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Let
In)=R@,4)e,) =|RG,.4)e,)
with the geometrical rotation defined by

cosf, cosg —sing, sinb cosd
RO,P) =R, (P)R,(6)=| cosfsing cosg sinsing

—sin g, 0 cosd,
cosgy —sing, O cosd 0 sinf
R,(p)=|sing cosg O], R, (6)= 0 1 0
0 0 1 —sind 0 cosé

The unit vector n; is defined by

N, =%R(G,.4)e,

cosf cosg —sing, sind cosg |0

=| cosf sing cosg sinf sing | 0
—sin 6, 0 cos 6, 1

sin 6, cos ¢,

=| sin @, sin @,

cos b,

Another ket |n2> is defined by

|n2> = IQ(Hza¢2)|ez> = |§R(929¢2)ez>

where the geometrical rotation matrix is given by



cosd,cosg, —sing,
iR(é’za%) = SRz(¢2)i}{y(6’2) =| cost, Sin¢2 COS¢2
—sind, 0

Note that

n, =R(0,,9,)e,

cos@,cosg, —sing, siné,cosg, (0

=| cosf,sing, cos¢, sind,sing, |0
—sind, 0 cos b,

sin , cos ¢,

=| sin @, sin ¢,

cos b,

Then we have the inner product as
N, - N, =cosé cosb, +sinf, sin G, cos(d — ¢,)
We assume a new ket defined by
) =R @.4)|n,) =R @.4)n,).
and
(= (n:[R(@)
Note that the matrix R™'(6,,4,) is given by
cosf cosd cosf sing —sing,
R(O,4)=| -—sing, cos g, 0

sinf cosd, sinf sing  cos6,

and

siné, cos @,
sin @, sin ¢,

cosd,



n'=R"(6,4)n,
—sin @, cos b, + cosd, sinb, cos(4 — ¢,)
— —sin @, sin(¢, — ¢@,)
cos @, cos, +sin g, sin b, cos(¢g, — @,)
= R(O,D)e,
sin®cos®
=| sin®sind

cos®
Since
n'e, = cosd cosd, +sin g, sin b, cos(4 —¢,)
it is found that
n, -n, =ne, =cos®

In other words, © is the angle between n' and e, and it is also the angle between n, and n,.




Fig. Three vectors n, =R(G,,4)e, . n,=R(b,,4)e, . N'=R"'(6,4)n, =R(O,D)e, . The
Mathematica is used for this figure. 6, =60°. 6, =45°. ¢ =30°. ¢, =50°. Without

Mathematica, it is hard for me to get the line for the unit vector n’.

Using the closure relation, we get

Y,"(0,D) = <n'|lm>
= (n,|R@,.4)1.m)
= 2 [L.m){L.mR(@.4)

= V" (0, 8)(1.MIR(E, )

I.m) (1)

l,m)

where

Dr(nl)m (91a¢1) = <I,m'|F§(61,¢1)

I, m)



Equation (1) relates spherical harmonics in three different directions. The most useful case is m =
0;

Dr(nl')mzo (‘91 > ¢1) =e M dr(nl')mzo (91)

where

d(l)

_ Aim'g, / 47[ m' *
m'mzo(el) =€ 2| + 1 [YI (015¢1)]

and

40, (0) = ;—”[Y.”"“”(a,qz)]*=P.<cosa>

m'=0,m=0 + 1
Then we have

Ylm:() (0,P) = ZYlmv(ez > ¢2) Drgml':nzo(el > ¢1)

= 20" (6 )e 0 (6)
4z —im'¢g 4im'g ry m' y m'
= —Ze e [Y| (‘91:¢1)] Y| (‘92:¢2)
21+14
47[ m *v m
= —Z[Y| (01a¢1)] YI (‘92:¢2)
21+14;
which leads to the addition theorem for the spherical harmonics

R(cos®) =~ S [V (6. )] V" (6,.)
21 +1

Using the closure relation, we get



R L,m){I,m'R

I, m)

I,m>:;

and

(n'[R1,m) = Z(n' L)L, mRl,m)
Noting that (n|=(n'|R, we get

(n I,m>:z<n' I,m')(1,m'[R|1,m)
or

Y, () =2 " ()DL (R)
(b)

m)=R

W), (= (o

Using the closure relation, we get

SUEDY

m'

L,m){I,m[R*

I, m)

and

(n'|R* L,m){I,mR*

I, m)

I, m)

i
Noting that <n| = <n'|§+, we get

Lm)}{I,mR

(n

Lm) =3

m'

I, m)

or



Y,"(n)=>Y,"(n")DY(R)



