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1. Introduction
The potential energy in a particular anisotropic harmonic oscillator with cylindrical symmetry is
given by
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(a) Determine the energy eigenvalues and the degeneracies of the three lowest energy levels by using

Cartesian coordinates.
(b) Solve the energy eigenvalue equation in cylindrical co-ordinates and check your results in
comparison with those of (a).

2. Cylindrical co-ordinate
We use the cylindrical co-ordinate,
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We now consider the Schrodinger equation for the anisotropic 3D simple harmonics,
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From the invariance of the Hamiltonian under the rotation around the z axis, we have
[H,L,]=0

Thus y is the eigenket of I:Z with the eigen value m# ,
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where m is integer; m = 0, =1, +2,..... Noting that



ol
we get

m’ 1 oy 1,
—— () ——V]+—-uo +—uw, 77y)=E
2#[pap( e TV] SH Py + “op 5 H, y)=Ey

We assume that
w =R(p)D(9)Z(2)
Then we have
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Dividing the above equation by ¢ = R(0)®(#)Z(z), we get two independent differential

equations
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Then we get
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We put
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Then
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In the limit of & — 0, we assume that R = &°
s(s—1)+s-m*=0

S=1m.

When m>0, we need to choose R =£&". When m<0, we need to choose R=¢&"". Thus we use
R=¢&M,

In the limit of & — o, we get
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The function satisfies
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We solve this differential equation by using the series expansion. Suppose that f (&) is given by
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Then we have the recursion relations as

1+2m)C1)=0

(2-2m+A)C0)+4(1+m)C(2)=0

(-4-2m+A)C()+33+2m)C(3)=0
Then we have

C()=C@3)=C(5)=...=0.....

Thus f (&) should be an even function of & So we assume this time that
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Then the recursion relation is obtained as
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Suppose that for k =n, , the value of 1 is given by

,1=2E—”=2+4nr+2|m|.
ho,



Then we have

C(2n, +2)=C(2n,+4)=...=0.

The series terminates, indicating that f (&) will be a polynomial with the co-efficients
C(0),C(2), C(4), C(06),......, C(2n,).

The energy eigenvlaue is
Ey =(+2n, +|m)ha,

wheren,=0,1, 2,3, ....

Then the energy eigenvalue is
E=E, +E,=(+2n, +|m)ae, +(n, +%)ha)3.

3. Mathematica

Series expansion: 3D aniotropic simple harmonics

Clear["Global "] ;
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ule]:

#2
rulel = {u > | #" Exp[—?] fl#] &

F1/. rulel // FullSimplify
—&2 ~1+m 2 s 44
e 2 p ((7272m+/\)pf[p]+(1+2m720)f[p]+pf [p])

F2=(-2-2m+2) pFlp] + (L+2m-2p%) F[p] +p F'[p];

rule2 = {f-> [iC[ k] #X &]};
k=0

eql =F2 /. rule2 // Expand;



eql

-2pC[0] -2mpC[0] + A pC[0] +C[1] +2mC[1] -4p%C[1] -
2mp?C[1] + A p2?C[1] +4pC[2] +4mpC[2] -60°C[2] —2mp°C[2] +
/\p3C[ 1 +90°C[3] +6mp>C[3] -8p%C[3] -2mp*C[3] +xp*C[3] +
16 0°C[4] +8mp3C[4] -100°C[4] -2mp®C[4] + XA p°C[4] +
250%C[5] +10mp*C[5] -120°C[5] -2mp®C[5] + A p®C[5]

listl = Table[{ n, Coefficient[eql, p, N1}, {n, 0, 4}] // Simplify;
listl // TableForm

0 (1+2m) C[1]

1 (-2-2m+2) C[0] +4 (1+m) C[2]
2 (-4-2m+2) C[1] +3 (3+2m) C[3]
3 (-6-2m+2A) C[2] +8 (2+m) C[4]
4  (-8-2m+A)C[3] +5 (5+2m) C[5]

Determination of recursion formula

k+3
rule3 = {f-> ( Z Cr2n] #°" &

n=k-3

eq2 = (F2 /p"*?%) /. rule3 // Simplify;

list2 = Table[{n, Coefficient[eq2, p, 2n 1}, {n, 3, 7}] // Simplify;
list2 // TableForm
(2-4k-2m+2) CJ
(-2-4k-2m+2) C
(-6-4k-2m+2)C
(-
(-

(-1+ k)]+4k(k+m)C[2k]

2kl +4 (1+k) (L+k+m)C[2 (1+Kk)]

2 (1 k)]+4( +kK) (2+k+m) C[2 (2+K)]
10-4k-2m+2) C[2
(2

) (2+K)]+4 (3+K) (3+k+m)C[2 (3+K)]
14 -4k-2m+ Q)

(3 +K)]

NOoO O~ W

2
[
[
C
C
Solve[list2[[2, 2]]1 =0, C[2 (1+k)]]

(2+4k+2m-2) C[2K]
4 (1+k) (1+k+m) }}
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