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Paul Adrien Maurice Dirac (8 August 1902 – 20 October 1984) was a British 
theoretical physicist. Dirac made fundamental contributions to the early development of 
both quantum mechanics and quantum electrodynamics. He held the Lucasian Chair of 
Mathematics at the University of Cambridge and spent the last fourteen years of his life 
at Florida State University. Among other discoveries, he formulated the Dirac equation, 
which describes the behavior of fermions. This led to a prediction of the existence of 
antimatter. Dirac shared the Nobel Prize in physics for 1933 with Erwin Schrödinger, "for 
the discovery of new productive forms of atomic theory."  

 
 
http://en.wikipedia.org/wiki/Paul_Dirac 
 

The Dirac delta function (x) is a useful function which was proposed by in 1930 by 
Paul Dirac in his mathematical formalism of quantum mechanics. The Dirac delta 
function is not a mathematical function according to the usual definition because it does 
not have a definite value when x is zero. Nevertheless, it has many applications in physics. 
 
7.1 Dirac delta function 
 

When f(x) is a well-defined function at x = x0,  
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The Dirac delta function )( 0xx  has a sharp peak at x = x0. 

 
0)( 0  xx  if 0xx   and +∞ if 0xx  , 



 
and 
 






 1)( 0 dxxx . 

 
)( 0xx   is a generalization of the Kronecker delta function. 

 
7.2 Principle properties of the Dirac delta function 
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((Note)) The formula (7) is extensively used in physics. 
 
7.3 Derivation of (1) )()( xx    
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Thus we have 
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(i) For a>0, we put y = ax. 
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Thus we have )(
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(ii) For a<0, we put y = ax. 
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Thus we have )(
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7.5 Derivation of (4). 0)( xx . 
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((Proof)) 
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Another method to derive this equation is as follows. 
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7.7 Derivative of the Dirac function 
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((Note)): in quantum mechanics, we use in general, 
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7.10 Properties of Dirac delta function (Mathematica) 
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7.11 Representative of Delta function 
Representative as the limit of a kernel of an integral operator 
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where E(x) is the unit step function 
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Fig. n is changed as a parameter; n = 200, 400, 600, 800, and 1000. 
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PlotPoints  100,
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7.13 Sine sequence function 
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The sine sequence function at an finite value of , has a peak (/) at x = 0, and becomes 
zero at x = /.  

 
Fig.  is changed as a parameter;  = 500, 700, 900, 1100, 1300, and 1500. 
 
7. 14 Lorentzian 
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
Fig. n is changed as a parameter; n = 200, 400, 600, 800, 1000, 1200, 1400, and 1600. 

7.15 -sequence function 

A step function with the height n and the width (1/2n) centered at x = 0. 
 
 

 
 
7.16 Proof  
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using the knowledge of the Fourier transformation. 
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The contour integral around the path C2: )Re( iz   
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The contour integral around the path C1: )(  iez  , 
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7.18 Fourier transformation-I 



Fourier transformation and inverse Fourier transformation (definition) 
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7.19 Fourier transformation II 

We consider the Fourier transform of )(  x . 
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The inverse Fourier transform is 
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7.20 Fourier transform III 

We consider the Fourier transformation of f(x) = 1. 
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7.20 Definition of the Dirac delta function 
 
((Mathematica)) 
 

 
 
7.21 Shape of the step function 

The derivative of the step function H(x) with respect to x, yields the Dirac delta 
function. 
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where H(x) = 1 for x>0 and 0 for x<0. 
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We choose the Gaussian delta function. 
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where erf(x) is the error function. 
 

 
 
Fig. n is changed as a parameter; n = 250, 500, and 750. 
 
7.22 Shape of '(x) 

We consider the shape of '(x) using the Gaissian delta function 
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The derivative of )(xn  with respect to x is given by 
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Fig. n is changed as a parameter; n = 100, 200, 300, 400, and 500. 
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Properties of the Dirac function
from Michael Trott's book

rule1 

 f_x_ Derivative_DiracDeltax_  1 Derivative  fx DiracDeltax,

DiracDeltax_  c_ f_x_  fc DiracDeltax  c, xn_. DiracDeltac_  x_  cn,

x_^n_. Derivative_DiracDeltax_ 

1^n    n Derivative  nDiracDeltax


f_x_ DiracDelta_x_  1 fx DiracDeltax,

DiracDeltac_  x_ f_x_  fc DiracDeltax  c, xn_. DiracDeltac_  x_  cn,

x_n_. DiracDelta_x_ 
1n  DiracDeltanx

  n 

eq1  fx DiracDelta'x . rule1

DiracDeltax fx

eq2  fx DiracDelta''x . rule1

DiracDeltax fx

eq3  fx DiracDelta'''x . rule1

DiracDeltax f3x



 

Technique of pure function

F  Functionx, Cosx
Functionx, Cosx

Fx
Cosx

G  Functionx, x4  x2  1
Functionx, x4  x2  1

Gx
1  x2  x4

G'x
2 x  4 x3

G''x
2  12 x2

eq11  eq1 . f  G

2 x  4 x3 DiracDeltax

eq12  eq1 . f  F

DiracDeltax Sinx



 
 
7.22 Delta function in the spherical and cylindrical coordiunates 

How is the delta function represented in curvilinear coordinates? First we refer to the 
basic integration property 
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V

d rrr  

eq31  eq3 . f  G

24 x DiracDeltax

x DiracDelta'x . rule1

DiracDeltax

fx DiracDeltax  b . rule1

DiracDeltab  x fb

hx DiracDelta'x . rule1

DiracDeltax hx

x4 DDiracDeltax, x, 4 . rule1

24 DiracDeltax

x2 DDiracDeltax, x, 2 . rule1

2 DiracDeltax

h  Functionx, x4  3 x3  2 x
Functionx, x4  3 x3  2 x

fx DDiracDeltax, x, 3 . rule1 . f  h

18  24 x DiracDeltax

Comment

x4  3 x3  2 x DDiracDeltax, x, 3 . rule1

2 x  3 x3  x4 DiracDelta3x

x3 DDiracDeltax, x, 3 . rule1

6 DiracDeltax



 
when r' is in the volume V. We also recall that 
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where Jacobian determinant is defined as; 
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Accordingly, we must have 
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(a) Spherical coordinate 
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where  cos , since 
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(b) Cylindrical co-ordinate 
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APPENDIX 
 
Derivation of Green’s function 
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We consider a sphere with radius  ( )0  
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We now consider the volume integral over the whole volume (V - V') between the surface 
A and the surface of sphere A' (volume V', radius )0 . We note that the outer surface 
and the inner surface are connected to an appropriate cylinder. 
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Using the Gauss's law, we get 
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where r̂'  nn  and dr is over the volume integral. Then we have 
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Using the Gauss's law, we have 
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