Chapter 5
Linear second order differential equation:

Series expansion and second solution
(October 1, 2010)

Jozef Maria Hoene-Wronski (French: Josef Hoéné-Wronski; 23 August 1776 — 9
August 1853) was a Polish Messianist philosopher who worked in many fields of
knowledge, not only as philosopher but also as mathematician, physicist, inventor, lawyer,
economist. He was born Hoene but changed his name in 1815.

http://en.wikipedia.org/wiki/J%C3%B3zef Maria Hoene-Wro%C5%384ski

5.1 Regular point and regular singular point
Linear, second order homogeneous differential equation

y"+P(X)y+Q(x)y =0.

(a) Ordinary point: (regular point):
If P(x) or Q(x) remain finite at a point x = Xo. This point is called an ordinary
point of the differential equation.

(b) Singular point:
If P(x) or Q(x) diverges at a point x = Xo. This point is called an singular point.

(c) Regular singular point:
If P(x) or Q(x) diverges at a point X = Xo, but (x-Xo) P(x) and (x-Xo)* Q(x) remain
finite at x = Xo, This point is called an regular singular point.

(d) Irregular or essential singularities:
All other singular points are irregular or essential singularities.



((Example-1)) Bessel differential equation
XY"+xy'+(x* =n*)y =0,

or

1 n?
y'+—y+(1-—)y=0,
X X

2

POO=—. Q==

At x =0, P(x) and Q(x) diverges.
x P(x) = 1 and x* Q(x) = X*— n’ remain finite at x = 0.
X = 0 is a regular singular point of the Bessel differential equation.

((Example-2)) Legendre differential equation

(1=x)y"=2xy+l(1 +1)y =0,

or
y,,_12x2y,+l(l+12)y:0’
- X 1-X
2 L ((ED))
P(X)_(x+1)(x—1)’ QM= X+ D(x=1)"

At x==£1, P(x) and Q(x) diverges.

(x-1)P(x) and (x-1)* Q(X) remain finite at x = 1,
(x+1)P(x) and (x+1)* Q(X) remain finite at x = -1.

X = =*1 are regular singular point of the Legendre differential equation.

5.2 Change of variable of differential equation I
The analysis of point X— is to set X = 1/z, substitute into the differential equation,
and then let z—0. We now consider a change of variable in differential equation



x=1(2)

dy dzdy 1 d L 1 d LY
dx dxdz dxdz’ f'(z)dz
dz

Similarly, we have

dy_d 1 d 1 d 1 d
dx’ _dx f(z) dz f'(z)dz f'(z) dz v

Then we have

y'(2) +[P(f () £'(2) - (( ))]y(Z)+Q(f(Z))[f @ y(2)=0.

When x = f(Z)=l,weget
z

y'(2) +[¥jy (2)+ 22D Q( Jy@)=o.

((Example)) Bessel’s equation
" 1 1 n2
y'+—y+(1-—)y=0.
X X

When X = 1/z, this equation is transformed as

2

y'"(2)+— y '(2) +( )y(z) 0,
for y(x=1/2)=y(z). Since the coefficient of y(z) diverges 1/z* as z—0, the point X = oo

is an irregular or essential singularity.
It is interesting to calculate such transformation using the Mathematica. To this end,
we just introduce the differential operator in the Mathematica.

1

- D[#7]&.
D[ f[z],z]

((Mathematica))



Clear["Global ™ +"7;

Pz — D[#, 7] &
Drfrz1, 7]

OP[¥12]]

v (Z]

t(z]

Nest[OP, ¢ [z], 11 7/ Simplify
' Z]
T (z]

Nest[OP, y[z], 21 // Simplify
-y [Z] T [Z] + T [Z] Y [Z]

The secod order differential equation

YU[x] + PIx] Y'[x] + Q[x] ¥fx] == 0.

eql = Nest[OP, y[z], 2] +P[f[z]] Nest[OP, y[z], 11 +Q[f[z]]1¥([z] 7/ Simplify
Pifiz1) F(z1%2v(z) -wiz) F (2] + F (2] v (2]

Qrf(z]] v(z] + 3
T (z]

eg2 = Solve[eql == 0, ¥ [2]]
. -Qrfrzy1wiz) F(z)3 -PFiz)] F (212 v (2] + v (2] T/ (2]
H{v1z1 -

)

eq3 =y [z] - (¥"'[2] /. eq2[[1]1]) // Simplify

Yz]17(zZ]
T (z]

’r

Qrfrz1] uiz] F(z)% + P[F[z]] (2] ¥/ (2] v [Z]



Coefficient[eq3, ¢ "[z]]
T// |:Z:|
T (z]

Pifiz]) F(z] -

Coefficient[eq3, ¥[z]]
Q(f(z]] F(z)*

The case of x=f[z]=1/z
rulel = {f—> (i &]};
#

eq3 =0 /. rulel // Simplify

o[ sier [22-7[1]) iz
a +

z

Bessel function P[x]=-. Q[x]=1-=

ruIe2={P-»(% &),Q—»

eq3 == 0/. rulel /. rule2

(1-n22%) y1z) v (z)
7 + +y’ (2] =0
z z

5.3 Change of variable in differential equation II

We make a more convenient Mathematica program for the change of variable in the
differential equation. Using this program we derive several differential equations for X =
1/z.

(a) Legendre differential equation;

I(I+1)

Y' (0 —7 7Y 0+ y(x)=0

and
I(1+1)

7’(1-177%)

y'(2) - zy()— y(2)=0

for x =1/z.

(b) Hermite differential equation;



y"(X) = 2Xy'(X) + 2ay(X) =0

and
2(z2* +1 2
v @+ Xy @)+ 2 y@) =0
forx=1/z.
((Mathematica))

Clear["Global "]

vchange([Eq_, v , x_,z_, T 1 :=

Eq /. {D[%[X], (X,N_}] Nest[( : D[#, 7] &], 121, n], VX1 > #12], X :-)f}

DT, z

secdifchang[Eq , v ,x ,z , T ] :=
Module[{reql, req2, req3, reg4}, regl = vchange[Eq, #, x, z, 1 7/ Simplify;
reg2 = Solve[reql, ¢ ""[z]] // Simplify // Flatten;
req3 = ¢’ [z] - (¢ [2] /- req2) =0 // Simplify]
eql = y""[x] +P[X] y"[X] +Q[X] Y[X] == 0
QIX]Y[X] +P[X] Y [X] +y”[X] =0

sl = secdifchang[eql, vy, X, z, 1/2]

1 2z-P[L])y
Q[Zhy[Z] ) 22 P{zz])y iz — o

z z

Bessel differential equation
rulel={P- (1/#&,Q- (1-n°/#%&)}
{p [1&) Q- |1 nz&}
- | — , U -—
1112

7l

s2 =sl/. rulel

(1-n22%)y(z] y(z]
z4 z




Legendre differential equation
rule2={P- (-2#/ (1-#°) &), Q- (¢ (¢+1) / (1-#°) &)}

21l 7 (0 +1)
{P%( &],Q%( &]}
1-112 1- 112

s3 =sl/. rule2 7/ FullSimplify
¢ (1+0)y[z] +223y[Z]
z (-1+2%)

s

+2y"(z] =0

Laguerres's differential equation
rule3=(P-» (1- #)/#28&,Q0-> (@/# &}

o[ g 0o (2 2))

s4 =sl1 /. rule3 /7 FullSimplify

a
AL (1+2)y (2] + 22y (2] =
V4

Chebysheyv differential equation
ruled = [P ((-#)/ (1-#%) &), Q- (n*/ (1-#7) &)}

=1 n?
P (1—1112 &]’Q% 1112 &]}

s5 =51 /. ruled 7/ FullSimplify
n’yizl +z (-1+22%) y'[z]

z //[Z] _
z (-1+2%) rey

Hermite differential equation

rule5={P- (-2#8&,Q- (2a#"8&)}
(P> (-201&), Q- (2anl’ &)}

s6 = sl /. rule5 7/ FullSimplify
2ay(z] +2 (z+23) y' (2] + Z*y" (2]

z



5.4  Fuch’s theorem (I)

If we are expanding about an ordinary point or at worst about a regular singular point,
the series expansion approach will yield at least one solution.
We assume that X is an ordinary point or a regular singular point.

y"+P(X)y+Q(x)y =0,

with

P(X) = Py + P+ Py (X = X) + = D P, (X=X,
2=0

o

_ o) 4 _ :w oy VA2
QU= G F oy, TR TR ;qﬁ(x X)" 7.

The solution of the differential equation is assumed to be given by
y(x) =(x— Xo)k Z yi(x— Xo)/1 >
A=0

with Yo#0. k and y;’s must be determined. For simplicity, we put &= X — X.
y"+P(©Yy+Q(5)y =0,

with

Y= Dy
PE)= Y P,

Q&) =Y q,E 2

Substituting these forms into the differential equation can be made using Mathematica.
The indicial equation:

k(k-1)+ p,k+q,=0



This is quadratic, so there are two roots; k; and k;. For each root, we find a different set of
values for yy, Y, Y3, ..., 1.€., the two solutions of the differential equation.

((Mathematica)) Determination of indicial equation
Series expansion ( indicial equation)
Clear["Global " %'"]
eql =y " [X] +P[X] y"[x] +Q[X] y[X];

4 4
» Q- [ZQ[A] w2 &] > Y- [Zy[z] #K &]};
2=0

4
rulel = {P - [Z p[A] #*°1 &
=0

2=0
eq2 = eql /. rulel // Simplify; eq3 = eq2 x¥*3 // Expand;
Table[{1 -1, Coefficient[eq3, x|}, {1, 1, 2, 1}] // FullSimplify

{{0, (k (-1+k+p[0]) +q[0]) y[O]},
{1, (kp[1] +9[1]) y[O] + ((1+Kk) (k+p[0]) +q[0]) y[1]}}
eq4 = Coefficient[eq3, x'] /. {y[0] » 1} // Simplify

K?+k (-1+p[0]) +q[0]

egs = Coefficient[eq3, x2] /- {y[0] » 1} // Simplify;
eqg6 = Solve[eg5 == 0, y[1]]

-kp[l] -q[1] }}
k+k%+p[0] +kp[0] +q[O]

{{y111 -

eq7 = Coefficient[eq3, x°] /. {y[0] » 1} /. eq6[[1]] // Simplify;
eq8 = Solve[eq7 = 0, y[2]] // FullSimplify

K (1+k) (-p[L)2+ (k+p(0]) p[2])-kP[2] q[0]+(1+2K) p[1] q[L]+q[1]?

-q[2]
(1+k) (k+p[0])+q[0]
{{y121 - (2+k) (1+k+p[0]) +q[0] 2




Example - 1 Bessel differential equation

X2yt e Xy" o+ (x2—n2) y =

P(x)=1/x; p(0)=1; Q(x) =1-n*/x%;q (0) =-n?, q (1) =0,q(2) =1

rule2 = {p[0] » 1, p[1] » 0, p[2] » 0, p[3] » 0, p[4] » 0, q[0] » -n*, q[1] » O,
q[2] » 1, q[3] » 0, q[4] - 0}

{p[0] > 1, p[1] -0, p[2] >0, p[3] >0,

p[4] -0, q[0] » -n?, q[1] =0, q[2] -1, q[3] -0, q[4] -0}

Indicial equation

s4 = Solve[eqg4 == 0 /. rule2, k]
{{k->-n}, {k->n}}

sb =Solve[eg5==0/. rule2 /. s4[[2]], YI[1]1]
{{y[1] - 0}}

s7 = Solve[eq7 =0/.rule2 /. {k->n} /. s5[[1]], Y[2]]

1
vyl = -y M
5.5  Second solution
Fuch’s theorem (II)
(a) If the two roots of the indicial equation are equal, k; = k;, then we can obtain only

one solution by series substitution method (Frobenius’ method).

(b) If the two roots differ by a non-integral number (k, — k; = non-integral), two
independent solutions may be obtained.

(©) If the two roots differ by integer, the larger of the two will yield a solution.

5.6 Wronskian
Given a set of functions ¢, (41=1, 2, ..., n), the criterion for linear dependence is the

existence of the form

C,@ +Co 0, +Ci 0, +...... +C,¢,=0.

Let us assume that ¢, ’s are differentiable as needed. Then we have



0 M 0 M
C,p, +C,p,  +Cip  +...... +C, o, =0
) ) ) )
C,p  +C, 0, +C 0 .. +C, 0, =0
3 ) 3) 3
C,p  +C,p,  +C ;7 +...... +C, 0, =0

(n-1) (n-1)

C1¢1 +C2 ¢2

If the determinant of the coefficient of the C;’s vanishes, then there is a solution ¢, # 0
(nontrivial solution). This means that Wronskian is equal to zero,

(2] ?, 2 - @y
@' o' @' S e P’
W = = 0
(ol(n_l) (oz(n_l) ¢’3(n_1) - e ¢’n(n_l)

If 9, (A=1,2,...,n)are linearly dependent, then W = 0 over the range of x.

((Mathematica))
Example 9-6-2 (Arfken) We have ¢;(X) = exp(X), ¢(X) = exp(-X), and ¢3(X) = cosh[X].
Show that these functions are linearly dependent.

Clear["Global *"];
dLl[x 1 =EXp[X]; #2[x ] = EXp[-X]; ¢3[x ] = Cosh[X];

Wronskian[{¢l[x], ¢2[X], ¢3[X]}, X]
0

Now we consider a second-order differential equation

y*+P(X)y+Q(x)y =0.



Suppose that we have two solutions of this differential equation; y; and y»

i Y,
ity

W =

Ify; and y; are linearly dependent, W = 0.
Ify; and y; are linearly independent, W # 0.

we =" %2
Yoo Y,
W.(X):‘ylz y2:+‘y1" yzuz‘yln yznz‘ Y o
Y, Y, Y| Y, Y| Y, - Pyl _le - Pyz _Qyz
or
W'(x):‘ hoo v '+‘ o Ve g Nl o Vi
- Py1 - Pyz _Qy1 _Qyz y1 yz y1 yz
or
: dW (x)
W'(x) = = —PW (x).
dx
Then we have
L dW (x) x
———=dx =—| P(x)dx,
{W ™ j ()
or
W(x) |
| =—| P(x)dx,
N j ()
or
W (x)=W(a) exp(—_[ P(x)dx,). (Liouville’s formula)
((Mathematica))

Calculation of Wronskian W(X) for the typical second-order differential equation.



Wronskian determinant

Hermite differential equation
Clear["Global "]

Wronskian[y""[X] -2XYy"[X] + 2ay[X] =0, vy, X]

2
eX

Bessel differential equation

Wronskian[x? y*"[x] + xy~[x] + (x*-n?) y[x] =0, y, X]

1

X

Legendre differential equation

Wronskian[ (1 - xz)y"[x] - 2xy"[x] + 1 (1+1) y[x] =0, y, x]
1
-1+X%

2

((Note))
We assume that y; and Y, are the solutions of the equation given by

y"+P(X)y+Q(x)y =0.

Yi Y,
Yi' Y]

b

The Wronskian given by W (X) = ‘

1s the same as the Mathematica calculation
Wronskian[ y"+P(X)y'+Q(x)y ==0, Y, X],
except for a constant.

((Example)) From the Documentation Center of the Wolfram



The Wronskian for a linear equation:
in[1]:= Wronskian[y""[X] -XY[X] =0, Yy, X]

out[1]= 1

Except for a constant, the result is the same as for the explicit solution:
In[2]:= DSolve[y™"[X] -XY[X] =0, Y, X]
out[2]= {{y - Function[{x}, AiryAi[x] C[1] +AiryBi[x] C[2]]}}

in31:= Wronskian[ {AiryAi[x], AiryBi[x1}, X]

1
out[3]= —
JT

5.7 Selected problems from Arfken
5.71 Arfken 9-6-3

Using the Wronskian determinant, show that the set of functions

is linearly independent.
((Mathematica))

Clear["Global "]
xk
wse[n ] :=Table[—, {k, 0, n}]
k!
Table[Wronskian[wse[n], X], {n, 2, 12}] // Simplify
{(¢,1,1,1,1,1,1,1,1,1, 1}

5.7.2 Arfken 9-6-9

Legendre's differential equation
(1-x*)y"-2xy+n(n+1)=0,

has a regular solution P,(X) and an irregular solution Q,(x). Show that the Wronskian of
P, and Q, is given by A,/(1-x*) with A, independent of x.



Arfken9 -6 -9

Method-I Direct calculation drom the definition of Wronskian
eql = (1—x2) Y UIX] -2XYy"[X] +n (N+1) y[X] =
n(1l+n)y[x]-2xy[x]+ (1—x2> Yy [X] =

DSolve[eql, y[X], X]
{{y[X] - C[1] LegendreP[n, x] +C[2] LegendreQ[n, X]}}

W[x , n_] :=
Det[{{ LegendreP[n, x], LegendreQ[n, x]},
{D[LegendreP[n, x], x], D[LegendreQ[n, x], x]}}]

W[x, 11 // Simplify

1-x2

Wix, 2] 7/ Simplify

1-x2

W[x, 3] 7/ Simplify

1-x?

W[x, 41 // Simplify

1
1-x2
Method - 11

2 X

eg2 = W* [X] == W[x]
1 - x2

, 2 XWX

Wix] - [21

1-Xx

DSolve[eq2, W[x], X]

C[1]
(W1 > =51}

Method - 111

Wronskian[eql, y, X]
1
-1+x

2



5.8  Second solution
Now we consider how this leads to a second solution of the differential equation

i(ﬁ]: yzvyl — y2yl' :W(X)
2 b

dx{ y, v, Y,

or

W(x) =y, %H—J =W (@)exp(~| P(x,)dx,).

Thus we have

q ( v, j eXp(—j P(x,)dx,)

~ |22 =w a ,
dx | y, ® [y, (0T
or
. exp(—J‘2 P(x,)dx,
yZ(X) :W(a)J. a 5 dX2 + y2(b) ,
Y1 (%) > [i(x)] y,(b)
or
. exp(—Jl P(x,)dx, )
y
2 =W 1 > 2 d 2 : 1 >
V(%) (a)y(x)! Soor ety e
or
. exp(—T P(x,)dx, . exp(—]Z P(x,)dx, v.(0)
,(X)=W 1 > 2 dx, > 2 dx, : 1A -
00 =W@Y ]t + [l 2 N0

We are now interested in the first term, even if the second and third terms are dropped, it
leads to nothing new.
We set W(a) = 1, since W(a) is a constant.



X eXp[—JZ P(Xl)dx1]

¥,00 = y,00 Tren;

dx, .
More generally

X exp[_)jZ P(Xl)dxl]
Y200 =y,(0| [

—ax, .
Y,(%,)]

Note: the inclusion of lower limits on the two integrals leads to nothing new; that is, it
throws in only overall factors and/or a multiple of the known solution y;(X).

5.9  Example-I
(Mathematica)



Clear["Global %'"];
Example-1
Clear|[y];
eql =y " [x] -2y"[X] +Y[X] =0;
DSolve[eql, y[X], X]
{{y[x] > e*C[1] +e*xC[2]}}
yll[x ] = e*;
Exp[-[5? (-2) ax1]

y12[x ] =yll[x] r dx2
0 (yl1[x2])2

y12[x] // Simplify

e* x

Example-2
Clear[y];
eq2 =y " [X] +y[x] =0;
DSolve[eqg2, y[X], X]
{{y[x] - C[1] Cos[x] +C[2] Sin[X]}}
y21[x_] = Sin[x];

1
y22([x_] z=y21[x] — dx2;
n/2 (y21[x2])?

Simplify[y22[x], X > 0]

-Cos [X]

5.10 Example IT Arfken Example 9-6-4 (p.586).
((Mathematica))



Bessel differential equationwithn = 0O

2 ,um

X2y T (x] +x yT(x] + X7 y[x] =

Suppose that we know one solution Bessel function JO[X]

Clear["Global "%"];
Clear[y];
eq1=x2y"[x] +X Y"[X] + %2 Y[X] = 0;

DSolve[eql, y[x], X]
{{y[X] » BesselJ[0, x] C[1] +BesselY [0, x] C[2]}}

1
eqg2 = Exp[-JI<2 (Z) dlxl] // Simplify[#, x2 > 0] &

1

X2

y1l[x ] := BesselJ[0, x];

1

eq3 = Series[ , {x2, 0, 11}] // Normal

y1l[x2]2

x22 5x24 23x26 677x28 7313 x210
1+ — + + + +
32 576 73728 3686400

1
eqgsd = Simplify[J‘x—2 (eq3) dx2, X > O] // Expand
1 X

65705753 x?2 5x% 23x8 677x8 7313 x10

-——— + — + + + + +
221184000 4 128 3456 589824 36864000
65 705753
a= —— // N
221184000
0.297064

y = EulerGamma // N

0.577216

Log [X]



The second solution :

NO[X] = g JO[X] (eg4 - Log[X] +a)
JU
+E JO[x] Log[x] + E JO[x] (-Log[2] + )
JT JT
= E JO[x] eqgd4 + (ax+vy-Log[2]) E JO[X]
VA VA

We copmare our approximation of
YO [x] with the second solution BesselY [0, X].

2
eg5 = — BesselJ[0, X] (eq4+a-Log[Xx]);
7T

eqb5 = Series[eqb5, {x, 0, 9}] // Normal

x2  3x% 11x5 25 x8
X . _
271 6471 69127 884736 1

2
NO[x ] = eqg55+ — BesselJ[0, x] (Log[x] -Log[2] +¥) //
7T
Simplify;

Tl = Plot[{BesselJ [0, x], BesselY[0, x], NO[X]},
{x, 0.01, 5},
PlotStyle » {{Thick, Hue[0]}, {Thick, Hue[0.4]},
{Thick, Hue[0.7]1}}, Background - GrayLevel [0.7]];

gl = Graphics[{Text[Style["JO", Red, 12], {1, 0.8}],
Text[Style["NO", Blue, 12], {2, 0.6}],
Text[Style["Y0", Green, 12], {4.5, -0.1}1}1;

Show[f1l, gl]




Fig.1 Plot of Bessel functions Jo(X) (the first kind), No(X) (the second kind), and
approximation Yy(X) to No(X).

5.11 Simple harmonics (quantum mechanics)
We consider the Schrédinger equation for the simple harmonics (quantum mechanics),

(x|HIn) = E(xn),

or
(= B+ 5 ) = E(X|n)
or
h2 d2 2
—%Wm%x%(x): Ep, (%),
with
9,(X) = (x|n).

Here we use & instead of X;
¢ =pX,
with

L= mhwo . (unit: cm™).

Using the relations given by

i_%i_ﬂi
X oxoE &’
and
=L =p L

o> o o 0£%’

we get



h2 ) d2 02 2
o g gNem = Elel),
or
ho, d°  ho, ., B
S aE T &)(g|n) =E(¢[n),
or
& 200, =0
de? " ’
where
E
E=
haw,
and

¢n<§)=<§|n>=ﬁ¢n<x).

5.12 Differential equation (Series expansion method)
We consider a differential equation given by

d2

[df

7= (&7 —28)lp(&)=0.

Let us try to predict intuitively the behavior of ¢(&) for very large &

d2

4 —¢)p(5)=0.

(

To do this, we consider

L
Gi(§)=e ’,

which satisfies



d2

E (¢ £DIG.(5)=0.

[

When & approaches infinity, & £ 1 = £ = £2-2¢.
We choose

52

G(§)=e *
from a physical point of view.

limG (£)=0

Now we set

&
p(&)=e *h()

Here h(¢) satisfies the differential equation.

9

d —
a2 g eI =0

h($) should be either even or odd functions from the symmetry of solutions.

((Proof)) The symmetry of solutions.
Suppose that h(&) is a solution of the above differential equation. Then we have

&2 e i@ -0

[dfz d&

When ¢ is changed into -£, then we get

d2
de&?

d
[ —2§E+(28—1)]h(—§)—0 (1

which means that h(-£) is also the solution of the differential equation. Then any solution
may be resolved into even and odd parts,

(&) = 21h(E) + h(-O]+[h(E) - h(-£)].



The first bracket on the right gives an even solution, and the second an odd solution.

So we assume that
h($) = Sgp(ao + azéz +a4ég4 +..) = zazmégzmp 5
m=0

with a, # 0.

W& =Y a,@m+ pEm e,

h"(é:) = iaZQO +p)2m+ p —1)(;:2””’)_2 ,

m=0

S a,,(2m+ pm+ p-E™2 -2 a, 2m+ ppTr,

m=0 m=0

+Y.(26-1)a,, &M =0,

m=0
or

a,p(p-1EP? +a,(p+2)(p + )& +[-2a,pc’ + 2e —1)a,EPl+...= 0.
The coefficient of &~

a,p(p-1)=0.
Thenp=0or 1.

In general, for the co-efficient of &>™*P
a,,(2e-1-4m-2p)+a,,,,2m+ p+2)2m+p+1)=0,

or

26 —(4m+2p+1)

- azm’ (1)
Cm+p+DH(2m+p+2)

m+2



withp=0or 1.

We consider what happens when ¢ is not expressed by
26 =4m,+2p+1,

where my is some positive integer.

limaz””z:lim —2e+(4m+2p+1) :l.
mow g, moo(2m+ p+1D)2m+p+2) m

. . 2
Now we consider the power series ofe*

£ N 2
€ :szmfma

m=0
with
1
b,, = o
Thus
m—oo b m

hm
This means that

h(&)=~e.
or

o) =¢ *h(&)~e 2e ~e’

which becomes infinity when & tends to infinity. We must reject this solution. This
solution makes no sense physically. The numerator of Eq.(1) goes to zero for a value m

of m.
a,, =0 for m<mg
and

&y, =0 form>mg_



or

4am, +2p-2e+1=0
or

£=2m +p+l—£
° 2 ho

If weset n=2m, +p

(n=evenforp=0andn=odd forp=1.)

or
E = ha)(n+l)
2/
and
h(&) =&, +a,& +a,é +..+a,, EM).
Thenp =0 or 1.

We consider the two cases separately.

(a)p=0.
The coefficients of &0, &2, & & 2B

&£° (2e-Da, +2a, =0

£? (2e-5)a,+12a,=0

& (2e-9)a, +30a,=0

& (2e—13)a, +56a,=0

g2 (2e—17)a,+90a,, =0
£ (2e-2l)a,+132a, =0
£ (2¢-25)a, +182a, =0
& (2e-29)a, +240a, =0

£ (2e-33)a, +3068, =0



£ (2e-37)a, +380a,, =0

(b)p=1
The coefficients of &1, &3, &, &7,

& (2e—-3)a,+6a, =0

g (2e-T)a, +20a,=0

& (2e-11)a, +42a, =0
&’ (2e-15)a,+72a, =0
& (2e-19)a; +110a, =0
&l (2e-23)a, +156a, =0
el (2e-27)a, +210a, =0
e° (2e-3Da,, +272a,=0
& (2e-35)a, +342a, =0
&P (26 -39)a, +420a,, =0

((Stationary wave function))

(a) Ground state (n = 0): <§|O> . even parity

e=1/2
my=0,p=0.
a,=0,a9#0.
h($) =2,

£
@,(&)=2a,e * (even function)

Normalization:



[losef de= [la) exp-c)de =[af vz =1

or

£
2

P, (&)= ;;‘”4me
(b) n =1 state: <§ |1>: odd parity

e=3/2

my=0,p=1.

ay=0,a9#0.

h($)=a,&

2

<
p(d=¢ *as

[loef de=[laf¢ exp(—§2>d§=|a0|2g _

£

2

1 —
__-1/4
p (&) =7 61!(26&)9
(c) n =2 state: <§|2>: even parity

1
e=5/2,or E=hw,2 +§)_

mp=1,p=0
2a, +4a,=0
a, =24,

p,(H)=e 2a,(1-2&).



[low@l de= [la)’(1-28") exp(-&)dé=[a) 27 =1.

2

a1 2 —
P(O=r " =2 ae

(d) n = 3 state: <§|3> : odd parity
1
e=17/2,or E=hw,3 +5) .

mo=1,p=1.
6a, +4a,=0.

2

e 2,
() =¢ 23-0‘5(1_5‘5 )-

Jloxer de = [laf &a- §§2>2 exp(—&)déE= |a0|2@ =1.

2

& 1
TS _-1/4 _ 3
p,(8)=¢e *7 \/23—3|( 128 +857).
(e) n =4 state: <§|4>: even parity

9 1
=—or E=ho,4+-),
£ 2or @, ( 2)

pzoam():za

1 1 1 4
a,=—""02¢-5a, =——a, =—(4a,)=—a2a,.
4 12(5 )a, 3% 3( &) 3 %0

a, = ——; (2e-1a, = 4a,.
n(6)=8,0-48 +3£) =a/(12-485 +165).

P4(5)= eXP[-%]M?)-



Normalization:

[expl-&Ta, [ (12-48& +16£'dé=[a | Vr2'a=1,

—00

or

Thus we have

(&)= J;Tmexp[—%] H,(9).

((Note))

H, (&) is the Hermite polynomial.

H(&)=1

H (&)=2¢

H,(£)=4& -2

H, (=8 —12&

H, (&) =16&" —488 +12

H (&) =328 —160& +120&

H, (&) satisfies the differential equation given by

d? d
(E— 2§d—§+2n)Hn(§) =0.

In Mathematica, the Hermite polynomial is defined as HermiteH[n, X].



20+
I 3
— n=2
10+
/\ [ n=1
7 : —— 7 =0 X
-3 -2 -1 1 2 3

Fig.2 Plot of the Hermite polynomial H,(X) as a function of x. n=0, 1, 2, and 3.

5.13 Power series by Mathematica



Hermite differential equation

(-1+2e)h[&] -2&EN[E] +h7[&€]1=0

Clear["Global "+"];

Eql=D[¢[£],{£,2}1-(£%-2 €) 0[£1;

rutetafo (B[ £] ntsie]

{(p-> (e_ig h#l] &] } ;

Egq2 = Eql/.rulel//Simplify
2

3
e 2 ((-1+2 €) h[£]-2 & h'[€]+h"[£]);

£
2 ((-1+2¢e) h[&] -2&N[£] +h"[£])

e

£2
EQ3 = Eq2 e2 //Simplify

(-1+2¢) h[&] -2&N'[&] +h7[£]
h (¢) is either an even function or an odd function from the symmetry of the differential equation.

Derivation of recurrence relation

2 2 m — (1+4 m+2 p—2 E) 2
a[ i ] (L+2m+p) (2+2 m+p) a[ m]



1
f[f_] .= fp Z a[2m+2k] 5‘-2m+2k;
k=-1

Eq4d =Eq3 /. h-> F// Simplify
g42mp (—52 (—4m2+p—p2+2p§2+ (1-2¢) & +m (2—4p+4§2)) a[2mj +

(6+4m2+p2+3§2+25§2+2m(—5+2p—2§2)—p(5+2§2)) aj-2+2mj +
§4 (2+4m2+p2—5§2+25§2+m <6+4p—4§2) +p (3—2§2)> a[2+2m])

Eq5 = Eq4 £%72"P /7 FullSimplify

&2 (—52 (2m—4m2+p—4mp—p2+ (L+4m+2p-2¢) 52) a[2mj +
(6—10m+4m2—5p+4mp+p2+ (3-4m-2p+2¢) §2) a[-2+2mj +
g4 (2+6m+4m?+3p+amp+p?- (5+4m+2p-2¢) £2) a[2+2m])

listl=Table[{2 n,Coefficient[Eqg5,¢&,2 n]}.{n,1,4}]//Simplify//TableForm

(6+4m?-5p+p2+2m (-5+2p)) a[-2+2m]

(4m2+ (-1+p)p+m (-2+4p))af2m] + (3-4m-2p+2¢e)al-2+2m]
~(1+4m+2p-2e)a(2ml+ (2+4m?+3p+p2+m (6+4p))af2+2m]
-(5+4m+2p-2¢) al[2+2m)]

0o ~DN

We pick up the appropriate recurrence relation from the above.

seql = Coefficient[Eq5, &, 6] // Simplify

- (1+4m+2p-2¢)a(2mj + (2+4m2+3p+p2+m (6+4p))ar2+2m)

Solve[seql == 0, a[2+2m]] // Factor
(L+4m+2p-2¢c)a(z2m }}
(L+2m+p) (2+2m+p)

{{a[2+2m] >



Indicial equation; p(p-1) =0,
p =0 (even parity), p =1 (odd parity).

fO[s ] = £P ia[Zk] £25;
k=0
Eg6 = Eq3 /. h» FO // Simplify
§-2+p
(p® (a[0] + % af2] +c*af4] + % a[6]) + &2 ((-1+2¢€) a[0] + (2+ (-5+2¢) £2) a[2] +
126%a14] -9¢c%afa) +2e£%af41 +30c%ar6] -13%a(6) + 2% af6]) -
p((1+2€%) af0] -3¢c%a[2] +&* (2a[2) -7ar4]) +

% (2ar41 -11a(61) +2£%ar6]))

Eq7 = Eq6 £2°P // FullSimplify

p® (a[0] + £2a[2] +*a(4) «fale]) -
p((1+26%) af0]-3¢&%a[2] +&* (2a[2] -7a[4]) + £ (2a[4] -11a[6]) +2%a(6]) +
g2 ((-1+2¢)af0] + (2+ (-5+2¢) &%) a[2] +
€2 (12+ (-9+2¢) €2) a[4] + £* (30+ (-13+2¢) £%) a[6])

listl = Table[{2 n, Coefficient[Eq7, &, 2n]}, {n, O, 3}] // Simplify // TableForm
(-1+p) pal0]

(-1-2p+2¢)af0] + (2+3p+p?) a[2]

(-5-2p+2¢)af2] + (12+7p+p?) a[4]

(-9-2p+2¢) af4] + (30+11p+p?) a[6]

o A~ N C

Eq8 = Coefficient[Eq7, £, 0] // Simplify
(-1+p) pal0]

Solve[EQ8 == 0, p]
{({p~>0}, {p~>1}}

5.14 Simpler method (Mathematica) Example-1

We show a simple method of solving differential equation by using Mathematica
(which is used by Prof. Richard Palmer of Physics Departmewnt of Duke University).
For simplicity, we solve the differential equation.

y'"(X)+9y(x)=0.
The solution of this equation is
y =C, cos(3x) + C, sin(3X) .

((Mathematica))



Differential equation of simple harmonics
y'"'+9y=0
Clear["Global "+"];
eql = y""[x]+ 9 yIx]==
9y[x] +y"[X] =
DSolve[eql, y[X], X]
{{y[X] > C[1] Cos[3x] +C[2] SIin[3x]}}
We solve this problem using series expansion
f[x_]=Sumf[a[i] x', {i, 0, 10}]+0[x]™

a[0] +a[l] x+a[2] x2+a[3] x>+a[4] x*+a[5] x°+

a6] x®+a[71 x"+a8) x¥+ar9) x?+ar10] xP0ox Mt

eq2 = eql/.y-F

(9a[0] +2a[2]) + (9a[l] +6a[3]) x+ (9a[2] +12a[4]) X% +
(9a[3] +20a[5]) x>+ (9a[4] +30a[6]) x*+ (9a[5] +42a[7]) x>+
(9a[6] +56a[8]) x8+ (9a[7] +72a[9]) x' + (9a[8] +90a[10]) x® +0[x]°

eq3 =Solve[eq2]

Solve:svars: Equations may not give solutions for all "solve" variables. >

{{a[O} efw a[2] -» 22400a[10]
729 i 81
all] » 4480 a[9] a[3] - 2240a(9] a4 - 5600 a[10] ’
81 27 27
a[5] » &;[9}, [6] > w, a[7] »-8a[9], a[8] » -10a[10] }}



eq4 = f[x] /. eq3[[1]]

~44800a[10] N 4480 a[9] x + 22400 a[10] 2 2240 a9 x3 - 5600 a[10] 4
729 81 81 27 27

ar9] x° + ? ar10] x®-8a[9] x’ -10a10] x8 +a[9] x* + a[10] x¥ + ox] 1

112

Collect[eq4, {a[9], a[10]}]

3 5
(4480x_2240x L112% o709 arer
81 27 3
2 4 6
(744800+22400x - 5600x* 560X |0 8 0] 4110
729 81 27 9

81
eg5 = Coefficient[eq4, a[9]] 3 (—) // Expand
4480

9x3 81x> 243x’ 243x°
_ . _

3 X +
2 40 560 4480

729
) // Expand
00

eq6 = Coefficient[eq4, a[10]] (-

9x2 27x* 81x6 729x8 729x10
—_ + —

1 _
2 8 80 ' 4480 44 800

Comparison with series expansion of sin (3 x) and cos (3 x)

5.15

Series[Sin[3x], {x, 0, 10}]

9x3 81x°> 243x’ 243x°
- + - + +
2 40 560 4480

3 x 11

Series[Cos[3 x], {x, 0, 10}]

9x2 27x* 81x8 729x8 729x10 1
—_ + —_

1 + - +
2 8 80 4480 44 800

0[x]

Solving the differential equation by the simple method: Example-I1T

Legendre differential equation

(1‘X2) Yy UIX] -2Xy"[X] +5(5+1) y[X] =

At the ordinary point, you can always assume that k = 0 for the indicial equation

Indicial equation, k (k - 1) + k p0 + q0 = 0,with p0 =0, q0 =0

k=0or1l



Clear["Global %"];
12

fix ] := Za[x] x* +0[x]1H;
A=0

eql = (1-X2) Y UI[X] -2xy"[X] +5(5+1) y[x] =0

30y [X] -2XYy [X] + (1—x2) Yy’ [X] =

eq2 =eql /. y-» T // Simplify

2 (15a[0] +a[2]) + (28a[1] +6a[3]) X+
12 (2a[2] +a[4]) x>+ (18a[3] +20a[5]) x° +
10 (a[4] +3a[6]) x*+42a[7] x>+ (-12a[6] +56a[8]) x® +
(-26a[7] +72a[9]) X + (-42a[8] +90a[10]) x®+0[x]1%? =0

eq3 = Solve[eq2]

Solve:svars: Equations may not give solutions for all "solve" variables. >

[{a[0] > -a[10], a[2] > 15a[10], a[1] - bz[lb] ,a[3] > 7102[5]
a[4] » -30aj[10], a[6] - 10a[10], a[7] - 0, a[8] » 15%[10], a

eqd = T[x] /- eq3[[1]]
5 10 3 4
-a[l10] + 21 a[5] x+15a[10] x? - Y a[5] x*-30a[10] x™ +

a[5] x> +10a[10] x° + 1—75 a[10] x® +a[10] x¥% s oxy 1t




63
eq5 = Coefficient[eg4, a[5]] E // Expand

15x 35x3 63x°
- +
8 4 8

8
eq6 = Coefficient[eqg4, a[10]] E // Expand

6 8 10
—E+8X2—16X4+16X +8X +8X
15 3 7 15

The solution can be derived by solving the differential equation directly.

eq5 = DSolve[eql, y[x], x] // Simplify

2
{{y[x]eéx(15—70x2+63x4)C[1]+C[2] _%+498X .
63x* 1 2 4
s —Ex(15—70x + 63 x") (Log[l—x]—Log[1+x]))}}

yl[x_] =yI[X] /- eq5[[1]];
Series[yl[x] /. eq5, {x, 0, 10}] // Collect[#, {C[1], C[2]}] &

15x 35x3 63x°
- +

16x6 8x8 8x10
{ + + +
8 4 8

7 15

(1] + (_3 +8x%-16x*
15

C[21}

Appendix I Mathematica programs

1.

Wronskian[{y1, y2.,...}, X], Wronskian[Table[y[n],{n,1, N}],x]

To give the Wronskian determinant for the functions Y, Y,, ... depending
on X.

Wronskian[eqn,y,X]
To gives the Wronskian determinant for the basis of the solutions of the

linear differential equation egn with dependent variable Yy and
independent variable X.

Appendix II: Parity operator

II.1



RH new X
(right-handed) v

(left-handed)

Fig.3

7T . parity operator (unitary operator)

v') =2lv),
or

A+

/2

W=t
Definition: the average of X in the new state |l//'> is opposite to that in the old state |W>
(W Rly )=~ Rv).

or

(i 22ly) =~(w &),
or

ATRAE =K. (1)
The position vector is called a polar vector.

Normalization:

W'y =(w

T

v)=(wly)=1.

or



Ar=l. (2)

Thus the parity operator is an unitary operator. From Egs.(1) and (2), we have

XT+72%=0,
or
7| X) = =% X) = —X7| X) .
Thus
#|X) is the eigenket of X with the eigenvalue (—X).
or
) =|-x).
%)= - ) =| ),
or
#*=1.

or

So the parity operator is a Hermite operator.



and

Pl p)=p|p).

AN

| p)=pz|p)=p|-p).

2| p) = p|— p)=—p|-p).

Thus we have
M+ pzr=0.
Thus the linear momentum is called a polar vector.

I1.2  Eigenvalue problem for the parity operator
We consider the eigenvalue problem for the parity operator.

7%|Wa>:a|l//a>'

7%2|l//a>=a7%|l//a> =a7%|l//a>=a2|l//a> =|l//a>'

Thus we have



o =1or a==+l.

We define |1//+> and |1//_>, where

v.)=Hy.).

7

Note that

or
x|z =(x|# =(-x],
(X[#ly) = +(x|y.),
or
(=x]y.)=#(x|y.),
or
w.(—X) =y, (X),
where

v, (X) is an even function with respect to X.
w_(X) is an odd function with respect to X.

II.3 Commutation relation between the Hamiltonian and parity operator
V (=X) =V (X) : symmetric potential

H=l P2 +V (%),
2m

7V Rz =V(-X)=V(X),
# = (-P) = P
Thus we have

AHE=H,



or
[#,H]=0.
The Hamiltonian H is invariant under parity.

|1//a> is the simultaneous eigenket of H and 7.

Hlw.)=E.|v.),
and

Av.)=elv.,),
with o= +1.

For o= 1, symmetric state (even parity)
For a =—1, antisymmetric state (odd parity)




