
 

ˆ U 
U11 U12

U21 U22









 

 




























21

11

2221

1211)0(
1,

)0(
1, 0

1ˆ
U

U

UU

UU
U nn   

 




























22

12

2221

1211)0(
2,

)0(
2, 1

0ˆ
U

U

UU

UU
U nn   

 
For = 1, 
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A11 A12

A21 A22











U11

U21









 1

U11

U21









 

 
 
For = 2, 
 



























22

21
2

22

21

2221

1211

U

U

U

U

AA

AA
  

 
41.11 Degenerate case-II 

We have now g-degenerate states with 
 

)0(
,

)0()0(
,0

ˆ
  nnn EH   

 
with 
 

)0(
,n  (µ = 1, 2, 3, ...., g) 

 

En
0 g-degeneracy

En1
1

Enh
1

Eng
1

 
 
((Eigenvalue problem)) 
We now calculate the matrix elements 
 

)0(
,1

)0(
,

ˆ
  nn H  

 
Then we solve the eigenvalue problem 
 

0]ˆ[
1

)0()0(
,

)1()0(
,1

)0(
, 



g

nnijnnn EH


   

 
where  = 1, 2, ...., g, and  = 1, 2, ...., g 
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or 
 

0

.

.

.

.

...

.......

.......

.......

.......

...

...

)0()0(
,

)0()0(
2,

)0()0(
1,

)1(
321

223
)1(

2221

11312
)1(

11




















































































ngn

nn

nn

nggggg

gn

gn

EHHHH

HHEHH

HHHEH

 

 

for the eigenvalue )1(
nE . The Unitary transformation: 

 
 n

(0)  ˆ U n
(0)  

 
where 
 

ˆ U 

U11 U12 . . U1g

U21 U22 . . .

. . . . .

. . . . .

Ug1 Ug2 . . Ugg

























 

 
 

n1
(0) 

1

0

0

0

.

.

.

0



































, n2
(0) 

0

1

0

0

.

.

.

0



































, ........................, ng
(0) 

0

0

0

0

.

.

.

1



































 

 
Then we have the resultant energy as 
 

)0(
nE )1(

nE   ( = 1, 2, 3, ..., g). 
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

































g

n

U

U

U









.

.

.

.

.
1

1

)0( , 

 
 
41.12 Example 
Consider the so-called spin Hamiltonian: 
 


ˆ H 

a

2
ˆ S z

2 
b

2 ( ˆ S x
2  ˆ S y

2 )  ˆ H 0  ˆ H 1   

 
for a system of spin S = 1, where 0≤b<<a. Such a Hamiltonian obtains for a spin-1 ion 
located in a crystal with rhombic symmetry. Find the eigenvalues of this Hamiltonian 
using degenerate perturbation theory [Amit Goswami, Chapter 18, p.394 Problem((8)) 
 
Eigenvalue of ˆ H 0  
 

mammS
a

H z ,1,1ˆˆ 22

20 


 

 
m,1  (m = 1, 0, -1) is the eigenket of ˆ H 0 : 

1,1   is the eigenket of ˆ H 0 with energy a (degenerate) 

0,1  is the eigenket of ˆ H 0 with energy 0 (nondegenerate) 

 

Now we calculate mSS
b

mH yx ,1)ˆˆ(,1ˆ 22

21 


 

 

























0
2

1
0

2

1
0

2

1

0
2

1
0

xS , 





























0
2

0

2
0

2

0
2

0

i

ii

i

Sy  , 



















100

000

001

zS  

 
The Hamiltonian H is expressed by 
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
















ab

ba

HHH

0

000

0
ˆˆˆ

10  

 
(1) Exact solution 

We use the Mathematica to solve the eigenvalue problem. 
 
Eigenvlaue 1= a + b 
Eigenket: 

)1,11,1(
2

1
1   

 

Eigenvlaue  = a - b 

Eigenket  )1,11,1(
2

1
2   

 
Eigenvalue  3= 0 

Eigenket  0,13   

 
((Mathematica)) 
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Clear"Global`";

exp_  : exp . Complexre_, im_  Complexre, im;

H 
a 0 b
0 0 0
b 0 a

;

eq1  EigensystemH
0, a  b, a  b, 0, 1, 0, 1, 0, 1, 1, 0, 1

1  Normalizeeq12, 1
0, 1, 0

2  Normalizeeq12, 2
 1

2
, 0,

1

2


3  Normalizeeq12, 3
 1

2
, 0,

1

2


1. 2, 2. 3, 3. 1
0, 0, 0  

 
__________________________________________________________________ 
(2) Perturbation method 
 


















00

000

00
ˆ

1

b

b

H  

 

1,11,1ˆ
1  bH  

 

1,11,1ˆ
1 bH   

 

Matrix of 1Ĥ  of the basis of 1,1  and 1,1   is  

 

ˆ H 11 
0 b

b 0









 

 
We use the Mathematica to solve the eigenvalue problem. 
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1' = b (or 1 = a + b) 
 

)1,11,1(
2

1
1   

 
and 
 
1' = -b (or 2 = a - b)  
 

)1,11,1(
2

1
2   

 
((Mathematica)) 

Clear"Global`";

exp_  : exp . Complexre_, im_  Complexre, im;

H11   0 b
b 0

;

eq1  EigensystemH11
b, b, 1, 1, 1, 1

1  Normalizeeq12, 1
 1

2
,

1

2


2  Normalizeeq12, 2
 1

2
,

1

2


1. 2
0  

_____________________________________________________________ 
41.13 Perturbation theory-degenerate case 
 
The first-order correction to the eigenstate and, consequently, the second-order shift in 
the energy involves the quantity diverges, if there exists states other than  n

(0)  with 

energy En
(0) , that is, if there is degeneracy. 

 
or 
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En  En
(0)    n

(0) ˆ H 1  n
(0) 

 n
(0) ˆ H 1  k

(0)  k
(0) ˆ H 1  n

(0)

(En
(0)  Ek

(0) )k n
  

 

 n   n
(0)    k

(0 )
k

(0) ˆ H 1  n
(0)

(En
(0)  Ek

(0) )k n
  

 
 

 
 
Suppose that there are g-states with 
 

n
(0)  (i = 1, 2, 3, ..., g) 

 
all with the same energy 
 

 n   n
(0)    n

(1)  2  n
(2)  ....  

 
where 
 

)0(
,

)0( ˆ
  nn U  

 
and 
 

Û  is a unitary operator. 
 

0)1()0( nn   , 0)2()0( nn   ,…. 

 

We need to determine the unitary operator and eigenvalue )0(
nE  

 
________________________________________________________________________ 
Eigenvalue problem 
 

( ˆ H 0   ˆ H 1)(n
(0)    n

(1)  2  n
(2)  ....) 
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 (En

(0 )  En
(1)  2 En

(2)  ....)( n
(0)    n

(1)  2  n
(2)  ....)  

 
 
For the 0-th order terms in , 
 

( ˆ H 0  En
(0) ) n

(0)  0 , (1) 

 
For the 1st-order terms in , 
 

( ˆ H 0  En
(0) ) n

(1)  ( ˆ H 1  En
(1) ) n

(0)  0 , (2) 

 
For the 2nd-order terms in , 
 

( ˆ H 0  En
(0) ) n

(2)  ( ˆ H 1  En
(1) ) n

(1)  En
(2) n

(0)  0, (3) 

 
For the 3rd-order terms in , 
 

( ˆ H 0  En
(0) ) n

(3)  ( ˆ H 1  En
(1)) n

(2 )  En
(2)  n

(1)  En
(3)  n

(0)  0  

 
Here we assume that 
 

 n
(0)  n

(1)  0 ,  n
(0)  n

(2)  0 , ........ 

 
We take the inner product of Eq.(2) with each of the g bra vectors n,

(0)   ( = 1, 2, 

...,g) 
 

n,
(0) ( ˆ H 0  En

(0)) n
(1)  n, 

(0) ( ˆ H 1  En
(1) ) n

(0)  0 , (2) 

 
or 
 

n,
(0) ˆ H 1 n

(0)  En
(1) n,

(0)  n
(0)  

 

n,
(0) ˆ H 1 n,

(0) n,
(0)  n

(0)

1

g

  En
(1) n, 

(0) n,
(0) n,

(0)  n
(0)

 1

g

  

 
or 
 

[ n, 
(0) ˆ H 1 n ,

(0)  En
(1) ] n ,

(0)  n
(0)

1

g

  0  
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(Eigenvalue problem) 
 

)1()1(
nn EE   ( = 1,2,,…,g) and )0()0(

 nn  , 

 
 

 [ n, 
(0) ˆ H 1 n,

(0)  En
(1) ij ] n,

(0)  n
(0)

1

g

  0  

 
where  = 1, 2, ...., g, and  = 1, 2, ...., g 
 
or 
 

 

H11  En
(1) H12 H13 . . . H1g

H21 H22  En
(1) H23 . . . H2g

. . . . . . .

. . . . . . .

. . . . . . .

. . . . . . .

Hg1 Hg2 Hg3 . . . Hgg  En
(1)































n,1
(0) n

(0)

n,2
(0)  n

(0)

.

.

.

.

n,g
(0)  n

(0)

































 0  

 
Unitary transformation 
 
  n

(0)  ˆ U n
(0)  

 
)0()1()0(

1
ˆ

  nnn EH   

 
 
where 
 

 ˆ U 

U11 U12 . . U1g

U21 U22 . . .

. . . . .

. . . . .

Ug1 Ug2 . . Ugg
























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 n1
(0) 

1

0

0

0

.

.

.

0



































,  n2
(0) 

0

1

0

0

.

.

.

0



































,  ........................,  ng
(0) 

0

0

0

0

.

.

.

1



































 

 
Then we have 
 

 











































g

n

U

U

U

.

.

.

.

.
2

1

)0( , with the energy En
(1)  

 
The eigenvalue problem is described by 
 
 

0

...

.......

.......

.......

.......

...

...

2

1

)1(
321

223
)1(

2221

11312
)1(

11












































































gnggggg

gn

gn

U

U

U

EHHHH

HHEHH

HHHEH

 

 
 
 
________________________________________________________________________ 
43.12 Second-order perturbation: 
 
 ( ˆ H 0  En

(0) ) n
(2)  ( ˆ H 1  En

(1) ) n
(1)  En

(2) n
(0)  0 
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n,
(0) × 

 
n,

(0) ( ˆ H 0  En
(0)) n

(2)  n, 
(0) ( ˆ H 1  En

(1) ) n
(1)  En

(2) n ,
(0)  n

(0)  0  

 
n,

(0) ( ˆ H 1  En
(1)) n

(1)  En
(2) n ,

(0)  n
(0)  0  

 
or 
 

n,
(0) ˆ H 1 n

(1)  En
(1) n, 

(0)  n
(1)  En

(2) n , 
(0)  n

(0)  0 (1) 

 
Here we use 
 

 n
(1) 

 k
(0)  k

(0) ˆ H 1 n
(0)

En
(0)  Ek

(0)
k n
  

 
which is obtained from the perturbation theory for the non-degenerate case. 
 
Note that 
 

 k
(0) ˆ H 1  n

(0)   k
(0) ˆ H 1 n ,

(0) n ,
(0)  n

(0)

 1

g

  

 
and 
 

n,
(0)  n

(1)  0  

 
From Eq.(1), 
 

n,
(0) ˆ H 1  k

(0)  k
(0) ˆ H 1 n,

(0 ) n,
(0)  n

(0)

En
(0 )  Ek

(0)
k n


1

g

  En
(2) n,

(0)  n
(0)  

 
We define the following operator 
 

ˆ 
ˆ H 1 k

(0)  k
(0) ˆ H 1

En
(0)  Ek

(0)
k n
  

 
Then we have 
 

n,
(0) ˆ n,

(0) n,
(0)  n

(0)

1

g

  En
(2) n, 

(0) n
(0)  
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0

...

.......

.......

.......

.......

...

...

2

1

)2(
321

223
)2(

2221

11312
)2(

11












































































gnggggg

gn

gn

U

U

U

EH

E

E

 

 
This is a tricky problem because the degeneracy between the first and the second state is 
not removed in first order. See also Gottfried 1966, 397, Problem 1.) This problem is 
from Schiff 1968, 295, Problem 4. A system that has three unperturbed states can be 
represented by the pertrurbed Hamiltonian matrix 
 

 

E1 0 a

0 E1 b

a* b* E2

















 

 
where E2>E1. The quantities a and b are to be regarded as perturbations that are of the 
same order and are small compared with E2-E1. Use the second-order nondegenerate 
perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?) 
Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order 
degenerate perturbation theory. Compare the three results obtained. 
 
((Exact solution)) 
 

 H 
E1 0 a

0 E1 b

a* b* E2

















 

 
Det[H - I] = 0 
 
 = E1,  
 

  
E1  E2

2


1

2
(E2  E1 )2  4( a

2  b
2
)  

 

 
E1  E2

2


1

2
(E2  E1)[1

4( a 2  b 2 )

(E2  E1 )2 ]1/ 2  

 
When a  E2  E1, b  E2  E1,  
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 ]
)(

)(

2
[

2 12

22

1221

EE

baEEEE










  

 
or 
 

   E1 
a2  b 2

E2  E1

 

 

  E2 
a 2  b 2

E2  E1

 

 
((Perturbation theory)) 
 

H0 
E1 0 0

0 E1 0

0 0 E2

















,  H1 
0 0 a

0 0 b

a* b* 0

















 

 
ˆ H 0   E1   

 
ˆ H 0   E1   

 
ˆ H 0   E2   

 
  is the eigenket of ˆ H 0 with the energy E2. Since this state is nondegenerate, we can 

apply the perturbation theory (non-degenerate case) to calculate the energy 
 
The resulting energy is 
 

12

22

2
12

2

312

12

2

313

3132

ˆˆ
ˆ

EE

ba
E

EE

H

EE

H
HEE













  

 

  *
1

ˆ aH   

 

  *
1

ˆ bH   

 

  baH 1
ˆ  

 

  and   are degenerate. 



Perturbation theory-degenerate case 31 12/23/2010 

 
This is the degenerate case. 
 
First order: 
 

The matrix element of 1Ĥ  in the basis of   and   is equal to zero. So we need to 

calculate the second order 
 

)0()0(
,

)2(

1

)0()0(
,

)0(
,

)0(
,

ˆ
nnn

g

nnnn E  


 


 

 

21

11

)0()0(

1
)0()0(

1
ˆˆˆˆ

ˆ
EE

HH

EE

HH

nk kn

kk





 



 
 

 
The matrix element 
 






























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APPENDIX 
 
Matrix elememt of the simple harmonics for the perturbation calculation 
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