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Here we consider the general formalism of angular momentum. We will discuss the
various properties of the angular momentum operator including the commutation
relations. The eigenvalues and eigenkets of the angular momentum are determined. The
matrix elements of the angular momentum operators are evaluated for angular
momentum with integers as well as half-integers.

1. Commutation relations
The commutation relations for the orbital angular momentum

[L,.L,1=inl,, [L,,L1=inLl,, [L,, L 1=inL,

Generalization: definition of an angular momentum. The origin of the above relations lies
in the geometric properties of rotations in three-dimensional space.

Now we define an angular momentum ji (i=X,Y, z) as any set of three observables
satisfying

[J,.3,1=ind,, [J,.3,1=ind,, [J,.3,1=ind,
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((Proof))
12 3 T2 7 T2 7
[JZ’JX]z[‘]X 7JX]+[Jy 7JX]+[JZ ’JX]
=[J,%3,1+13,%.J,]
=-2in(J,J, +3,3,)+2in(d, 3, +3,3)
=0

since



[3,%,3,1=3,3,3,-3,3,3,
=J,(J,J, -3 I+, J,-J,J
- ‘]y[‘]xs‘]y]_[‘]xa‘]y]‘]y
=-2in(J,J, +3,3,)
[jzzﬂjx] = jzjzjx - ijz Az
= jz(jzjx - jsz) + (jzjx - jsz
=J,13,,3,1+13,,3,1,
=2in(3,J, +3,3,)
2 General theory of angular momentum
(a) j+ and J
J,=J,£1,
where
ir=3, J'=1
[3,,d,1=1J,, [3,,d 1=-hrJ_,
[3%,3,1=[3%,J.1=[3%.3,1=0

53 25725 n
Thus we have
sy 1 a4 a & ~
J =§(J+J_+J_J+)+JZ
Formula:

[a-J,b-J]=in(axb)-J

((Proof))
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Since

then

U]

| =Y abjingJ, =in@xb)-J
1]

(b) Notation for the eigenvalues of J*and J )

For any ket |l//>

A

J? J?

X

v) =P w)+ (v,

(W3 3 w)+(y

v)+ (w3, w)

3,73,0w)+ (w3,

Z z

(w

1//> >0
For an eigenket |l//a>

jz

v,)=alv,)

jz

Vel lve) = alw,|v.)=a=0

We shall write
Ply,)=ri(i+Dlw,)=n’|w,)
where
A=jJ(j+1)=0

((Note)) Levi-Civita symbol
In three dimensions, the Levi-Civita symbol ¢&;, is defined as follows:

& s 11if (i, J, k) is an even permutation of (1,2,3).
& 1s -1 if it is an odd permutation,

& 18 0 if any index is repeated.
& =1, &3 =1, &z =1,
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Ex =1, &, =1, &y =—1.

Values of the Levi-Civita symbol

=@ 4] 1 2 3
2 4 _o—e—o
3 47 le=5—05—0]
T IT 191719 | 142
AR
el = i-‘:: if:f’ 1
|| Lo-Lo-Le
A lo—-0—|-e _
1# {""I .. '-._:'I _I.
—t —
- 1
,Ff p f"-/-;‘
P 2 3 3 =@
3. Eigenvalue equations for J* and J,
v )=[i.m)

| j.m> is the simultaneous eigenket of J* and jz, since [J2,J,]= 0

jz

,m)=n*j(j+1)

j.m)

J,

j,m)=nm

j.m)
We discuss the eigenvalues of J* and jz

Lemma 1 (Properties of eigenvalues of J? and jz)
Jj and m satisfy the inequality
-j<msj

((Proof))

(j,m|J_J,

j.my>0,



(j,m|3,J_|jm)=0.
We find

(,m[3_3,|j.m)=(j,m[3> =32 =n,| j,m)=n[j(j+D-mm+1)]>0,
and

(j,m3,3_|j.m)=(j,m|3> =32 +nJ,| j.m)=r"[j(j+1)—m(m-1)] 2 0.

Then we have
[+D-mm+D]=(j-m)(j+m+1) =0,
[i+D-mm-D]=(j-m+D(j+m)=0.
Then
~(j+D<m<],
and
—j<m<j+1.
If —j <m < j, these two conditions are satisfied simultaneously.
Lemma Il  (Properties of the ket vector of j_|j,m))
(i) fm=-j, J |j,m)=0

(ii) If m>-j, J_|j,m) is a non-null eigenket of J? and J, with the eigenvalues j(j+1)#2
and (m -1)A.

[Proof of (i))]
Since

(j,m}3,J_

.m)=m[(j+m)(j-m+D]=0

for m = -j, we get

A

J|j,m)=0




for m=-j.

Conversely, if

A

J|j,m)=0

then we have

(j,m|J.J_

,m) =r’[(j+m)(j-m+1)]=0

Then we have j =-m.

[Proof of (ii)]
Since
[J2,3.1=0
[32,3_7j,m)=0
or
323 |jm)y=J3_3|j,m)=n"j(j+1)J_| j,m)
So J_|j,m) is an eigenket of J? with the eigenvalue 7°j(j +1).
Moreover,
[3,.3_1j,m)=-nJ_| j,m)
or
3| j,m)y=J_3,|j,m)-nJ_| j,m)=n(m-1)J_|j,m)

So J |j,m) is an eigenket of jz with the eigenvalue A(m—1).

Lemma III  (Properties of the ket vector of J,|j,m))
@H  Ifm=j,
J.li,m)=0



i) Ifm<j, J .|i,m) is a non-null eigenket of J? and jz with the eigenvalues j(j+1)#2
and (m+1)A.

[Proof of (i)]

(j,mlJ_J,

M) =n*[(j—m)(j+m+1)]=0

If m =j, then

A

J.|im)=0.

[Proof of (ii)]

or

or

(5,m|3*3,|j,m) =7 j(j+DJ.

j.m).

J.|j,m) is an eigenket of J* with an eigenvalues /2j(j+1).

A

[3,.3.1j,m)=nd,

j.m)
or
55

jom)=3.3,]j,m)+nd,

j,m)y=n(m-+1)

ji.m)
J.|j,m) is an eigenket of jz with an eigenvalues Z(m+1).

4. Determination of the spectrum of J? and jz.
There exists a positive or zero integer p such that

m-p=-] (D

j.m): [eigenvalues am, A2j(j+1)]



J_|j,m): [r(m-1), n2j(j+1)]

(J.)

j,m) : [A(m-2), A%j(j+1)]

(J)°

j.m) : [A(m-p), A2j(j+1)]

()" j.m)=0

There exists a positive or zero integer such that

m+q=]j, ()

j.m): [eigenvalues 7m, 72j(j+1)]

J,|j.m): [a(m+1), A2j(+1)]

J.y

j.m): [A(m+2), A2j(j+1)]

(J,)°

j.m): [(m=+q), 72j(j+1)]

()™ j,m)y=0

Combining Egs.(1) and (2),
p+q=2j

Since p and q are integers, | is therefore an integer or a half-integer.
j=0,1/2,1,3/2,2, .......
m=-j, -j+1,..... , -1, .

(1) If j is an integer, then m is an integer.
(11) If j is a half-integer, then m is a half-integer.

J, m> representation



(j,m[3_3,|j,m)=(j,m|3* 3,2 —=nd,| j,m)=n[(j—m)(j +m+1)]
Since
J.[j,m)=a|j,m+1)
we have
(J,m[3_3,|j.m)=|a = A*[(j—m)(j+m+1)].
Thus
J.|i,m)=aJ(i—-m(j+m+1)|j,m+1).
Similarly
(j,m3,3_|j.m)=(j,m[3* =32 +7n,| j,m)=1[(j + m)(j —m+D)].
Since
J_|j,m)=pj,m-1),
we have
(5,m|3, 3] 5.m) = 81" = #*[(j+m)(j-m+D],
or
J_[jm)=nJ(j+m)(j—m+D)|j,m-1).
In summary:
J?[j,m)=n7j(j+D)|j,m)
J,| j.m)=Am| j,m)
J [ jm)=aJ(i—m)(j+m+1)| jm+1)

J.

j,m)=nJ(j+m)(j-m+1)

j,m-1)
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6. Matrix element of the angular momentum

Using Mathematica, you determine the matrix elements of J x> Jy,and J,

32 jm) =1 j(j+1)| j.m)

J,

j.m)=nm

jm)

J.

j.m)=ny(j—m)(j+m+1)

jm+1)

J_|j,m)=n(j+m)(j-m+1)

j,m-1)

Since

we get

A

JX

: 1~
,m=—J, +J_
j.m) 5 )

j.m)

:%(\/(j—m)(j+m+l) Lm+D)+/(j+m)(j-m+1)]j,m-1))

N i~ A
J, J,m>=—§(3+—3,)

j,m)

-2 =mEmeD

im+D) = (i +m)(j—m+1)]j,m-1))

J,

j.m)=nm

j.m)

Thus the matrix elements are expressed by

10



im+D) -+ +m-m+D{(j,m|j,m-1))

(.md, j,m>=§w(j—m)(j+m+1><j,m'

%w(j S+ M DSy + (MG =M+ D)

im+D) = +m(j—m+D(j,m|j,m-1))

<j,m'|iy|j,m>=—%<J(i—m)(i+m+1)<1,m'

- _%(\/(j —m)(j+M+ DSy =/ (I +M(—M+DJ, )

j.m)=ma(j,m

(jm|J, j.m’)=mms,,,

Using this formula, we can get the matrix of jx , jy , and jz foreachj (=1/2, 1, 3/2, 2,
5/2,....)and m (5}, j-1, j-2,...., -j+1, -}).

7. Effect of fluctuation in the direction of J
We now consider the fluctuation of the angular momentum,

Q{3 =(37)- (5 ()
im)=(3,) -5 =(57)

(A3,)

(3.m

(A‘]y)2 =<j’m

J,-(3,)b
Then we have

(37)=r"iCi+D

=(3)+(3,7)+{(3.)

— (83,7 + (a3, F +(32)
(

—

or
(AJ, ) +(AJ, ) =R7[j(j+1)-m*]

The fluctuation in the component of the angular momentum which is normal to the z axis
will be a minimum when m = j. We therefore obtain

[(AJ, ) +(Ad, ) T = J8°
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This means in a rough manner of speaking that the minimum angle between the direction
of the J vector and the z axis is given by

Vi
Jii+ny i+

sin@_. =

min

or

_J

VIiG+D

((D. Bohm, quantum theory, p.319))

It is not correct to imagine that the angular momentum points in some definite
direction which we do not happen to be able to measure with complete precision. Instead,

cos@ . =

whenever J? and J , have definite values, one should imagine that the entire cone of

directions corresponding to those values of J, and Jy consistent with the given j* and m
are covered simultaneously because important physical consequence may follow from the
effects of interference of wave functions corresponding to different components of
angular momentum.

8. Vector representation of allowed angular momentum

We consider a case which j is some fixed number (j = 1/2, 1, 3/2, 1,...). Then the total
angular momentum may be represented by a vector of length

Ay J(i+1)
The component m in the z direction is
m=j,j-1,j-2,..... -+ 1,4
The vector J should be thought of as covering a cone, with vector angle given by

m

cosl, = ————
VIA+D

(a)
j=1/2
m=1/2,-1/2
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VA/2)(1/2 +1)

/ 10
Ir I [ &
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(o)

(©)
j=302
m=3/2,1/2,-1/2, -3/2
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\/(3/2)(3/2 +1)

N

p
v m\
~_ |

(d)

j=3
m=3,2,1,0,-1,-2,-3
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©
]=6
m=6,5,4,3,2,1,0,-1,-2,-3,-4,-5, -6
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(a)  j=integers

> 2
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(b) j = half integer
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=32
=12

=72
=82

92 =z
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