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Here we discuss the addition of angular momentum, such as the orbital
angular momentum L and the spin angular momentum S. The addition of the
angular momentum is encountered in all area of the modern physics,
especially in quantum mechanics. The total angular momentum J is
expressed by

A

JA:JI+JA2

in terms of the angular momenta J, and J,.We show that the simultaneous
eigenket

jm) of J and J, can be expressed in terms of the linear
combination of |j,m,)®|j,,m,) with the so-called Clebsch-Gordan co-
efficient, where |j,m,) is the simultancous eigenket of J, and J,,, and the

simultaneous eigenket of j2 and jzz. The Clebsch-Gordan co-efficient
<J'1,J'2;m1,m2|j1,j2;j,m> is discussed.

1. Clebsch-Gordan (CG) Coefficient
Let J , and J , be the two angular momenta, and let

A

[J,,J,1=0,

or

A

[J.d,1=0. (i,j=%Y,2)

Define the total angular momentum

A

J =J, +j2,
where

j12| j1’m1>:h2j1(j1 +1)| j17m1>a
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jlz| j19m1> = hm1| jl’m1>’

3l 3sm) = a5 G+ D =my(m, £ 1) j,m £1),
Similarly,
j22| jzam2>:h2 J2(Js +1)| j23m2>:

j22| j23m2> = hm2| j23m2> >

3o fsmy) = i1, (1, + D =my(m, £ D) j,,m, £1).
We now consider a new ket defined by
|j1, j2;ml’m2> = | jl’m1>®| j25m2>-

The total angular momentum: commutation relation

((Note))
[jzsjlz]:[jlz +j2zsj12]:[j1zsj12]:0
[jzzajlz]z_[jlzajzz] __([‘jlz:‘]z]jz +‘]z[‘]125‘]z])_0

Furthermore, ju and jzz commute with J,.

z

[‘] ‘]z]:[‘]h"]z]zoa

12>

but not with J?.
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Thus we have

A

[3,,d%1=0
Since

A

[32,3,1=132,3.1=13%,3,1=13,.,3,"1=13,°.3,1=13,%.3,1=0,

We have simultaneous eigenkets of J 2 J 12, J 22, J ,- We use the eigenket,

| Ji» o3 J.m)
to denote the basis.

72
‘Jl

jla jz; jam>:h2j1(j1 +1)| jp jz; j,m>
3,2 §is oz Jom) =22 §, (3, + D s Jos 1o m)

jz

Jis Jos j,m>:h2j(j +1)| Jis Jas j:m>
.| Bz Jsm)y=2m| ji, J,; j.m)
Here we have the relation

|j1, Jos jam>:ZZ| b jz;ml,m2><j1, j2;m17m2|j17 jz;jam>

m.m

where we use the closure relation.
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D2 s By o)y sy my | =1

<jl, Jpsm,,m, | I B m> : Clebsch Gordan co-efficient

For simplicity we use

|j1= jz;m1=m2>: j:m>=

|j1, jz;m1am2>:| j17m1>®| jz’m2>:| jl’m1>| jzam2>

2 Properties of CG co-efficient
(1) The co-efficient vanishes unless m = m;+mj.

((Proof))
Note that

(jz _jlz _j22)| jl’ Jz’ j7m>:0

A

‘]z _jlz _jZZ

<j19j2;m17m2 jl’jz; j,m>:O

or
(m—m, =m,){j;, jsm,m, | ji, Jo ,m) =0
Form-m —-m, #0,
(i dosmumy |3y, Jys §.m) =0
(2) The CG co-efficient vanishes unless
i -hl<i<i+i

triangle inequality, which tells us the possible range of values of j when we add two
angular momenta j; and j, whose values are fixed.

((Proof))

For a proof of the triangle rule, let us consider the possible values of m. Since m = m;
+m,, its maximum value is j; + J,. The value is realized for the single state | Jis Jos Jis j2>.
The total J of this state is j = j;+ j,. The next highest value of m, j; + j,-1 is realized for

j1, jz; j1 -1 Jz>

the linear combinations of two states in the uncoupled representations;
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and | | S A 1>. One of the linear combinations belongs to j = J; + j, and the second
onetoj=j;+]p-1.

For m =j; + ], - 2, there are three linear combinations of the three uncoupled states;
| Jis b3 1 =2, j2>7
hitipi=ihith-Landj=j; +jp-2.

I di L, —1>, and | Jis 323 0> Ja —2>, corresponding to three of j, | =

If we continue this process, we can see that each time we lower m by 1, a new value
of j appears. The argument continues until we reach a stage where we can no longer go
one more step down in one of them to make new states. We assume that j;>j».

i=hitism=ji+iniitirl .. -(G1 T2
I=hith-Lm=j+j-1j +i-2,..-(y + ]2 -1),

Here we show that if the triangle rule is valid, then the dimension of the space
spanned by {| Jis J2s 1 m> } 1s the same as that of the space spanned by { | Jis b ml,m2> }.

For the (my, m,) way of counting, we obtain N = (2j; +1) (2j,+1).

As for the {j, m) way of counting, note that for each j, there are (2j+1) states.
According to the inequality (|jl - j2|£ 1 <]+ J,), ] runs (we assume j;>j,) from j; - J, to

1t
iitis iitis

N= Y @j+Dh=DQ2j+)- f(zjﬂ)
j=0

j:jl_jz j:0
=(jl + jz +1)2 _(jl - j2)2
=2, +D2J,+D

((Note))
Djl X Djz = Dj1+j2 I+l
where

D, psi=hitiam=j1 +ip i1 ti-1, e -Gy T2,
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Di,pisi=iitirrlim=j; +ir-1,j; +]2-2, ... -(i1 +jp-1),
Dy -3 d=lr-dal m=1jy - Jals [J1 - Jal-1, ooy -li1 - J2ls

The CG coefficients form an unitary matrix. Furthermore, the matrix elements are taken
to be real by convention. A real unitary matrix is orthogonal. We have the orthogonal
condition.

(i Jao Bom] s oMo my) = (i Bosmemy | i3 3om)” = (s Josmmy | s 4. m)

Closure relation

<jla j2’m1’m1| Jis jzam1'5m2'> <j1a jz;mlam2| Ji> 1o j=m><j1a i j’m|j1’ jz;ml'am2'>

3

5

—

<jla jz;m1’m2| Jis b5 j,m><j1, jz;m1'>m2'| Jis 3o j,m>

3

Il
Q) -

m;,m;"'m,,m,’

or
Z<j1a jz;mlam2| j1> jz; j’m>< jl’ jz;m1'am2'| j1a jz; j,m> = 5m1,m|'5m2,m2'
J.m

Similarly,

z<j17 j2;ml’m2| Jis bos j>m>< bis j2;m17m2| Jis bos j',m'> =0, i Onm

m;,m,

As a special case of this, we may setj =)', m'=m=m; + m,.

ZKJ-I’ j2;m19m2| jla Jza jam>‘2 =1

m;,m,
m=m, +m,

which is just the normalization condition of | I bos b m> .

3 Recursion relation-1 for the CG co-efficients

((First step))
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.

jl’jz;j7m>:(jli+j2i) Z j1=jz;ml'»mzvxjpjz;ml'amz' j1ajz;jam>

m; '+m,'=m

JGFm(jEm+1)

jla j2§ j:mi1>

= Z[\/( hFm( m1'+1)| b jz;m1vi1’m2'>< Jis Josmy My s Bos j>m>

+\/(j2 +m,")(j, £m,'+1)| j,, j2§m1'amzvi1><j17 bsmmy s Bos j,m)]
((Second step))

Next step is to multiply by <j1, Jysmy, m2| on the left and to use orthonormality.

\/(J$m)(1 im+1)<j1, Jos MMy | s Bos jami1>

= Y WG FmOG Em D (j,, j,3m,m,

My
m,'+m,'=m

Jis Josmy'£L m2'><j1a Bmmy| s g jam>

+\/(jz Fm,")(], imz""1)<j1> Josmy,m, | i, jz;m1"mzvi1><j1a jz;m1'>m2'| Jis Jos j,m)]

or
JAFMGEm+D(j,, Jsm,my|ji, s . m£1)
= Z[\/( j1 + m1')(j1 T m1'+1)§ml,ml'tl5mz,m2'<jl’ jz;mlvsmz' j1: jz; j:m>
+\/(j2 + mzv)(jz * m2'+1)5m1,m1'5m2,m2'i1<jl’ j2;m1'5m2' jl’ 12’ J’m>]

or
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\/(Jim)(Jim+1)<Jla jz;mlam2|j1> J2> Jami1>

=L FMF)G M FD (G, bsm FLmy |y, Jys §.m)

+ LI, T, FO(j, (M, FO+11( Gy, Gsmy,m, F1 i,y §.m)

((Note)) We use a more convenient expression

JGFM+DGEM (G bsm,my| i, By §.m)

= JGFm +DGEm) (G bsm FLmM, |, jy; j.mF1)

+\/(j2$m2 +1)(J, imz)<j1> jz;m1amz$1| Jis Jos j,m$1>

This recursion relations are related to the CG coefficients at (my, m,), (m;+ 1, m,), and
(my, my ¥ 1), where m;+m, =m.

{mq,mz) )
(mq-1.mz)
J+
-
{rmq,mz-1 m1.mz) (mq+1,mz)
4 Recursion relation-2 for the CG co-efficients

3 bos Jom) = 3° 'Z“lajz;mlvam2'><j1=jz;m1'7m2'|j1>jz;jam>

A

J*=37+37+23,3,,+3,3, +3.J

2+

jz| Jis Jos j,m) = hZJ(J +1)| Jis Jos j,m>
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2

m, 'y’
m,'+m, '=m

Jis jz;ml"mz'xjp jz;ml"mz'| Jis 1o j,m>

Ao A s A A A A A A
= Z(Jl +J, +Z‘le‘Jzz‘l"]1+‘]2—""]1—‘J2+)
ml',mz'
m,'+m,'=m

X

'\ §i» o3 §.m)

j1a jz;mlvamzllea jz;mll,mz

Here
Z(j12+jzz+2j1zjzz) jlajz;m1"m2'><j1’jz;mlvamz' j1’j2;j>m>
=n® D {0y +D+ §, (), +D+2m'm,")}
X jlajz;mlv’mz'levj23m1'=m2' j1aj2;jam>
Z(j1+j27+j17j2+)| jl’jz;mlv’mz'le’jz;mlv’mz' j1ajz;jam>
=n* 3 WU =M +m DY, +my)(, - my'+)
X j1ajz;m1'+lsm2'_l><j1>jz;m1'9m2' jlsjz;jam>
#0703 WM = m+) Y, =My ), +m, 1)
X jlajz;mlv_lamzq'lleajz;m1'5m2' j1aj2;j,m>
Note that

J19 Jz; m1'9 mz '> = §m1,m1'5m2,m2'

<j1= Josm;,m,

We multiply the above equation by bra <j1, Jo;m;,m, |

a+H- 5,0, +D - 5,0, +1)_2m1m2)}<j19 Josmi,my |y, Jos jam>

= \/(Jl —m, +1)(}j, +m1)\/(j2 +m, +1)(], _m2)<jla bsm =1,m, +1] i, Jys j>m>

+\/(j1 +m, +1D(}, _ml)\/(jz —m, +1(}], +m2)<j1> Jsmy+Lmy =1] i, Jys j7m>
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This recursion relations are related to the CG coefficients at (my, m,), (my-1, my+1), and
(my+1, my-1), where my+m, =m.

imq-1,ma+1}

imq,mz)

imq+1,mz-1}

D; xDy, =Dy, +Dj 0+ + 0

For fixed j, m=1], j-1, ..., -].

In the (m;, my) plane, we plot the boundary of the allowed region determined by
m[ < j. m,[< j,
m; +m,=m

The J; recursion relation tells us that the co-efficient at (m, m,) is related to those at
(my-1, my) and (M, my-1). Likewise, the J_ recursion relation (lower sign) relates the
three co-efficients whose m;, m, values are given in Fig.

(Recursion relations + Normalization conditions)—uniquely determine the CG co-
efficients.
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1,15 §,m) =

my,m,
m,+my=m

j’m> = Zle’mz

Il,m1>|I2,m2>

5 CG values: j;=1/2,j,=1/2

i1 =1/2,jp=12(jm|<1/2,

m,|<1/2)

D, xD,,=0+D, »j=1andj=0

Mz
F
102103 142,112
Ja
e [T
forhidden
102 1D W20
m=-1 m=0 m=1
(m=1)
e
22 2 (m=0)
(m=-1)

(i) j=0(m=0)
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11>1_1>_1_1>1 1>
2720127 2/ 127 2/[2°2

m=20
N3 (m=0)

6 CG values: j;=1,],=1

j1=Lip=1(m]|<1,

m,|<1)

D, xD,=D,+D, +D,

G j=2(m<2)

m= m1+ m2
Mz
A
1.1 0,17 (1,13
=2
-1, 0,0 1'D:II- .
=1
=117 0-17 1-13
m=-2 rm=-1 rn=0
LD|LL) (m =2)
1,1)[1,0) +|1,0)[1,1)
=1
7 (m=1)
L1)[1,-1)+2|1,0)|1,0) + |L,—1)| 1)
=0
NG (m=0)
1,0)|L,—1) +|1,-1)|1,0)
=-1
7 (m=-1)
[1,-141,-1) (m=-2)

Symmetric for the particle exchange
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) j=1(ml<D)
Mz
F
=113 0,13
-1.00 0,0 “'EI:II- iy
m=1
0-13 1-1
rr=-1 tn=0
L1)[1,0) —1,0)(L1
hol- Do .
LD|1,-1)—|1,-1)|1,1
ty= - o)
2
1,0)|1,-1) —|1L,-1)|1,0
)= 1-1)0) e
V2
Anti-symmetric for the particle exchange
@@iii) j=0(m=0)
Mz
SRV
L E—
(1-1

1,1)

1-1)—

1,0)[1,0) +
V3

1,-1)

L1)

Symmetric for the particle exchange
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7 CG values: j;=2,j,=1
i1 =20 =1(m|<2,Jm|<1)

D, xD,=D,+D,+ D,

@ i=3(m<3)

m=m1+ m,

=213 1,13 (0,13 1,13 2,17

-2,00 -1, (0,0 (1,0 {E,EIL my

=210 =110 1) 11-1] (210

m=-3 m=-2 m=-1 m=0 m=1

() j=2(m<2)

(i) j=1((m|<1)

Addition of angular momentum 14 9/3/2017



Tz

F |
s F210 1,10 (0,13

i-1,0) (0,03 1.0

1Tl

ia-13 i1-1 i2-13

Im=-1 m=0 m=1

8. Addition of orbital and spin angular momentum

We consider one electron with the orbital angular momentum L (typically | = 1, p
electron)and the spin angular momentum S. The total angular momentum J is an addition
of L and S.

=L+S

[SEFRN

DxD,,=D,,+D_,

9 J. recursion
We use the J. recursion for the diagram below.
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.
L5
+
3

b )
(Mmp,my—1Ix, (Mg Bmy—1)
L Y

$~ \]+ :

‘~ ]

'S [ ]

~S :

~‘~ [ ]

. :

L Y [ ]

5‘ :

S‘ :

L Y

|

(Mmp+1,my-2)

\/(J +m+1)(] _m)<j1’ jz;m1’m2|j1a Jos j>m>

:\/(jl +m, +1)(], _m1)<j1’ Josm, +1’m2|j1’ J2s j,m+1>

+\/(j2 +m, +1)(j2 _m2)<j1> jz;mpmz +1| jp jz; j,m+1>

We note that
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<j1’ jz;mpmz +1| jl, jz; j,m+1>=0

Then we have

JG+m+DG=m) (G, jmem,| di oz Jom)

=y +m+ D0, =m) (G Gsmy +1my |, Gy §.m+1)
We assume that

=1 =172, j=1+1/2

m=m-1/2, my=1/2

Then we have

1 1 . .
\/(I +5+m+1)(l +5—m)<11 =l j,=

1 1./. |
= J0+m+=)1-m+— =1}, =—;m+
\/( 2)( 2)<Jl L=7

or

This procedure can be continued until m =1+ 1/2.
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®. e. ®. e.
TN TN [N [N
] AN ] AN ] . ] .
] . ] . ] . ] .
] 'R : N : 'R : .
]
. . .
. J- . 182 1/2) J- (m

L )

A

A 3

A
A
A
<
A

¢
e
'
'
. .
: Jo

N

jTl}/Q%],ﬂ) ]

e
e AN - +(m+ AN AN
- N T S A N B N
X SO A S -
A | A | A | A 3 | A\ 3 |
® ® ® ® ®
Then we have
. .1 1 1]. .1
h=bh=gim=2. i =hh=2:0=1+_.m
1 3
l+m+— [I+m+= 1 31 1
= % §<j1=|,j2:—;m+—,—‘j1=|,j2 _;J=I+_,m+2>
l+m+=\l+m+—= 2 22 2
2 2
1 3 5
l+m+— [l+m+= [l+m+=
2 7 /. .1 5 1]. S 1
= 3 5 FAh=bh=mma i =hh =2 g =1+ g.m+3
l+m+= | l+m+={l+m+—
2 2
We choose
. A L .1 1 1
=Lj,==l,=|j,=Lj,==;j=1+=,1+=)=1
<Jl JZ 2 2 Jl JZ 2 J 2 2>
Then we have
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jlzl’jzz

b

1.1
S=lys.m)=
2 2

N | —
| —

C 1
<Jl=l,12=5;m—

10 J+ recursion
We use the J; recursion for the diagram.

\/(J —m+1)(j +m)<j1: j2§m19m2|j1a i j,m>

:\/(L —-m +1)(j1 +m1)<j1> jz;ml _1’m2|j17 jz; j,m—1>

+ 3y =M,y + D), +My) (s Josmy.m, =1 i, Jy; j.m—1)
We assume that

=1 =172, j=1+1/2

m=m+1/2, my=-1/2

Then we have

2 1./. .1 1 1. .1
l-m+)A+m+=)(j, =L, ), ==—m+=———|], =L, ==;]=1+=,m
\/( )\ 2)<11 h=osmes 2‘11 =53] >
1 1./. .1 1 1. 1 1
= J0-m+=)+m+—= =L j,==m-——=—j=Lj,==]=l+=—,m-1
\/( 2)( 2)<11 ) > > 2]1 P 2] >
or
j—l+lm
2 27
. A 1
Jl=|,12=E;J=|+5,m—1>
This procedure can be continued until m = -| - 1/2.
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We choose
. . 1 1. . 1 .
=Lj,==-l—j=Lj==;j=l+—-1-—)=1
<Jl JZ 2 2‘]1 JZ 2 J 2 2>

Then we have

[ LT
1 L b) 2> 2’21 [ §)

11 Derivation of Clebsch-Gordan coefficient)
We assume that

[j=1+1/2,m)=a|m =m-1/2,m =1/2)+ |m =m+1/2,m =-1/2)

lj=1-1/2,m)=y|m =m-1/2,m =1/2)+8|m =m+1/2,m =-1/2)
where o, f, 7, and Jare real. The normalization condition:

o +p =1

y 48 =1

The condition of the orthogonality:

Addition of angular momentum 20 9/3/2017



ay +po=0

There are four unknown parameters and three equations. So we need one more equation.
In Appendix, we show that

We want to determine the values of £, y, and 6. To this end, we assume that

o =cosb,

p =sind
y=cos(@+r/2)=-sinb,
o0 =sin(@+mn/2)=cosd

y
A
B(y,9) A, B)
72
0 b x
()

Since
a’+p =1

we have
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1
l+m+-— l-m+—

2
= 1— =
P 21 +1 21 +1

Then we get

/L+m+&/2 /L—m+&/2
a:é‘: _—, =YY= |[—
21 +1 p==r 21 +1

The final result is

[j=1+1/2,m)= '+”I‘Ii/2| m =m—1/2,m =1/2)

+ /'_;—:/2|mlzm+1/2,m5:—1/2>

j=l—t/2,my=— 2 am, =172
2041

p U2 2, =-1/2)
21 +1

/I+m+1/2
[i=t+1/2.m)= /|—%r::/2 ’
21 +1

B /I—m+1/2
: 21 +1
[i=1-1/2,m) = +m+1/2
21 +1

Im =m-1/2,m =1/2)=a| j=1+1/2,m)- | j=1-1/2,m)

or

We note that

Im=m+1/2,m =-1/2)= Bl j=1+1/2,m)+a| j=1-1/2,m)
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12 Mathematica: The use of Standard Conventions of Edmonds
It is much easier to calculate the Clebsch-Gordan co-efficient by using Mathematica.

(i)  ClebschGordan[ {I,m-1/2},{1/2,1/2},{I+1/2,m}]

_ D™+ 2m + 2

- N2 +4l

2(m+l) —

Since | is an integer and m is an half-integer, we have (—1) —1. Then « is

simplified as

J1+2m+ 21
2 +4l

(i)  ClebschGordan[ {l,m+1/2},{1/2,-1/2}, {l+1/2,m}]

(=D ™OV1-2m + 2

V2 + 41

B=

or

ﬂ_JLam+m
o J2+4

(i)  ClebschGordan[{l,m-1/2},{1/2, 1/2},{I-1/2,m}]

y__JLQm+ﬂ
V24l

(iv)  ClebschGordan[{l,m+1/2},{1/2, -1/2},{1-1/2,m}]

V14+2m+ 2l
N2+4

13. Clebsch-Gordan coefficient with | and s=1

D| X Dl = D|+1 +D| +D|_1

(1) ClebschGordan[ {I,m-1},{1, 1},{l+1,m}]
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(ii)

(iii)

(iv)

V)

(vi)

(vii)

(viii)

(ix)

=DX™Dm+ 171+ m+1

21+ 141+21

ClebschGordan[ {l,m},{1, 0},{I+1,m}]

DX T—m+ 11+ m+1
Vi+1V1+21

ClebschGordan[ {I,m+1},{1, -1},{lI+1,m}]

D> ™ —m+1V1-m+1
V24111 + 21

ClebschGordan[ {I,m-1},{1, 1},{l,m}]

CAmtIVI-m+]
V211 +21

ClebschGordan[ {I,m},{1, 0},{l,m}]

m

JIV1+21

ClebschGordan[ {I,m+1},{1, -1},{l,m}]

D)™ —m+IV1+m+I

V21T + 2

ClebschGordan[ {I,m-1},{1, 1},{l-1,m}]

J-m+1J1-m+]
V2AIV1+21

ClebschGordan[{l,m},{1, 0},{l-1,m}]

Cmaidmel
ViVi+21

ClebschGordan[ {I,m+1},{1, -1},{l-1,m}]
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Jm+l1+m+l

V211 + 20

4. Typical example: Na D lines

(a) For the electron with 3 s state (I =0, s = 1/2)
Do x Dy, =Dy
Thus we have j = 1/2. The state is described by 2S7 .
|j=1/2,m=1/2)=|m =0,m =1/2)
lj=1/2,m=-1/2)=|m, =0,m, =-1/2)
(b) For the electron with 3 p state (I=1,s=1/2)
Dy xDyp=D3p+Dyp
Thus we have j = 3/2 and j = 1/2. The state is described by 2Pz, and 2P,
(1) j=32

|j=3/2,m=-3/2)=|m =-1,m =-1/2)
] :3/2,m:—1/2>:\/%|ml =0,m, :—1/2>+%|m, =-1,m =1/2)

: 1 2
|j=3/2,m :1/2>:$|m, =1,m, :—1/2>+\/;|m, =0,m, =1/2)

|j=3/2,m=3/2)=|m =1m =1/2)

(i) j=112
|j=1/2,m :—1/2>:%|m, =0,m, =_1/2>_\E|m' =-1,m, =1/2)

: 2 1
lj=1/2,m =1/2>=\/;|m| =1,m, =—1/2>—$|ml =0,m,=1/2)

Addition of angular momentum 25 9/3/2017



A .
1=3/2
(-1,1/2) (0,1/2) ® (1.1/2)
m=3/2
»
m=-1/2 m=1/2
®-1.-1/2) (0,-1/2) (1,-1/2)
m=-3/2

Fig. Clebsh-Gordan diagram for

j.m) with j =3/2.m=3/2,1/2, -1/2, and -3/2.

M
A .
1=1/2
(-1,1/2) (0,1/2)
> M|
m=—1/2 m=1/2
0,-1/2) (1,-1/2)

Fig. Clebsh-Gordan diagram for

j,m) with j=1/2.m=1/2 and -1/2.

5. Mathematica
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ClebschGordan

ClebschGordan[{j;, ™My}, {2, My}, {Jr M}]

gives the Clebsch-Gordan coefficient for the decomposition of |7, 2} in terms of |1, m1} | fa, ma}.

v Details

The Clebsch-Gordan coefficients vanish except when m =m; +mg and the j; satisfy a triangle inequality.
The parameters of ClebschGordan can be integers, half-integers, or symbolic expressions.

Mathematica uses the standard conventions of Edmonds for the phase of the Clebsch-Gordan
coefficients.

We can use the Mathematica to obtain the Clebsch-Gordan co-efficient. We show some
typical programs using Mathematica.

51 ji=12andj,=1/2
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Clebsch-Gordan coefficient

Clear["Global %"7];

CCGG[{J1_, mi_ }, {j2_, m2_}, {Jj_, m }] :=
Module[{sl},
sl =IFf[Abs[ml] < J1&& Abs[m2] < J2 && Abs[m] <j,
ClebschGordan[{j1, m1}, {J2, m2}, {J, m}], O1]

CeL{J_, m}, 31 ,]32] :=
b[j21 m_m]']’ {m11 _jl1 jl}]

i1=1/2andj2 = 1/2

j=1
jl=1/2;j2=1/2;
CG[{1, 1}, j1, j2]

JFELE

ali. 416l -1] ald. -

27 2 2 2

NEY ' V2

N |
f—
O
—
N |
N [
f—

CG[{ls _1}1 jls j2]

alzzlolz 3]

Jl1=1/2;32=1/2;
CG[{0, 0}, j1, j2]

o2, -1] a[l, -1]b|

2 2

al}. 4

N [
N [
R
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52 ji=landj;=1/2

Addition of angular momentum 29 9/3/2017



j=312;

j=1/2;

Clear["Global "+"];

CCGG[{jJ1_, m1 }, {J2 , m2_}, {J_, m_}] :=
Module[ {sl},
sl = IFf[Abs[ml] < J1&& Abs[m2] < J2 && Abs[m] < J,
ClebschGordan[{j1, m1}, {j2, m2}, {J, m}]1, O]]

CG[{j_s m_}s jl_s j2_] .=
b[j21 m_m1]1 {ml, _jls jl}]

Jl=1;32=1/2;

CG[{3/2,3/2}, j1, j2]
1 1
all. 11b]5. 3

CG[{3/2,1/2}, j1, j2]

CG[{3/2, -1/2}, j1, j2]

(a[l, 0] b{

CG[{3/2, -3/2}, j1, j2]

NP

wIinN
NP

CG[{1/2,1/2}, j1, j2]

o))
=
(@
(op
N [
N [

Py

all, 1]b{

N[
|

N
|

@l

CG[{1/2, -1/2}, j1, j2]
a[l, 0] b[1, -1]

V3

|
o]
Q
'_\
|
'_\
O
NI
NI
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53 ji=landj,=1
Clear["Global %"7];

CCGG[{J1 _, ml_}, {§J2_, m2_}, {J_, m_}] :=
Module[{sl},
sl =I1Ff[Abs[ml] < J1 & & Abs[m2] < J2 && Abs[m] <],
ClebschGordan[{j1, m1}, {12, m2}, {J, m}]1, O]]

CG[{J_, m.},J1 ,j2] :=
Sum[CCGG[{jl, ml}, {j2, m—ml}, {j, m}] a[jl , m1]
brj2, m-mi], {mi, -j1, j1}]

J1=1;j32=1;

I
N

CG[{2, 2}, j1, j2]
a[l, 11 b[1, 1]

CG[{2, 1}, J1, J2]
a[l, 11 b[1, 0] afl,0]b[l, 1]

NG i V2
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CG[{2, 0}, 31, j2]

a[l,1] b1, -1 |2 a[l, -1]b[1, 1]
NG *4] 3 ajl,0]b[1, 0] +

CG[{Z! _1}! jls j2]

a[jl, 01 b1, -1j . all, -1 b1, 0]
V2 V2

CG[{Z! _2}! jls j2]

a[l, -1] b[1, -1]

j=1;
CG[{1, 1}, j1, j2]
ajl, 11b[1, 0] - ajl,0]b[1, 1]
V2 V2
CG[{1, 0}, j1, j2]
ajl, 1] b1, -1] B a[jl, -11b[1, 1]
2 Vz
CG[{:L’ _1}1j11 j2]
ajl, 0] b1, -1] ~ aljl, -1]1b[1, O]
V2 Vz
j=0;
CG[{0, 0}, j1, 32]
a[jl, 11 b1, -1 ~ a[l, 0] b[1, 0] . a[l, -11 b1, 1
/3 V3 /3
APPENDIX-I
Mathematica
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j1=3/2 and j2=1/2

Clear["Global "%"];

CCGG[{J1_, ml_}, {J2_, m2_}, {J_, m_}] :=
Module[{sl},

sl = IF[Abs[m1] < j1&& Abs[m2] < j2 && Abs[m] < j,
ClebschGordan[{j1, m1}, {i2, m2}, {j, m}], O]1]

wi_,m., 31,32 ] 1= Sum[CCGG[{j1, ml}, {J2, m-ml}, {j, m}]a[jl, ml] b[j2, m-ml],
{ml, -j1, §1}]

v[2,2,3/2,1/2]
SRR
vi2.1,3/2,1/2]

Sa(2. 3)(3. -3 5 vEall. 3l 3
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¥[2,0,3/72,1/2]
o[- 31602 3] alf 3Jb(3. 3]

V2 V2

w[2! _11 3/2, 1/2]
}ﬁa{g’_}}b{}’_}
2 2 2 2 2
¥[2, -2, 3/2,1/2]

a[:—j, —g} b[% ——;}

v[2,1,3/2,1/2]

2alse3lel3 g Eall delg g

¥[2,0,3/2,1/2]

¥i2, -1,3/2, 1/2]
Tvaall, e[l d L tal g 2t Y
2 2 2 2 2 2 2 2 2

APPENDIX II
Claculation of the ratio a/f

[j=1+1/2,m)=a|m =m-1/2,m, =1/2)+ glm =m+1/2,m, =-1/2)

|i=1-1/2,m)=ym =m—1/2,m =1/2)+68|m =m+1/2,m =—1/2)

J.

j.m)=A(j+m)(j-m+1)

j.m-1)

J,

j.m)=7y(j—m)(j+m+1)

jm+1)
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J.|imy=nJ(i-m(j+m+1)

jm+1)

jz

j,m) =1 j(j+1)

j.m)
We demand that

Py

JZ

jzl+%,m>:h2j(j+l)

] 1 1 3. 1
=l+—m)=*l+)1+>)|j=1+=,m
J 5 > ( 2)( 2)|J 5 >
where

=tz
J:I+5,m =q

1 1
m=m-—,m =—)+
=m-dm =)

1 1
m=m+—,m =——).
2 2

Here we note that
J=L+S
J2=0+S*+2L-S=+S*+2L,-S,+(L.S +LS,)
Then we get

1 1 3 1 A2
m=m-—m =—)=ha[ll+)+=+(M-—)+L.S
| 5 2> (d+D 1 ( 2) -]

A

2
Ja .

1 1
m=m-—,m, =—
2 2

3 1 1 1
=’a[ll+D)+=+(M=-)m =m—-—,m, =—
{1041+ +( 2)‘. Lm 2>

+h2a\/(l+m+1)(l—m+1) m, :m+l,mS L
2 2 2 2

1

J2pim, :m+%,ms :—E>:h2ﬁ[l(l +1)+%—(m+%)+ LS. m, :er%,ms =—%>
=h° B +1)+%—(m+%)‘mI :m+%,mS :—%>
+h2,6’\/(l +m+%)(l —m+%)‘m, :m—%,mS =%>

or

Addition of angular momentum 35 9/3/2017



or

1

1 1 1
m=m-—m =—)+
=m-m =)

m =M+, My =—2

a3
h (I+2)(I+2)[a 5

3 1 1 1
=R ll+D)+=+(M=)]m =m—-=,m. =—
[ +1) 1 ( 2)]‘ | 5o M 2>

+h2a\/(l +m+%)(| —m+%)

1 1>
m=m+—,m,=——
2

2

5 3 1 3 1 1
+hﬂ[|(|+1)+z—(m+z)]m,_m+2,ms_ 2>
2 LacmaBlmemel m =t
+h/5‘\/(l+m+5)(l m+2) m =m 2,m5 2>

1 1 1 1
[a\/(l +m+5)(l —m+5) - pd +m+§)]‘m, =m-1/2,m, :5>

1 1 1
+[ﬂ\/(l+m+5)(l—m+5)—a(l—m+5)]‘m, =m+1/2,m =—

=0

Then we have
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