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We discuss the quantum mechanics of the 3D isotropic simple harmonics using the Cartesian co-
ordinates and spherical co-ordinates

1. Representation in the Cartesian co-ordinates
The Hamitonian of the 3D isotropic simple harmonics is described by
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Let us introduce three pairs of creation and annihilation operators.
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28 Expression of the Angular momentum in terms of operators a; and 8,

Here we note that
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The Hamiltonain can be rewritten by
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The augular momentum can be expressed by
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3. Simultaneous eigenkets of H and I:Z
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The wave function of the simple harmonics for the one dimension
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For the first excited states, we find that the angular factors contain Y," (m=1, 0, -1,) and YOO (=

0, m=0). The six degenerate states can be re-expressed in terms of the three states with | = 1.




(iii)

The second excited states
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For the second excited states, we find that the angular factors contain Y," (m=2, 1, 0, -1, -2) and
Y, . The six degenerate states can be re-expressed in terms of the five states with | =2 and one

state with | = 0.

4. Representation in the spherical co-ordinates
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I:QE,I(r) :@a
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We now introduce a new variable

A%y ﬂzzE.
h ho,

Then we get the differential equation

(0~ P u(0) - p'u(p) = ~iup).

In the limit of p — 0, U is assumed to have the power form u(p) ~ p°. The substitution of this

form into the above differential equation gives rise to

P s(s =D =11+ 1D]-p** = -4p°,

or
P [s(s=1)=1(1+1)]=0.

So we get s=1+1.
In the limit of p — oo, the differential equation can be approximated as
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u"(p) - p’u(p)=0.
We assume that U(p) = exp(—p>/2).
u"(p) - p’u(p) =(p* —=Hu(p) - p’u(p) = -u(p),

This is almost the same as the original differential equation; u"(p)— p’u(p) = 0. These suggests

that our solution u(p) can be expressed by the form

u(p)=p"le” ().
Then we have the differential equation for f(p) as
P (p)+2(1+1-p*) F'(p)+ (A =21 =3)pf (p) = 0.

We solve this problem by using the series expansion
f(p)=>Y Ck)p".
k=0

Using the Mathematica, we get
2(1+HC(1) =0,
(=3 -2+ A)C(0)+2(3+21)C(2) =0,
(=5-21+A)CM)+6(2+1)C(3)=0,
(=7 =21+ A)C(2) +4(5+21)C(4) =0.
Then we have
C()=CB3)=C(5)=..=0.

In other words, f(p) is an even function of p. So we assume that
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f(p)= Y- CNP™,

Then we have

D (2K)(2k =DC(2K) o™ +2(1+1- p*) > (2k)C(2k) ™!
k=1 k=1

+(A—-21-3)> C(2k)p™**' =0

k=0
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D 2k[2k =1+ 2(1 + D]C(2k) o™

- > C2k)(4k)p™ ! + (1 -21-3)) C(2k)p™ ' =0
k=1 k=0

Using the relation

D 2k[2k =1+ 2(1+ DIC(2K) p* ' =D (2k + 2)[2k + 1+ 2(1 + DIC(2k + 1) p**!
k=1 k=0

(conventional mathematical procedure)

Z:C(2k)(4k),o2k+1 = ZC(2k)(4k)p2k+1 (no change with the addition of k = 0 term)
k=1 k=0

this can be rewritten as

D {2(k +1)(2k + 21 +3)C(2k +2) — (4k + 21 +3 = 1)C(2k)} >0

From this we get the recursion relation,

C(2k+2) = (4k+21+3-12) C(2K).
2(k + )2k +3+2l)

When

3+4n . +2l=4 (n;=0,1,2,3,..),
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the co-efficient C(2+2n,) should be equal to zero, corresponding to the termination of the

power series. Then, from the recursion relation, we have
C2+2n)=C(4+2n,)=...=0.
So the energy quantization condition is that

2E

3+4n +2l=4=
ha,

or
3
E(n,.l)= (5+ 2n, + Hhw,.
We define the principal quantum number n as
3
E,=(n +E)ha)0 ,

with  n=2n +I.

n I N, Degeneracy
0 0 0 1
1 1 0 3
2 0 1

2 2 0 5
3 1 3
3 3 0 7
4 0 2 1
4 2 1 5
4 4 0 9
5 1 2 3
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Fig. The energy levels E, = (n+ %)ha) of the 3D isotropic simple harmonics, showing the

degeneracy. The degeneracy is 1 (n=0),3 (n=1),6 (=1 +5)(n=2), 10 (=3 +7) (n=3),
I5(1+5+9)(n=4),21 (n=5),28 (n=06).

5. Hypergeometric function
We use the Mathematica to solve the differential equation given by

A(p)+2(1+1-p") F'(p)+2(n=D)pf (p) =0

The solution is given by
f (p) =HypergeometriclF1 [T’E +1, 0]

This function is dependent on n and |, where n, is given by

n=2n+I
n I Ny f(p) Degeneracy
0 0 0 ] 1
1 1 0 1 3
2
2 0 1 2P 1
3
2 2 0 ] 5
2
3 | | 2P 3
5
3 3 0 | 7
2 4
4 0 2 4P A ]
315
2
4 2 ] 2P 5
7
4 4 0 ] 9
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5 35
2
5 3 1 1- 2;’ 7
5 5 0 1 11
6 0 3 1-2p 4+ 22 80
5 105
2 4
6 2 2 4p” A
7 63
2
6 4 1 2P 9
11
6 6 0 1 13
6. Typical radial

functions
From the above discussion we have the eigenfunction of the three dimension isotropic simple
harmonics. The results are summarized as follows.

The energy eigenvalue:

E,=(n +E)ha)0 ,

2

The value of | is

l=nn-2, ...
since

n=2n, +lI withn,=0, 1, 2.
The eigenfunction is given by

w(r) =R, (NY,"(0,¢)

where
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u(r |+1e—p2/2 -,
Rn,|(r) = (I‘ ) o P 0 f.(p) =p|e P fa(o),

or

—Ar _HD, o _ /%
Rn,l(r)_ A,rexp( 2 ryf. (o 7 r

where A, is a constant determined from the normalization condition
[rR,(ndr =1
0

Note that

Ha,
h

p= r,

and f(p) is given by

foo=1, f,=1
2

fzozl_gpza f.=1
2

f31:1_§p23 fa=1

The normalized radial function

2 (uo e HO, 3

ROO(r) = 7[1/4 (TO] eXp(—Z—hOrz) (E :Eha)O’ I = O)
2\/5 10 5/4 1o 5

R, ()= iz (Toj rexp(—z—horz) (Ezgha)o,IZ 1)
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J6 y770) o y770) 2u, 7
Rzo(r): 7[1/4 (Toj exp(—z—horz)(l—#rz) (E:Eha)o, | :0)

4 y770) T y770) 2um, 7
R,(r)= 01 rfexp(—E=Lr?)(1 -2y E=—taw, |l=2
((Mathematica))
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Clear["Global +"]; rulel = {p—> uﬁLO r};

£00 = AQO Exp[7] /. rulel;

100 = Integrate[r® f00%, {r, 0, »}] //
Simplify[#, {¢>0, wO>0, A>0}] &;
Solve[l100 =1, AOO]

o (1wl )3/4 o (uwd)3/4
[[a00 > - <73/4> 1. {00 - <7£/4> N

f11= Allr Exp[7] /. rulel;

111 = Integrate[r® f11%, {r, 0, »}] //
Simplify[#, {£u>0, wO>0, Aa>0}] &;
Solve[lll =1, Al1]

2 [2 (s0)°" 2ﬁ<%>5/4}}

b, {A11-

22



" T _ /M ]
Clear["Global "] ; rulel_{p-> P r},

£00 = AOOExp[ ]/ rulel;

100 = Integrate[r® f00%, {r, O, o}] //
Simplify[#, {m>0, w>0, A>0}] &;
Solve[l100 =1, AOO]

) 3/4
4

(_0))3/4
BT

{{A00 - - }, {A00 - <71w

J}

_p2
f11= Allr Exp[T] /. rulel;

111 = Integrate[r® f11°, {r, 0, o}] //
Simplify[#, {m>0, w>0, A>O0}] &;
Solve[lll==1, All]

NERENEL 2 [2 (e
},{Alle
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2
_ =p” _2 2 :
20 = A20 Exp[ = ] (1 3p)/- rulel;
120 = Integrate[r® £20°, {r, 0, »}] //
Simplify[#, {u>0, wO>0, a>0}] &;

Solve[120 == 1, A20]

Vo (10)% V6 (ua0)3

ar ) (A0 g

{{AZO» -

_ A2
£22 = A22 12 Exp[T] /. rulel;

122 = Integrate[r® £22%, {r, 0, »}] //
Simplify[#, {#>0, wO>0, A>0}] &;
Solve[l22 =1, A22]

7/4
4 (s2)7

V15 4

7/4
4 (42)7

V15 nl/4 }}

[{A22 - b, {A22-
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2
_ =p” _2 2 :
£20 = A20 Exp[ > ] (1 3p)/. rulel;
120 = Integrate[r® £20°, {r, 0, o}] //
Simplify[#, {m>0, w>0, A>0}] &;

Solve[l120==1, A20]

mw\3/4 mw)\ 3/4
(a0 - YL e, YO LB

2
£22 = A22 12 Exp[%] /. rulel;

122 = Integrate[r® £22°, {r, 0, o}] //
Simplify[#, {m>0, w>0, A>0}] &;
Solve[l22 =1, A22]

4<M>7/4 4<m_w>7/4
[{n22 - —VT&: T b, {A22- —V1_§ v H
REFERENCES

A. Goswami, Quantum Mechanics, second edition (Waveland, 2003).

APPENDIX
Spherical harmonics

(i) (nl=0,m=0>
=0 m=0 Y69

1
00 7+
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I=0,m=0

G) (l=,m> (m=-1,0,1)
|=1 m er:nl(ea ¢)

=1, m==1 I=1,m=0

(i) (l=2,m> (Mm=-2,-1,0,1,2)
=2 m Y,%,(6,9)
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APPENDIX SphericalPlot3D of the probability
The probability is defined by

Jorln, eI

2
9

P=[&ln,)

where

where

We change the co-ordinates of the system from the Cartesian to the spherical by the relation,

X=rsinfcosg, y=rsinfdsing, Z=rcosd.
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For convenience we assume that gr =1. Using the Mathematica, we make a S.phericalPlot3D of
the probability P as a function of fand ¢, where 0<8 <7 and 0< @< 2r.

(a) E :%ha)o.
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(b) Ez%hwo. n,.n,.n,)=[10,), (0,10, [0.0.1)

@ [n.n,.n)=[10,0)
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(©) E =%hw0.

n.n n>=|1,1,0>,

X2 ly2 iz
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2,0,0),
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|41 15>=(0, 2, 0]

vi) nx,ny,nz> =0,0,2)
— — n ”2_"3>={_6_6_5}—_ I
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|
|
|
|
|
|
|
4
|
|
|
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0,1,2),3,0,0), [0,3,0), |0,0,3)
@ [n.n,.n)=[LL1)
i) [n.n,.n,)=]2.10)

34



(iii)

nnn>:

x> lystlz

2,0,1)
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n,n.n)=\1,2,0
)=[.2.0)

X2y’ 'z

(iv)
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~vi)  [n,n,, nz> =[1,0,2,)
— Iny.n0.n5>=(1, 0, 2} —_—
//]
(iix) [n,.n,.n,)=[3.0,0)
(ix)
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