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Here we discuss the eigenstate for the system formed of two particles ( 1 and 2) with
spin 1/2. The eigenstates are expressed by the superposition of the four states
([+2)[+2), =|++). [+ 2)|=2), =[+ ). [=2) |+ 2), =[-+), and |- 2) |- 2), =|~-) . The
three eigenstate with the total spin 1 is the symmetric state under the exchange of the
particles (1< 2), forming the triplet state. On the other hand, one eigenstate with the
total spin 0 is the antisymmetric under the exchange of the particles (1 <> 2), forming the
singlet state. This antisymmetric state is one of the four Bell’s state. It plays a significant
role in the quantum entanglement. The Bells’ states are as follows.

D)=zl [8)=podrazl--)

The nature of the symmetry in the state vector for the two particle system under the
exchange particles, is closely related to the character of the system whether the system is
boson (symmetric) or fermion (antisymmetric).

In order to solve the eigenvalue problem of the two spin system, we introduce the
Dirac spin exchange operator, which is equivalent to the swap gate (operator) in the
quantum computing.

1. Definition
((Hyperfine splitting in hydrogen))

The hydrogen atom consists of an electron sitting in the neighborhood of the proton.
There are four states for the ground state of the hydrogen atom.

A A

Si S



|+ +> : electron up, proton up

Proton

|+ —> : electron up, proton down

Proton

|— +> : electron down, proton up

Proton

|— —> : electron down, proton downl



Electron

* Proton

For any state, the state can be described by the linear combination of these four states.
We note that these notations are equivalent,

+=) =1, =10, @),

where ® denotes the tensor product (or Kronecker product, or direct product). We use
the following formula to set up the eigenkets of two spins with spin S = 7 /2.
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We now consider the two spin operators: ¢, and &, for the particle 1 and particle 2.
There are four states:
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The spin operator ¢, and &,work on the first spin state and the second spin state,

respectively.
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In the most general case we could have more complex things.
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2 Dirac spin exchange operator (I)
We introduce the Dirac spin exchange operator as follows.
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((Dirac exchange operator))
Now we introduce a new operator FA’12 , which has the following properties. IS12 is called

the Dirac spin exchange operator. When |:’512 operates on the state |1//> = |a> 1| ,b’> ,» we have

F312|l//> = FA)12|a>1|'B>2 = |0{>2|,B>1 :|'B>1|a>2

From the definition, we get
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Ral++)=[++)
Pal+-)=[-+)
Pal=+)=[+-)
Pal=-)=[--)

The matrix of FA’12 under the basis of {|+ +> ,

+-),
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We find that P, is related to A as,
A2p, i
or
B, =Li+h=Liré 4,
2 2
From the relations,

Pol++)=[++), P,|-

=14
|+ +> is the eigenstate of FA’12 with the eigenvalue +1.

From the relations,

we can easily show that

o 1L0). (1)

which means that

[+ 2+

— 5 is the eigenstate of P, with the eigenvalue +1.

and
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is the eigenstate of FA’1 , with the eigenvalue +1.

((Note)) Quantum computing
The Dirac spin exchange operator is equivalent to the swap (exchange operator) in
quantum computing.

We consider two qubits (quantum bit),

-2)=|-).
|x> X ly>

0> and

1), instead of |+z)=|+) and

ly> X x>

Fig. SWAP gate which is one of the quantum gates.

In this gate;
00) —|00),
01) —>[10),
10) —>|01),
11) —>|11)

Using the unitary operator for the swapping, these can be rewritten as

Usy|00) =00)
Ugy|01) =|10)
Ugy|10) =]01)
Ug,[11)=]11)

with
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3. Eigenvalue problem for the Dirac exchange operator

We solve the eigenvalue problem of the Dirac’s spin exchange operator. The results are
as follows.

Palvi) =|w), (cigenvalue; 1)

Polw,) =|w,). (cigenvalue; 1)

Palws) =|ws). (cigenvalue; 1)

Plw.) =—v.) (cigenvalue; -1)
where

i) =|++)

o=l )+ -+)
) =|--)

1

)=l )-|-+)

((Mathematica))



Clear["Global %"]; P1 =

(oM elNol o)
OoOPFr OOC
(oMol o)
 OOOC

egl = Eigensystem[P1]

{{_11 1, 1, 1}! {{01 _1, 1, 0}1
{0,0,0, 1}, {0,1,1,0}, {1, 0, 0,0}}}

x1=-eql[[2, 4]1; x2=eql[[2, 3]]; x3=eql[[2, 2]];
x4=-eql[[2, 1]];

eq2 = Orthogonalize[{x1, x2, x3, x4}]1;¥1=eq2[[1]];
¥2=eq2[[2]]; ¥3=eq2[[3]];
¥4 = -eq2[[4]];

¥l
{1, 0, 0, O}

y2

1 1
{0, ﬁ, ﬁ’o}
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¥3
{0, 0,0, 1}

ya

1 1
O,—,——,O
o
Pl.y1-y1
{0, 0, 0, O}

Pl1.y2 - ¥2
{0, 0, 0, 0}

P1.¢y3 - ¥3
{0, 0, 0, O}

Pl.y4 + ¢4
{0, 0, 0, O}

4. Dirac spin exchange operator (II)
It is noted that

3, jm)=nJ(G-m)(j+m+1)

jm+1)

J

j.m)=AJ(j+m)(j-m+1)

j.m-1)

Using these relations, we get

A

o,

-2)=2+1), & |+2)=2-17)

Since
A A A A A A I, . . A A A A
6, 6,=0,0, 1+0,,0, +0,,0,, :E(O-Ho-zf +6,.0,,)+0,,0,,

we calculate
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c, 0,

=6,,6,,|++)=|++)

A A

=61,65,|-=)=[--)

~ A

1. . A s
= (5‘717‘7% + 0-120-22)|+ _>

~2f-+)-}+)

~ A

1. . A .
= (5‘71+sz + 0-120-22)|_ +>
IR

Then we have

2
e
e R
@B

1 . . A A A A

+ +> = [E(UHO-; +6,.6,,)+ GIZO-ZZ]|+ +>
1 . . A A A A

0,0, __> = [E(O-HGZ— +0,.0,,) +O—12622]|__>

1 . . . A .
G, 0, + _> = [5(0'1+sz +6,.0, )+ 0-120-22]|+_>

1 . . . A .
G, 0, _+> = [5(0'1+sz +6,.0, )+ 0-120-22]|_+>

Thus the Dirac exchange operator can be defined as

A 1~ . .
P,=-1+0,-6,)
2
4. Total spin angular momentum
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Suppose that él and éz are commute. We define the total spin angular momentum as

S=-(6,+6,)

N | S+

and

2

:T(&‘z +6," +26,-6,)
2

:%(31+&1-&2)

Note that

A 1~ . .
R, 25(1"“71 +0,)

Then we have
2 2

S? =%(3i+&1-&2)=%(21+i+&1-6-2):h2(i+|512)

We also see that

((Proof))

[6i,6,;]1=2ig ],
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3
[sz,sz]z%pnal 6,,6, +6..]
3
:?[OA-UOA-zx + 6-1y6-2y + 6-126-22’6-12 +6_22]
3

= ?[O-IXGZX + GlyGZy’O-lz + 0-22]

n A A aa A A an A A oA A A oA
= ?{_[O-IZ’O-IX]O-ZX + [O-lyﬂo-lz]o-Zy - O-lx[O-ZZﬂo-Zx] + o_ly[O-Zyﬂo-ZZ]}

3
= ?(—2|01y0'2X +2l0,,0,, - 210,,0,, +216,,0,,)
=0

This means that there are simultaneous eigenkets of §? and éz . Here we use the basis of

8|+ +) =n (A +P,)|++) =21+ +)

A

S

z

++) = g(&lz +6,,)|++) =H++)

which corresponds to the state | j =1,m =1)
$2-y= e B =2
S| =30+ 62 =~1)

which corresponds to the state | j =1,m=-1)

S|+ =)=’ A+ B+ =) =12+ =) +|-+))

14



§?|=+)=r* A+ By)|-+) =1~ +) +|+-))
Sif=+)=5 (61 +62)-+)=0

We now consider the matrix elements of S under the subspace of |+ —> and |— +> .

e R
11

((Mathematica))
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Clear["Global %"]; A = (1 l);

11
egl = Eigensystem[A]
{{21 0}1 {{11 1}1 {_11 1}}}

Y2 = Normalize[eql[[2, 1]]]
1 1

{ﬁ’ﬁ}

y0 = -Normalize[eql[[2, 2]]]
1 1

{ﬁ’—ﬁ}

UT = {y2, y0}
1 1 1 1

{{ﬁ’ﬁ}’{ﬁ’_ﬁ}}

U = Transpose [UT]
1 1 1 1

{{\/?’ \E}, {\/?’_\/?}}

UH = UT
1 1 1 1

{{\/5’ \/?}’ {\/5,_\/5}}

UH.A_U
{{2, 0}, {0, O}}

where

§2|W8>:2h2|'”5>

§2

V/A>=0
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)= 5 40+

va) =5 ()14

Note that

A

S

A

W5>:0= S,

z WA>:O

Thus

|l//s> is the eigenket of S? with 27* and of §Z with 7.

|1//A> is the eigenket of S? with 0 and of §Z with 0.

The above results are summarized as follows.

((Triplet))

|+ +) (G=1,m=1)

)= g+ el G=tm=0)

- (G=1,m=-1)
((Singlet))

=gl G=0.m=0)

((Note))

Di2xDi2 = Di+Do
Clebsch-Gordan coefficient
@ j=1

m:m1+ m,
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F
102,202 102,112
Ja
e [T
- forbidden
102 1D W20
m=-1 m=0 m=1
L
‘1 1>‘1 _1>+ 1 _1>‘1 1>
2°2/127 2/ |27 2/|272
7 (m=0)
1 1\1 1
— === m=-1
33 m=-1

@@ j=0(m=0)

(m=0)

((Mathematica))
m j1=1/2 and j2=1/2, J = 1.

Clear["Global "%"]1; CCGG[{j1 , m1 }, {J2 , m2 }, {J_, m }] ==
Module[ {sl},
sl = IF[Abs[m1l] < J1&& Abs[m2] < j2 && Abs[m] < j,
ClebschGordan[{j1, m1}, {j2, m2}, {J, m}], O]]

CG[j2 , m2 , j1 , L ] := Sum[CCGG[{j1, ml}, {L, m2-ml},
{2, m2}1 afjr, mi] bfL, m2-miy, {ml, -j1, j1}]

CGr1,1,1/2,1/2]

al5. 5165+ 5]
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CG[1, 0, 1/2, 1/2]

a['_l,_l]b[l,_;l] a[l,_;l ;l}
27 2 2 20 L2 2 2
z Vz

CcG[1, -1,1/2,1/2]
1 1 1 1
EEARETLIPERE
CG[0, 0, 1/2, 1/2]
=3 31803 3] (3. 316l 3]
Vz Vz
S. Exchange interaction
UeGe UpOp
(Le<0) (Lp <0)

We now consider the spin Hamiltonian
H=E/d+J6 6,=E,+J2P,-1)

(for convenience we assume Eo = 0).

Hl++)=J|++)

|+ +> is the eigenstate of H with the eigenvalue J.

A

Al--)=31--)

|— —> is the eigenstate of H with the eigenvalue J.

=)= 3} +)-J+ )
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Al-+) = 3G} )|+

R L—J ZJJ J[—l ZJ
23 -3 2 -1
Eigensystem][ H ] in the subspace of {|+ —> and |— +> }.

(a) Eigenvalue problem-I

. 1 2 0 1 N
H=-J +2J = -J1+236,
2 1 1 0

H|+X) = (=31+236,)|+ X) = I|+ X)

and

H|-x)=(=J1+236,)]- x)=-3J|-x)
where

e R LRt

e e L R
Thus

|+ X> is the eigenket of H with the energy (J).
|— X> is the eigenket of H with the energy (-3J).

(b) Eigenvalue problem II (Alternative method)

We solve the eigenvalue problem using a conventional method.

For E=-3J
1
. U U 1 U Ny
o
U21 U22 O U21 -
J2

20



ForE=1J

1
_+>:(U11 Ulzj[oj:(unj: ﬁ
U, U, NI U,, _ 1

) =U
V2
The Unitary operator is given by
L
golv2 V2
1 1
V2o 2
Therefore we have the triplet state and singlet state.
Eigenket Energy eigenvalue
((Triplet))
|+ +) J
)= e )el-h 3
V2
--) J
((Singlet))
=gl 32
V2
' A+ Ey
Eg - --------fF---------
4A
4 -3A + Ey
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6. Zeeman splitting
The Hamiltonian is given by

A

H=J6-6,-w6,-B-p,6, B
. 2 e s
The magnetic moment of electron: 5 S, =6, (<0)
. 2 6 s
The magnetic moment of proton: 7S2 = 11,0, (12>0)

When the magnetic field B is applied along the z axis,

H=H,+H,

with
H,=J6,-6,=J(2P, 1)
H, = (1,6, + 1,6,,)B
H|++)=—(0,6,; +1,65,)B|++) = (1, +1,)B|++)
H |- =) =-(,6, +1,65,)B|— =)= (1, +1,)B[--)
H|+-)==(,6,; +1,65,)B|+ =) =—(1, —p,)B[+-)
H|—+) =16, +1,65,)B—+) = (1, —,)B|—+)
Hol++)=J|++)
A=) =31--)
=) =32=4)~|+)
Hol=+)=3(+=)=|-+)

Thus

Hl++)=[J = (w, +1,)B]++)

22



|+ +> is the eigenket of H with the energy eigenvalue [J — (u, + ,)B]

H|-=)=[J +(u, +1,)B]--)

|— —> is the eigenket of H with the energy eigenvalue [J + (u, + p,)B].

We now consider a matrix of the subspace of |+—> and |—+>;
)= 31 4) | =)=, )8l -)
Hl=+)=J(2+-)—|-+)+ (1, —1,)B[+-)

or

|:| :(_J —(Hl—Mz)B 2] j
2J -J +(“1_H2)B

= _‘]i_(l’ll _uz)Bé-z +2‘J&x

The eigenvalue problem can be solved as follows.

:(M_“z)Bz 26-
+(,—p,)°'B

H=—31+/43% +(u, —p,)* B[
V4
2J .
+ Oy
V432 + (1, —p,)* B?
=31 +,/49% + (1, - ,)*B%G - n

where
n = (sin6,0,cos )
with

—(1,—1,)B 2J

cosf =

2 2p2 Sinﬁz\/4 2 _ 282’
\/4‘] +(u, —p,)' B 7+ — 1)

Eigenvalue problem:

I:||in>:[_‘]i+\/4‘]2 +(, _uz)sz&'”]|in>
=[~3 £4/43% +(u, —p,)’B* ]+ n)

23



|+ n> is the eigenket of H with the eigenvalue Ei;

COS—

[+m)=| 2], E, =—J +43% +(u, —p,)* B’
Sil’lE

|— n> is the eigenket of H with the eigenvalue Ex;

sin—
[+n)= 29 B =040y —py)B
—CcoS—
2
((Mathematica))
R -J-(ul-u2)B 23
Clear["Global +"]; H = ( (uZJ H2) SJ o+ (ul-p2) B);

eql = Eigensystem[H] // Simplify

{{737\/43%52 (ul - u2)2 7J+\/4JZ+BZ (ul-p2)2},

—\/4J2+82 (ul - p2)2 +B (-l + p2)

( = L1,

\/4JZ+BZ (ul - pu2)2 +B (-pd + p2)

{ 2 1))

El=eql[[1, 1]];E2=eql[[1, 2]];E3=0-B (ul+pu2); E4=J+ B (ul+u2);
rulel = {42 » -1000 1, J »1, B> 10%B1, ul-107};

E11 =E1 //. rulel // Simplify; E22 =E2 //. rulel // Simplify;
E33=E3//. rulel // Simplify; E44 =E4 //. rulel // Simplify;
tabl = {E11, E22, E33, E44};

24



Plot[Evaluate[tabl], {B1, O, 5},
PlotStyle -» Table[{Hue[0.08 i], Thick}, {i, 0, 4}],
AxesLabel » {"B(T)", "E"}]

E
6k

4l

Fig. Zeeman splitting of the ground state of hydrogen. B # 0 :the levels are denoted as
Ei, Emi, En, and Erv from the top to the bottom. B = 0: there are two levels. One
level is Erv, and another level is degenerate (Ei1, Em, Em.

7. Positronium in the presence of a magnetic field
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Positronium (Ps) is a system consisting of an electron and its anti-particle, a positron,
bound together into an "exotic atom". The system is unstable: the two particles annihilate
each other to produce two gamma ray photons after an average lifetime of 125
picoseconds or three gamma ray photons after 142 nanoseconds in vacuum, depending on
the relative spin states of the positron and electron. The orbit of the two particles and the
set of energy levels is similar to that of the hydrogen atom (electron and proton).

Consider the positronium consisting of positron and electron. In the presence of a
uniform and static magnetic field B along the z-axis, the Hamiltonian is given by

H = Aﬁl 'Sz +§(§1z - SAzz)
mc

A

Obtain the energy eigenvalues and eigenkets of the Hamiltonian H .

((Solution))

26



where

Here note that
6,-6,=2P, -1

where I:A’12 is the spin exchange operatpr. Then the Hamiltonian H can be rewritten as
H = AP, —%i) +%ha)0(&lz _6.)

There are four kinds of two-spin states;

[++), [+ =) =)

So we get

I:||++>=§|++>

A +_>=A4_+>_§|+_>+h%|+_>

=(_§+hwo)|+_>+A|_+>

Al 1)= o) 214} -+)
=_(§+hw0)|_+>+p4+_>
A== 21--)

27



Then |++> is the eigenket of H with eigenvalue A/2. |——> is the eigenket of H with

eigenvalue A/2. We now consider the eigenvalue problems (subgroup) using the basis of

s [=4)

I
Il
—~
+
|
EE
+
L
—~
+
|
T
|
+
~
N———

el (ol
(—§+ha)0) A
- A
A —(E'i'h(()o)

o _(G=Wle) (eelhil-)
R (R
(——+hw,) A

) A —(§+ha)0)

_ —?i +ho,6, +AG,

This can be rewritten as

ﬁsubz—giﬂ/A%(hwo)z[ he, &, + A &,

JA + (e} T A +(ho,)
- _gi + A" + (ne, f (cos 06, +sin 06,
:-?LLW&'H

where ¢ is the matrix under the basis of {|l> = |+ —> ,

2> = |— +> } and
n=(sind,0,cosf),

in the z-X plane, and q is the angle from the z axis. Note that

h ) A
cos@=¢, siné =

A +(ho,) A +(hao,)

28



The eigenket of 6 - n is defined as

&-n|+n>=|+n>, &-n|—n>=—|—n>
cos— sin—
|l e
s1n5 —CoS—

under the basis of {|+ —> ,

- +> }. Note that
H Sub| + n>

=(—§i1/A2+(ha)0)2)|irn>

Then there are foue energy states

Eigenvalue Eigenket
A/2 |[++)
A/2 |—-)

ARy )
2R o)) [-n)

10. Spin wave

Spin waves are propagating disturbances in the ordering of magnetic materials. These
low-lying collective excitations occur in magnetic lattices with continuous symmetry.
From the equivalent quasiparticle point of view, spin waves are known as magnons,
which are boson modes of the spin lattice that correspond roughly to the phonon
excitations of the nuclear lattice. As temperature is increased, the thermal excitation of
spin waves reduces a ferromagnet's spontaneous magnetization.
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We consider the spin exchange interaction between two adjacent such that

H:—%g& -6

With this Hamiltonian we have a complete description of the ferromagnet.

where 6, -6,,,, interchanges the spins of the n-th and (n+1)-th electrons.

For the ground state all spins are up (|+>, so if you exchange a particular pair of

spins, one can get back the original state. The ground state is a stationary state: -J/2 for
each pair of spins. That is, the energy of the system in the ground state is -J/2 per spin.

It is convenient to measure the energies with respect to the ground state. Our new
Hamiltonian is

Using the relation

H=-3>(P,,.-1

X5

30



With this Hamiltonian, the energy of the ground state is zero. Here we define the state
|X_n> where all the spins except for the one on the spin at X,,.

|:||X5> =-J Z(ﬁn,ml _i)| X5>
:_J(lss,é _i)| X5>_‘](F34’5 _i)| X5>
==J(|%) = 2|5} +[x, )

A

where |545|X5> = |X4> , P

Xs)=|%s),and. P,

Xs) =|Xs) .

X5> = | X6> > A78
Similary,

HIX,) = =3( %) = 2%, ) +[%,0)

I_’\||Xn+1> =-J (|Xn+2>_2|xn+l>+|xn>

Here we consider
V)= XC, )

Eigenvalue problem

Hly) = Ely)
or
> CoH[x,) = X C[x,)
or
> CoH[x,) = EX C,[x,)
or
D (=INCy| X ) = 2C, %)+ Cy[ X, ) = ED C [x,)
or

31



Z(_‘] )(Cn—l _2Cn +Cn+1)| Xn> = EZCH|Xn>

or
(_‘] )(Cn—l - 2Cn + Cn+1) = ECn
Let us take as a trial function

C — eikxn

(—J )(eik(xn—b) _2eian + eik(Xn+b)) — Eeikxn
E =2J[1-cos(kb)] (energy dispersion)

The difference energy solutions corresponds to “waves” of down spin-called “spin
waves.”

For kb<<1, E is approximated by

k’b?

E=2A——=Ak’b’
2

11.  Matrix representation of rotation operator for j =1.
We are constructing the eigenkets for j = 1. To this end, we start with the basis for j =
1/2.

|+n)=U|+2)=a|+2)+b|-2z)

|-n)=U|-2)=c|+2)+d|-z)

where

o

Z 20
a=e 2 =), b=e2 e
cos(2) sm(2)

N [

0 iZ 0
cC=-6e 2 g5in(= d :e2 —
s1n(2) cos(2)

32



i _i?
e ? cos(g) -e ? sin(g)
NP N
i? ’ i?
e sin(g) g2 cos(g)
2 2
_iﬂ _if 0
e 2cos(—) —e Zsin(—)
U= 2 2

if if 9
e 2 sin(— e 2 cos(—
(2) (2)

We can write the state
|+ n+n) = (a+z)+b|-2))(a|+ ) + b|- 2))

=a’|+z+2)+ ﬁab%(h 2,-2)+|-2,42)) + b*|- 2,-2)

%

Similarly

|- n,—n)=(c|+z)+d|-2))(c|+ z) +d|-2))

=C’|+z,+2)+ V2cd Lz(|+ z,-2)+|-2,+2))+d*|-2,-27)

NG

1

1
5 (|+n—n)+|—n+n)) = \/Eac|+ z,+2)+(ad +bc)—

ﬁ(|+ 7,-1)
+|~z,+2)) ++/2bd|- 2,-2)

Unitary operator R,

[+ n+n) =|1L;n) = §|+ Z,47)= R

11;2)

|— n,—n> = 1,—l;n> = IQ|— Z,—Z> =R

1,-1;2)

|+ n,—n) 2|—n,+n> L)~ R +2,-2) 2|—z,+z>

where
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[

0 0
1,1;2){ j 1,0;z>[1], 1,—1;z>{oj
0 1

[+ n+n)==a’|+z,+7)+ \/Eabi(|+ z,-2)+|-2,42)) +b’|-2,-7)

V2

az
=| +2ab
b2

1 _ R
$(|+n,—n>+|—n,+n>)—\/§ac|+ z,+7)+(ad +bc)ﬁ(|+ z,-2)
+|-z,+2)) +v/2bd|- z,-2)

J2ac
(ad +bc)

V2
/2bd

Rlz
= Rzz
R32

|-n—n)=c’|+z+2)+ V2cd %(|+ 2,-7)+|-242))+d’|-2,-2)

NG

2

C
=|+/2cd
d2

Then we have the rotation operator R= IQZ ) Iiy(ﬁ)

a’ J2ca c?
R=|+2ab ad+bc +/2cd
b>  2bd  d?
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or

e e’ e
——(1+cos@) ——=sind ——(1+cosé
5 ( ) 72 5 ( )
Iy 1 1
R= ——sind cosd ———sind
V2 V2

ig ig ig
e?(l—cosﬁ) e—sin9 e?(l—kcose)

NG

which is the same as the matrix of R = exp(—% J ) exp(—% J 9

12. Two spin state using KroneckProduct
We discuss the above discussion by using the KroneckerProduct.

ST =5,®1,+1,®S,

S;=5,®1,+1,®S,,
ST =S, ®1,+1,®S,,
(a)

GrF+@rf+(Erf =, 0l +1 ®8,)6, ®1,+1,©5,)
+(S, ®1L, +1,®S,)S,, ®1,+1, ®S,)
+(S,, ®1,+1,®5,,)S, ®1,+1,®85,,)
=S, ®1,+1,®S,,7+25,®S )
+($, @1, +1,®8,,7+25, ®$,,)
+(5,’®1,+1,®S$,,> +25, ®S,,)
=(S,7+S,7+5,)®1, +1,®(S,,” +5,, 7 +5,,) +2(5,, ®S,,
+ SAYl ® §y2 + SAZl ® S’\22)

where
2 2
S +S, +S," = %(&Xlz +6, +6,7) = %11



22 & 2 éz_hz A2 a2 A2_3h2A
S +Sy2 +9, —T(O-xz +o, t0, )= 4 1,

Then we have

§ =T+ 8T +(s1)
=¥il ®1, +1, ®¥il +2(5, ®S,,
+ éyl ® éyz + ézl ® SAzz)

3P, A WL R R . R R
:711®12+7(0'X1®0X2+0'y1®0y2+0'21®0'22)

and
S S h, . A .
S,=5,,8L+1,®S,, 25(0'21 ®L+1,®05,,)
((Note)) Alternative method (simpler method)

After the calculation of

2
S’ :T(&l +6'2)'(6'1 +&2)

2

=7(&12 +6," +26,-6,)
2

=%(31+&1-&2)

this expression can be rewritten
3’ n’

A A . . A . . .
S ——2 11®12+7(0'X1®0'X2+0y1®0'y2+0'21®0'22)

using the Kronecker product ® .

The matrix of S is expressed by

0
1
1
0

S = = O
N OO O
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, >, —>, —,+>, —,—> }. The matrix of §Z is expressed by
1 00 O
. 0 00 O
S,=n ,
0 00 O
0 0 0 -1
A=)

A 30, R N R A A A
S2(|+>®|+>) Z[Tll ®12 +_(Gx1 ®o-x2 to yl ®Gy2 +o—Zl ®622)](|+>®|+>)]

=yl + ) @l-) - )+ [+
RN

- 3n° - o A o
S2(|_> ®| >) [_1 ®1 +— (O-xl ®Gx2 +O—y1 ®0y2 + O-zl ®O-zz)](|_>®|_>)]

=%|—>®|—>+h—;[|+>®|+>—|+>®|+>+|—>®|—>]

=21°]-) ®|-)

~ 3. A B R R R R R
S2(|+>®|_>) = [_11 ®1, +_(O-x1 ®o,, + Oy ® Oy, T 0y ®O'z2)](|+> ®|_>)]

32 #8)+ 2 1) o) |+ 8]

P +)®|=) +[-) ® )]
$7(-)®|+) =[?i1 ®1, +ﬁ(&x1 ®6,,+6,®6,,+6, ®6,)1(-)®|+)]
32 ele)+ Lk el o)
W+ ®|=)+[-) ®|+)]
(|+)®|+)) is the eigenket of S with the eigenvalue 24 (S=1)
(|-)®|-)) is the eigenket of $” with the eigenvalue 27’ S=1)
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We now consider the operator S under the basis {|+)®|-), |-)®|+) }. The matrix

(S’ 2 )Sub can be expressed by

(&) =" Nerfh O Yhenie, 4D
sub 11 0 1) \1 0 X

Then we have
(S‘z)sub|+ X) = 1*(6, + D[+ X) = 25|+ X)

(82 L]~ X) = 126, + 1))~ %) = 0]+ x)

where
[+ %) - %[m ®|-)+|-) ®|+)] cigenvalue: 27° (5= 1)
|— X> - %[|+> ® |—> — |—> ® |+>] eigenvalue: 07’ (§=0)

We note that
A ho. A A
S,(+)®+) = 5(021 ®1,+1,®8,)(+)®|+)
=h(|+)®[+))

$,(-)®|-) =§(&u ®1,+1,®6,,)(-)®|-)
=~h(-)®|-)

[+)®[)+]-)®+)
S

[+)®]-)+-) ®+)
V2

®1,+1,®6,,)+)®|-)

S

:g(&zl ®iz + il ® 6-22)

_

2\/5 z1
+m(c;z1 ®1,+1,®8,)-)®|+)
=0
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5,1+ >\/§| >®|+>)=g(&u®iz+il®&zz)
— h =
_m(azl
no .
_ﬁ(o-zl
=0

()85 -5 ®l+)

®1,+1,®6,,)+)®|

2
-)

®1L,+1,®6,,)-)®|+)

((Summary))
li=Lm=1)=(+)®|+):

The eigenket of S with the eigenvalue 27>
The eigenket of §Z with the eigenvalue 7

[i=tm=0)=—7{l)8|-)+|-)@]+)

The eigenket of S with the eigenvalue 27>
The eigenket of §Z with the eigenvalue 07

[j=Lm=-1)=[-)®])

The eigenket of S? with the eigenvalue 27’
The eigenket of S, with the eigenvalue - 7

1

|[1=0.m=0)=—7[+)®]-)~[-)®[+)]

The eigenket of 2 with the eigenvalue 07’
The eigenket of S, with the eigenvalue 07

((Mathematica))
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Clear["Global *"];

*

exp_* :=exp /. {Complex[re_, im_] » Complex[re, -im]};
1) .

¥l = (o)’
0).

w2= (1)

ox = PauliMatrix[1] ;

oy = PauliMatrix[2] ;

oz = PauliMatrix[3] ;

12 = IdentityMatrix[2] ;

18 = IdentityMatrix[8] ;

¢1 = KroneckerProduct[yl, ¥1];
¢2 = KroneckerProduct[yl, ¥2];
¢3 = KroneckerProduct[y2, ¥1];
¢4 = KroneckerProduct[y2, ¥2];

ST1 = % (KroneckerProduct[ox, ox] + KroneckerProduct[oy, oy]

+ KroneckerProduct[oz, oz]) + g KroneckerProduct[I12, 12];

Sz = % (KroneckerProduct[oz, 12] + KroneckerProduct[12, oz]) ;

ST1 // MatrixForm
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Sz // MatrixForm

z//
10
00
00
00

O OOoOo
O OO

-1

eql = Eigensystem[ST1] // Simplify

{{2, 2, 2, 0},
{{o, 0,0, 1}, {0,1,1, 0}, {1,0,0, 0}, {0, -1,1,0}}}

x1l=eql[[2, 3]]; x2=eql1[[2, 2]]; x3=eql[[2, 1]];
x4 =-eql[[2, 4]];

eq2 = Orthogonalize[{x1, x2, x3, x4}]

[1.0.0. 0, fo. =. =0}, (0.0.0.1). 0. =. % 0]

8l =eg2[[1]]; 82=eq2[[2]]; @3 = Normalize[eg2[[3]]1];
84 =eq2[[4]1];
S

// MatrixForm

© oo

z//
10
00
00
00

O O OO

-1

Sz.81 - &1
{0, 0, 0, O}
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Sz._.82
{0, 0, 0, 0}

Sz.83 + &3
{0, 0, 0, O}

Sz.84
{01 O, 0’ O}

&1 // MatrixForm
1

O OO

&2 // MatrixForm

o 5l 5l o
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&3 // MatrixForm

o)

0]
0]
1

&4 // MatrixForm

0
1
V2
_ 1
V2
0
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APPENDIX
Al. Eigenvalues and eigenkets for the two spins with S = 1/2: The use of

KroneckerProduct for the calculation
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2

s’ = (6+6)’

hZ

:7(612 +6," +26,-6,)
2

=%(31+6-1-6-2)

A

/I -
Sz = E(Glz + 621)
These operators can be rewritten as

2
§ a%(31®1+&x®&x+&y®&y+&z®&Z)

The matrix of S is obtained with the use of the Mathematica, as

2 000

0110
0110
0 00 2

The matrix of éz is obtained as

0]
0]
0]

O OO0oOo
ol olNolNe)

1
0]
0]
0] -1

A2. Eigenvalues and eigenkets for the Dirac spi n exchange operator: The use of
KroneckerProduct for the calculation

The Dirac spin exchange operator is defined by
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L O A
R.==(+0,0,)
2
This operator can be rewritten as

A

| A
Plz—)E(1®1+(7X®O'X+O'y®0'y+0'2®O‘Z)

~ (1 0
where 1=

The matrix of P, is obtained with the use of the Mathematica, as

1 000
0010
01 00
0 0 01

Note that

A

S =n*(1®1+P,)

Eigenvalue problem:

Eigenvalues, eigenkets

{{_1’ 1’ 1’ 1}! {{01 _1’ 1’ 0}’ {Os O, Os 1}1 {01 11 11 0}! {1’ O’ 0’ 0}}}

Eigenvalues of P,, Eigenkets
1
0
1
0
0

45



-

S = = O

- o O O

((Mathematica))
Clear["Global "+"];

exp_*:=exp /. {Complex[re , im_] = Complex[re, -im]}; ¢1 = (é)

1\. - (1\... (O\. . (0 1\. (O -i\. _ (1 0}.
n={o)in(g)ive- (D)o (Do) (3 5 )z o L)
12 = IdentityMatrix[2];

¢1 = KroneckerProduct[yl, ¢y1]; ¢2 = KroneckerProduct[y1, ¥2];
¢3 = KroneckerProduct[y2, y1];
¢4 = KroneckerProduct[y2, y2];

1
P12 = 5 (KroneckerProduct[oXx, ox] + KroneckerProduct[oy, oy]

+ KroneckerProduct[oz, oz] + KroneckerProduct[12, 12]);

P12 // MatrixForm
1000

O OO
oOr O
O Oor
— OO
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eql = Eigensystem[P12] // Simplify
{{(-1,1,1, 13, {{O0, -1, 1, O}, {O,0,0,1}, {O,1,1,0}, {1,0, 0, 0}}}

x1l=eql[[2,4]]; x2=eql[[2, 3]]; x3=eql[[2, 2]];
x4 =eql[[2, 1]];

eg2 = Orthogonalize[{x1, x2, x3, x4}]
1 1 1 1

{11,000, {0. =. .0}, (0.0,0, 1. {0, - . . 0f]

31l =eq2[[1]]; 32 =eq2[[2]]; &3 = -Normalize[eq2[[4]]];
84 =eq2[[3]1];

P12.¢1 - ¢1
({0}, {0}, {0}, {0}}
P12.¢42 - ¢3
{{0}, {0}, {0}, {0}}
P12.¢3 - ¢2

{{0}, {0}, {O}, {O}}

P12_.¢4 - ¢4
{{0}, {0}, {O}, {O}}

&l // MatrixForm
1

ol eolNe)

&2 // MatrixForm

o il o
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83 // MatrixForm

© - bl ©

84 // MatrixForm
0

0
0
1

A.3  Example for the use of KroneckerProduct
We consider the Hamiltonian given by the form of tensor product

H=J(6,86,+6,86,+6,86,)- uB(6,®1)- 1,B(1®6,)

Using the Mathematica, we have the matrix of H as

J—uB—-u,B 0 0 0
q 0 -J-uB+uB 2J 0
0 2] -J+B—u,B 0

0 0 0 J+uB+uB

We use the Mathematica program “Eigensystem in order to get the eigenvalues and
eigenkets.

(1) The eigen value: J—(u +u,)B

The eigenket;

S o o =

When B = 0, the energy is J.

(2) The eigenvalue: J+(y +u,)B
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€)

(4)

A4.

The eigenket;

- o O O

When B = 0, the energy is J.

Eigenvalue: —J — /437 + (14 — 11,)* B?

0

— (4, = 11)B =43 + (1, - 11,)* B?
The eigenket: 2]
1

0

When B = 0, the energy is -3J.

Eigenvalue: — J ++/43% + (1, — 1,)*B?

0

— (4, = 11)B + 437 + (1, - 11,)* B?
The eigenket 2]
1

0

When B = 0, the energy is J.

Eigenvalue problem for the exchange interaction (general case)

We consider the Hamiltonian given by the form of tensor product

H=ho,®05,+ho, ®5, +ho,®0,

Using the Mathematica, we have the matrix of H as
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. 0 —h  h+h 0
H =

0 h+h —h 0

h—-h 0 0 h

(1) Eigenvalue: h, +h —h,, Eigenket: %[H —> + |— +>].
(2)  Eigenvalue: —h, —h —h,, Eigenket: %[H —> - |— +>] .
3) Eigenvalue: h, —h, +h,, Eigenket: %[H +> + |— —>].

(4) Eigenvalue: —h, + hy +h,, Eigenket: L[|+ +> - |— —>].

NG

We note that these eigenkets correspond to the four Bell's states.

APPENDIX B KroneckerProduct
B-1 Formula

(A® B)(C ® D)= (AC) ® (BD)

(A® é)(|W1>®|W2>) = AI'//1>® B|‘//2>

a, a4, a; b11 b12 b13
A= a, 2n Ay | B= b21 bzz b23
a; A, Ay b31 b32 b33
a,B a,B a,B
A®B=|a,B a,,B a,;B

B2 The expression for the magnitude of the total spin angular momentum (two
spin system) with the KroneckerProduct

The magnitude of the total spin angular momentum is obtained as follows.
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(6, ® iz + i1 ®c,)0,® iz + i1 ®0,,)=(6,, ® iz)(é-xl ® iz) + (il ®0,)(0,® iz)

+ (GAXI ® iz )(il ® é\-xz) + (il ® &xz )(il ® é\-xz)
=6,/ ®1,°+6,86,+6,86,+1°®6,,°
= 2(il ® 12 + 6-x1 ® GAXZ)

Then
A2 N A A R R ~ ~ .
Ot = Z(Gil ®1, +1,®0;,)(0; ®1, +1,®0;,)
i=Xx,y,z

=61,®1,+2(c,®0,,+6,®05,,+5, ®5,,)

Using the Dirac exchange operator

If)u - 5(11 ® 12 TOy ® OA_XZ + Oy ® OA_yz +0, ® 6-22)
we have
&totz = 411 ® iz +4 A12 ) or Stotz = hz(il ® iz + FA)12)

where 1 is the identity matrix of 4 x 4, and il and iz are the identity matrix of 2 x 2.

Note that

1 0 0 O

AA A 1 0 1 0 01 00
=1 ®I,= ® -

01 01 0 01 0

0 0 01

0 0 0 1

R R 01 01 0 01 0
O-x1®o-x2_ ® =

1 0 1 0 01 0O

1 0 0 0
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0O 0 0 -1
A N 0 -1 0 -1 0O 01 o0
0,®0,= ® =

({] 10 0O 1 0 O

-1 0 0 O

1 0 0 O

R . 1 O 1 O 0 -1 0

6,®0,= —
0 -1 0 -1 0 -1 0
0 0 1
Then we get

1 0 0 O

N . . . . . 0O -1 2 0

O_><1@)O-xz'*'a_yl®O-y2+0_z1®O_z2_ 0 2 -1 0

0O 0 0 1

B, :%(i1 ®1,+6, ®G,+35, ®6,,+6,06,)
2 0 0 O
1{0 0 20
210 2 0 0
0O 0 0 2
1 0 0 O
oo 10
o100
0 0 0 1

APPENDIX

Example: Zeeman effect of positron and electron (spin 1/2).

The spin-dependent Hamiltonian of an electron (1) positron (2) system in the
presence of a uniform magnetic field (B) in the z-direction can be written as

8

|:| = ASI 'Sz + mc(§1z _§22)
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where S‘l = g&l (spin of electron) and 3‘2 = g&z (spin of positron). Note that the Dirac

spin exchange operator is given by If’12 = %(i +6,-6,). We consider the four states given
by [) ), = s i =), =),
(a) Calculate H +,+>, H +,—>, H —,+>, and I:||—,—>.

(b) Find the matrix of H (4x4 matrix) under the basis of

() Solve the eigenvalues and eigenkets of the Hamiltonian.
(d) Make a plot of the energy eigenvalues as a function of B.

++),

+4),

+-),

),

—-).

((Solution))
(a), (b)

We introduce the Dirac spin exchange operator:

~ 1 ~ . .
P :E(l‘*'o'l ©G,)
or

o,-0,=2P,-1

The spin Hamiltonian H is given by

R A A B - A A . . iB . 2
H =AS,-S§, +ren_C(Slz —SZZ):thal 10, +§_mc(o-1z -S,,)
or
~ A A B . R
H =2 @R, ~D+ (6, -6,
Then we get
N Agas vy BAB
H|+ >—4h[2| +) =+ =)+ o +-)
_A v ALy erBy
A oj-) - Anfa s By
_ A AL enBy
2h| +)+ ( 4h+mc)|+ )
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. A A oa nB . .
H|—+>:Zh2(2|312_1)|_+>+ﬁ(o-lz 0_22)| +>
A enB
:Zh2[2|+_>_ —+>]—m—c _+>
A A enB
=yl GE o)

) A . no. .
H|++>=Zh2(2plz_1)|++>+%(O-lz_O-ZZ)|++>

= §h2[2|+ +)=|++)]

:%h2|+ +)

R A .
H‘——>=Zh2(2|312 _1)‘__>+—(O-lz — 0y, )™

_Apr
- A

The matrix of H is given by

Zp? 0 0 0
4
0 -Ap 8 Ap 0
H= YA Al B
0 Bpr B T,
2 4 mc
0 0 0 Ape
4

(c)

|+ +> is the eigenket of H with the eigenvalue %hz X

|— —> is the eigenket of H with the eigenvalue %hz .

We now consider the matrix of H under the subspace of |+ —> and |— +>.
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-+ =n’

H | 4 mc 2
e AhZ _éhZ_@
2 4 mc

_éth @(5 —éhzl

where n is the unit vector in the z-X plane; n = (sin, 0, cos )

enB ﬁ
mch 2

(&)-(2)

cosl =

Note that

mch
0
2 2 COS—
Energy eigenvalue:  #°( A + B —é) Eigenstate g
2 mch 4 sinZ
2
0
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AV B Y A sin—
Energy eigenvalue:  #°[-,|| — | +| — | ——] Eigenstate 2
2 mch 4 —cosZ
2
0
Y=E(AZ)
05
0.5 1.0 1.5 2.
X=B/BO
-05F
~1.0/

Fig. Plot of energy levels (y = E/(Ah*) as a function of X = BE with B, = Ar2nch
e
0

((Another solution)) KroneckerProduct (Mathematica)
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Clear["Global +'"];

GX=(O 1)_
10)°
0 -i\.
ov={; o)
1 0.
oZ=(O_1),

12 = IdentityMatrix[2] ;

H1 =
A2
2 h° (KroneckerProduct[oXx, oX] +

KroneckerProduct[oy, oy]

+ KroneckerProduct[oz, oz]) +
elB
2mc
elB
2mc

KroneckerProduct[oz, 12] -

KroneckerProduct[12, oz];

H1 // MatrixForm
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eql = Eigensystem[H1] // Simplify

i

An?  An? Acmh2+2\/482e12+A202m2h4

4

2

0 0 o)
_ An? A n? 0
4 2
A n? _Bel _Ar2
2 cm 4
0 0 An®

4 7

A h?

4 b4

\/452 el? + A>c?m? n?

4

+

2Ccm

{{0,0,0,1}, (1,0,0, 0},

4cm

b,

ZBel—\/4BZe12+A202m2h4

o,

A cm h?

28e1+\/482e12+A202m2h4

o,

A cm h?
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El[1 ] := #eql[[l, 1]1] /. {B—>x

A c m &2
2el

} 1

Simphify[#, {A>0, c>0, m>0, A>0}] &

E1[3]

ANy

E1[1]
1

4

E1[4]

AN

4

E1[2]
1

4
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f1=Plot[{E1[1], E1[2], E1[3], E1[4]1}, {%x, O, 2},
PlotStyle » {{Hue[0.2], Thick},
{Hue[0.4], Thick}, {Hue[0.6], Thick},
{Hue[0.0], Thick}} 1;
2 =
Graphics|
{Text[Style["y=E/ (AR")", Italic, 12, Black],
(0.2, 0.9}],
Text[Style[''x=B/By", ltalic, 12, Black],
{1.8, -0.2}1}];
Show[fl, 2]

y=E/AH)
0.5} /

S
X=B/BO 0

0.5 1.0 1.5

_05/
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