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Here we discuss the concept of the 3D Green function, which is often used in the 

physics in particular in scattering problem in the quantum mechanics and electromagnetic 
problem. 
 
1 Green’s function (summary) 
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2 3D Green’s function (Laplace) 

We now consider the form of the Green’s function (Laplace) 
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For convenience, we assume that the direction of r is the z axis. The angle between r and 
q is .  
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Fig. Upper half-plane contour for r>0. The semi circle C1 (clock wise). 
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((Note)) Method II 

We show that we get the same result using a different contour (method II). Inside this 
contour, there is a simple pole at z = 0. 
 
 

 
Fig. The contour C2 has a counter clock-wise rotation. 
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3 Derivation of Green’s function (vector analysis) 
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We now consider the volume integral over the whole volume (V - V') between the surface 
A and the surface of sphere A' (volume V', radius )0 . We note that the outer surface 
and the inner surface are connected to an appropriate cylinder. 
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4 3D Green’s function (Helmholtz) 

We now consider the form of the Green’s function (Helmholtz) 
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For convenience, we assume that the direction of r is the z axis. The angle between r and 
q is .  
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We consider the shift the position of the simple poles by ± i in the complex plane, where 
 0 and >0. This shift is significant to the calculation, since the contour C is in the 
upper half plane. In other words, the position of the simple poles from the real axis to the 
upper half plane or to the lower half plane by i. 
 
(i) Retarded Green's function 
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Since r>0, the path of integration can be closed by an infinite semicircle in the upper 
half-plane (Jordan’s lemma). 
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(retarded Green’s function). 

 
This corresponds to the outgoing spherical wave. Formally we get 
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(Advanced Green’s function) 

 
This corresponds to the incoming spherical wave. We note that 
 









ikq

q

kikq

q

ikq

q

ikqikqikqikq





















22

22

22

2

)2(

2

)(

2

)(

1

)(

111

 

 
where k 2  (>0).  
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There are two more types of Green's function which depends on the shift of poles 
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7 Derivation of the Green's function from the Green's theorem 
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8 3D Green’s function (modified Helmholtz) 

We now consider the form of the Green’s function (modified Helmholtz) 
 

)()()( 0
2 rr  Gk . 

 



20 
 

The Fourier transform of )(0 rG is defined as 

 

)(
)2(

1
)( 02/30 rrq riq GedG 


. 

 
The inverse Fourier transform is also defined as 
 

)(
)2(

1
)( 02/30 qqr riq GedG 


, 

 
where 
 

riqqr  ed3)2(

1
)(


 . 

 
Then 
 

riq

riqriq

qr

qqqq













ed

GekqdGekd

3

0
22

2/30
2

2/3

)2(

1
)(

)()(
)2(

1
)()(

)2(

1





, 

or 
 

222/30

1

)2(

1
)(

kq
G





q . 

 
Thus the Green’s function is rewritten as 
 

2230

1

)2(

1
)(

kq
edG


  riqqr


 

 

  
 22

cos2
30

1
sin2

)2(

1
)(

kq
eddqqG qr 


ir . 

 
Note  
 

][sin cos iqriqrqr ee
qr

i
ed   i , 

 
we have 
 



 

G

 
since 0G

 

G

 
This func
 

q
 

 
Since r>
half-plan
 

G

 

9 D

 
(

 



 

 00 ()( rGG r

)(r  depends


20 4

1
)(

ir
rG



ction has a s

ikq   

>0, the path 
ne (Jordan’s 

ir
rG 

4

1
)( 20

Derivation o

()22  rGk

1
)(

2
2

r
rG 

 3)2(

1
) q



s only on r. T







0
2q

e
qdq

r

iqr

ingle pole at

of integratio
lemma). 

C

iq

q

e
qdq

r  2

f Green's fu

)() rr
 

)(
( 2

r

rG
r

r 





2 )
2

(
e

qr

i
dqq



This equation







22 4

1

ik

e iqr



t 

on can be c

qr

irk


 4

1
22

unction (mo

(
1

)
)

2
r

rr 




21 


 

22 kq

ee iqriqr

, 

n can be rew




 2q

e
qdq

ir

closed by an

qsi  (Re2

odified Helm

))(rG  

written as 

 2k

iqr

 

n infinite sem

e
r

ik 
4

1
)

mholtz) 

micircle in 

kr  

the upper 



22 
 

)()())((
1 2

2
r




rGkrrG
rr

 
 

For r ≠ 0, 

 

0)())(( 2
2 




rrGkrrG
r

 
 
Then we have 
 

r

e
ArG

kr

 )(  

 
Here we show that 
 

4

1
A . 

 
((Proof)) 
 

)](4[

)](4)
2

(
1

)
1

()(2[

11
2)(

2

2
2

222

r

ree























r

k
eA

k
r

k

rr
kreA

r
eAe

r

A

r
eAG

kr

rr
kr

krkrkr

 

 
or 
 

)()(4)(4)( 22 rrr   


 AeAGk kr . 
 
Then we have 
 

4

1
A . 

 
Note that 
 

krkr ek
r

k
e   )

2
()( 22

  



23 
 

2

1
)

1
()

1
(

rrrr rr ee 



 ,  

 
kr

r
kr ekre   )()( e  

 

)(4
12 r
r

 

 
10 Classical electrodynamics  
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11 Ampere's law and Biot-Savart law 
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where we use the Gauss's law and we assume that J(r') = 0 on the surface A (large enough 
to include all the currents).  
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12 Electromagnetism and d"Alembertian operator 
12.1 Maxwell's equation (in cgs units) 

The Maxwell’s equations are given by 
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where c is the velocity of light 
 
12.2 Vector potential A and scalar potential  
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12.3 Gauge transformation 

We have a gauge transformation 
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We adopt the Lorentz gauge 
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The d'Alemberetian operator or simply d'Alembertian is the differential operator 
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Using this notation, we get the following expression 
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The Green's function associated with the d"Alembertian satisfies the differential equation 
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12.4. Fourier transform 
 
Fourier transform 
 






 dtet ti


 ),(

2

1
),( rArA  

 






 


 det ti),(
2

1
),( rArA  

 






 dtet ti


 ),(

2

1
),( rJrJ  

 






 


 det ti),(
2

1
),( rJrJ  

 






 dtet ti


 ),(
2

1
),( rr  

 






 


  det ti),(
2

1
),( rr , 

 






 dtet ti


 ),(
2

1
),( rr  

 






 


  det ti),(
2

1
),( rr , 



30 
 

 
13 Retarded vector potential A(r, t) 
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We can solve this using the Green's function (Helmholtz) 
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The retarded time is defined as 
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14 Retarded potential(r, t) 
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We can solve this using the Green's function (Helmholtz) 
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15. Jefimenko's equation 
 





 AE
tc

1
 and AB   

 
For simplicity, we define 
 

|'|
1

rr 
c

ttr , and 'rrR   

 



33 
 

  ']
),'(),'(),'(

[),( 3
223

r
J

R
rRr

rE d
Rc

tr

cR

t

R

t
t rrr


 

 
and 
 

  ']
),'(),'(

[
1

),( 3
23

rR
rJr

rB d
cR

t

R

tJ

c
t rr



. 
 
__________________________________________________________________ 
16 Green's function of the d'Alembertian 
 
We consider the equation 
 

 4)
1

(
2

2

2
2 





tc
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The solution to this equation is 
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(i) Retarded Green function 
We calculte the intergral given by 
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For positive value of t, we need to choose the contour C1 in the lower half plane. The 
complex exponential exp(-izt) only decays at infinity if the imaginary of z is negative. 

According to the Jordan's lemma, the integral along the path 1 is zero. There are two 

simple poles inside the contour C1. Since the path is taken with the clock-wise (negative) 

direction, we find that for t>0, 
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Since r>0 and t>0, we have 
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For negative value of t, we need to choose the contour C2 in the upper half plane. There is 

no poles inside the contour C2. Then we find that for t<0, 
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(ii) Advanced Green function 
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For positive value of t, we need to choose the contour C1 in the lower half plane. There is 
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For negative value of t, we need to choose the contour C2 in the upper half plane. The 

complex exponential exp(-izt) only decays at infinity if the imaginary of z is positive. 
According to the Jordan's lemma, the integral along the path 2 is zero. There are two 

simple poles inside the contour C2. Since the path is taken with the clock-wise (positive) 
direction, we find that for t<0, 
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Since r>0 and t<0, we have 
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((Note)) 

The retarded Green's function is represented by a spherical shell emitted at t = 0 and 
with increasing radius r = ct.  
 
17 Green's function for the Klein-Gordon equation 

We start with the Einstein's relation 
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In quantum mechanics, we use the operators 
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The Green's function is defined by 
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The Green's function is expressed by the inverse Fourier transform as 
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(i) Retarded case 
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Two simple poles are located in the lower half plane. 
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For t>0 
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(ii) Advanced case 

 

)
11

(
2

1

000
2 






ii
edI ti





 







 
 

There are two simple poles in the upper half plane. 
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For t<0, 
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(iv) Feynman propagator 
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APPENDIX I  Integral-1 
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Note that 
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since iaz = ia ( + i ) = ia - a). We need to choose the path (upper half plane) for a>0 and the 
path (lower half plane) for a<0 (Jordan's lemma). There are poles on the real axis at z = ± b. We 
must specify how to go around. We consider the four cases (Cases I - IV). 
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For a>0 (upper half-plane), 
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____________________________________________________________________ 
((Case II)) 

 
For a>0 (upper half-plane) 
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For a<0 (lower half-plane) 
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((Case-III)) 
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since there are two poles inside the contour. Then we have 
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since there is no pole in the contour. 
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APPENDIX II Integral-II 
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since there is one single pole at z = ib and the contour integral around the path C1 is zero 
(Jordan's lemma). 
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since there is one single pole at z = -ib and the contour integral around the path C2 is zero 
(Jordan's lemma). 
 
APPENDIX III Integral-III 

We consider the derivation of familiar integral 
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((Case-I)) 

It can be found by integrating  
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around the contour of Fig. The integrand has a simple pole at z = 0. This pole is avoided by 
placing a semicircular path C2 (the radius r →0) around it. There are no poles inside the contour. 
So I = 0. 
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The first term is equal to zero (the radius of C1 R→∞, Jordan's lemma). Then we have 
 

0)0(Re 




zsidx
x

e
P

ix

  

 
or 
 

x

y

C1

C2

O

G G



54 
 

idx
x

x
idx

x

e
P

ix

 


 0

sin
2  

 
or 
 

2

sin

0






dx
x

x
 

 
((Case-II)) 

For the calculation of the integral, we can choose the different contour shown in Fig. 
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The integrand has a simple pole at z = 0 in this contour. Using the Jordan's lemma for the contour 
integral around the contour C1, we have 
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APPENDIX IV Unit step function 
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For s>0, 
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since there is no pole inside the contour. From the Jordan's lemma, the first term (the contour 
integral around C1) is equal to zero. Then we have 
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For s<0 
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since there is no pole inside the contour. From the Jordan's lemma, the first term (the contour 
integral around C2) is equal to zero. Then we have 
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For s = 0,  
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and 
 

u(s) = 1/2 at s = 0. 
 

 
 
APPENDIX-V The i prescription  

We derive the formula 
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where  (0) is a positive infinitesimally small quantity. 
 
(i) Case-I 
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Since the only singularity near the real axis is z = i, we make the following deformation of the 
contour without changing the value of I. The contour runs along the real axis (the path ) and 
goes around counterclockwise, below the origin in a semicircle (C1), and resumes along the real 
axis (the path ). 
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(ii) Case-II 
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Since the only singularity near the real axis is z = -i, we make the following deformation of 
the contour without changing the value of I2 The contour runs along the real axis (the path 1) 
and goes around clockwise, above the origin in a semicircle (C2), and resumes along the real axis 
(the path 2). 
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