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Here we summarize the matrix representation of the angular momentum with
j=1/2,1,3/2.2,5/2,3, and so on.

We also show the eigenkets and the corresponding unitary operators. The Mathematica
programs are very useful for the derivation of these forms. We solve the eigenvalue problem for

the angular momentum (JAx ,J., and jz ). The normalized eigenkets are obtained. The

y b
corresponding unitary operators are also discussed.
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with the unitary operator given by
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6. Eigenvalue problems for j = 1/2
We make a program for the matrix elements in Mathematica.
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Matrices j = 1/2

Clear["Global "«"]; J=1/2;

*

exp_* :=exp /. {Complex[re , im_] = Complex[re, -im]};

a
IX[j ., n ,m] = 3 vV (j-m) (j+m+1) KroneckerDelta[n, m+1] +

h
3 V(G +m) (J-m+1) KroneckerDelta[n, m-1];

a
Jy[j ,n ,m]:= -5 i V(j-m) (j+m+1) KroneckerDelta[n, m+1] +

h
—2 iV (j+m) (J-m+1) KroneckerDelta[n, m-1];
Jz[j_, n_, m_] := & mKroneckerDelta[n, m];
JIx = Table[JIx[J, n, m], {n, §, -4, -1}, {m, §, -§, -1}1;
Jy = Table[Jdy[}J, n, m]1, {n, §, -3, -1}, {m, §, -3, -1}1;

Jz = Table[Jz[j, n, m], {N, §, -§, -1}, {m, §, -3, -1}1;
Jx // MatrixForm

Jy // MatrixForm
o _1in
2
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2

Jz // MatrixForm
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eql = Eigensystem[JX]
.

{{ > 5}, {(-1, 1}, {1, 1}}}
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¥1x = Normalize[eql[[2, 2]]]; ¥1X // MatrixForm
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¥2X = -Normalize[eql[[2, 1]]]; ¥2X // MatrixForm
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UXT = {y1x, y¥2Xx}; UX = Transpose[UxT]; Ux // MatrixForm
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eq2 = Eigensystem[Jy]

n hn

{{__21 E}s {{17 1}7 {_js 1}}}
Yly = i Normalize[eq2[[2, 2]1]]; ¥ly // MatrixForm

Y2y = -i Normalize[eq2[[2, 1]]1]; ¥2y // MatrixForm
1
V2
V2

UyT = {yly, y2y}; Uy = Transpose[UyT]; Uy // MatrixForm

1 1

V2o 2 ]

V2 V2
7. Eigenvalue problems for j =1
((Mathematica))
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Matrices j = 1

Clear["Global " «"]; jJ=1; exp_* :=exp /. {Complex[re , im ] » Complex[re, -im]};

a
IX[j_, n_, m] := 3 vV (j-m) (j +m+1) KroneckerDelta[n, m+1] +

h
—2 v (J+m) (J-m+1) KroneckerDelta[n, m-1];

a
Jylj_,n_, m] := - iV (j-m) (j +m+1) KroneckerDelta[n, m+1] +

h
‘2 iV (+m) (J-m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] := A mKroneckerDelta[n, m];
Jx = Table[JIx[J, n, m], {n, §, -3, -1}, {m, §, -§, -1}1;
Jy = Table[Jy[J, n, m]1, {n, §, -3, -1}, {m, §, -3, -1}1;

Jz = Table[Jz[j, n, m], {n, §, -3, -1}, {m, §, -§, -1}1;
Jx // MatrixForm
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Jy // MatrixForm
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Jz // MatrixForm
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eql = Eigensystem[JX]
{10, -n, ny, {{-1, 0,1}, {1, V2, 1}, {1, V2, 1}}}

22



¥1x = Normalize[eql[[2, 3]]1]; ¥1x // MatrixForm
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UXT = {Yylx, ¢2x, ¥3x}; UX = Transpose [UxT]; Ux // MatrixForm
1 1 1
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V2 V2
1 1 1
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UxH = UXT*; UxH // MatrixForm

1 1 1
2 V2 2
1 0 1
V2 V2
1 1 1
2 V2 2
UxH.Ux

{{1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

eg2 = Eigensystem[Jy]
[t0, -n, ny, {{1, 0,1}, {-1,iV2,1}, {-1, -ivV2, 1}}}
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yly = -Normalize[eq2[[2, 3]]1]1; ¥ly // MatrixForm
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Y2y = Normalize[eq2[[2, 1]1]]1; ¥2y // MatrixForm

Nl o -

Y3y = - Normalize[eq2[[2, 2]1]; ¥3y // MatrixForm

1
2.
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UyT = {yly, y2y, ¥3y}; Uy = Transpose [UyT]; Uy // MatrixForm
i 1 1
2 V2 2
i 0o __i
V2 V2
S 1
2 W2 2

UyH = UyT*; UyH // MatrixForm

1 i 1
2 V2 2
1 0 1
V2 V2
1 i 1
2 V2 2

UyH.Uy // Simplify
{{1’ 07 0}, {O’ 1, 0}’ {O’ O, 1}}

Eigenvalue problems for j = 3/2

((Mathematica))
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Matrices j = 3/2

Clear["Global "«"]; J =3/2;

*

exp_* :=exp /. {Complex[re , im_] =» Complex[re, -im]};

n
IX[j_,n_,m] := 3 vV (j-m) (j+m+1) KroneckerDelta[n, m+1] +

h
3 V(G +m) (J-m+1) KroneckerDelta[n, m-1];

a
Jylj_,n_,m] := - i V(j-m) (j+m+1) KroneckerDelta[n, m+1] +

h
—2 iV (j+m) (J-m+1) KroneckerDelta[n, m-1];
Jz[j_, n_, m_] := & mKroneckerDelta[n, m];
JIx = Table[JIx[J, n, m], {n, §, -4, -1}, {m, §, -§, -1}1;
Jy = Table[Jdy[J, n, m]1, {n, §, -3, -1}, {m, §, -3, -1}1;

Jz = Table[Jz[j, n, m], {n, §, -4, -1}, {m, §, -§, -1}1;
Jx // MatrixForm

0 %ﬁ o o
ﬁzh 0 n 0
0 g 0 @2?1
0 o ¥3r g
2
Jy // MatrixForm
0 -%jm/?h 0 0
—%jx/?h 0 ~in 0
0 in 0 ——;jﬁh
0 0 —;jm/?h 0

Jz // MatrixForm
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eql = Eigensystem[Jx]
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¥1x = Normalize[eql[[2, 2]]1] // Simplify; y¢lx // MatrixForm
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¥2x = -Normalize[eql[[2, 4]]1] // Simplify; y¢2x // MatrixForm
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¥3x = Normalize[eql[[2, 3]11] // Simplify; ¢3x // MatrixForm
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¥4x = -Normalize[eql[[2, 1]1]1] // Simplify;
¥ax // MatrixForm

1
22

UXT = {¢1x, $2X, ¥3X, ¢y4Xx}; Ux = Transpose [UXT] ;
Ux // MatrixForm

{{1, 0,0, 0}, {0,1, 0,0}, {0,0,1,0}, {0,0,0, 1}}

eq2 = Eigensystem[Jy]
{{—%, Sz ﬂ7}, [{-i, V3,13, 1},

27 2727 2
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i e e g 1 (VR SiNE L )

Yly = - 1 Normalize[eq2[[2, 2]]] // Simplify;
Yly // MatrixForm
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Y2y = i Normalize[eq2[[2, 4]1]1] // Simplify;
Y2y // MatrixForm

Y3y = -i Normalize[eq2[[2, 3]]1] // Simplify;
Y3y // MatrixForm
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Y4y = i Normalize[eqg2[[2, 1]1]1] // Simplify;
Y4y // MatrixForm

1

22

1, 3

2 2

e
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22

UyT = {y1y, 42y, 43y, $4y}; Uy = Transpose [UyT] ;
Uy // MatrixForm

3 3
N2 1 N2 1
2 22 2 2V2
__d O | 1, 3
22 2 2 22 2 2
3 3
1 N2 1 N2
22 2 22 2
_1, /3 i _1, /3 i
2 2 22 2 2 22

UyH = UyT*; UyH.Uy
{{1, o, o, o}, {0, 1, 0, O}, {O, 0, 1,0}, {0, 0,0, 1}}

Eigenvalue problems for j = 2
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Matrices j = 2

Clear["Global %"]; 2;

J-=
IX[J_, n V (j-m) (j+m+1) KroneckerDelta[n, m+1] +

Nlb‘e

A
3 YV (j+m) (j-m+1) KroneckerDelta[n, m-1];

2
Jylj_,n_, m] := -5 i V(j-m) (j+m+1) KroneckerDelta[n, m+1] +

B
3 iV (j+m) (J-m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] := A mKroneckerDelta[n, m];

Jx = Table[Ix[j, n, m1, {n, §, -4, -1}, {m, §, -4, -1}1;
Jy = Table[Jy[j, n, m], {n, §, -§, -1}, {m, §, -3, -1}1;
Jz = Table[Jz[j, n, m1, {n, §, -§, -1}, {m, §, -§, -1}1;

JIx // MatrixForm

O n 0 0 0O
hO—ghOO

Jy // MatrixForm

0 -in 0 0 0
in 0 i gh 0 0
0 i —gh 0 ] —gh 0
0 0 i —gh 0 “in
0 0 0 in 0

Jz // MatrixForm
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2n 00 O 0
O A0 O 0]
0O 00 O 0
O 00 -A O
0O 00 O -2n

eql = Eigensystem [JX]

{t0, -2n, -n, n, 2n}, {{1, 0, —g, 0, 1}, {1, -2, V6, -2, 1},

{_1, 17 O, _1’ 1}’ {_1’ _1, 01 1, 1}, {1, 21 \/E, 21 1}}}

¥1x = Normalize[eql[[2, 5]11] // Simplify; ylx // MatrixForm

NI

Nlw

AIFLPNIFLPN

¥2X = -Normalize[eql[[2, 4]1]] // Simplify; y2X // MatrixForm

ONIRPN Ik
]

N = N

¥3X = Normalize[eql[[2, 1]]1] // Simplify; y¢3X // MatrixForm

|
o foa] Ol on[vaT

y4x = -Normalize[eql[[2, 3]]1] // Simplify; y4x // MatrixForm

31



e NP O G N Ie

N

¥5x = Normalize[eql[[2, 2]]1] // Simplify; y5x // MatrixForm

=

Nl

|
blpmlpmm

UXT = {y1x, ¥2X, ¥3X, yd4Xx, y5X }; UX = Transpose[UxT]; Ux // MatrixForm

3
11 2 1 1
4 2 2 2 4
1 1 0 1 1
2 2 2 2
3 {3
2 2
o -1 o
2 2 2
1 1 0 1 1
2 2 2 2
3
1 1 2 1 1
4 2 2 2 4

eg2 = Eigensystem[Jy]

{t0, -2n, -n, n, 2n}, {{1, 0, ( 0,1}, {1, -21i, -6, 21, 1},

{-1, 14,0, 4,1}, {-1, -1, 0, -1, 1}, {1, 21, -6, -21, 1}}}

wIN

yly = Normalize[eq2[[2, 5]]] // Simplify; y¢ly // MatrixForm
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UyT = {¢ly, 42y, ¥3y, ¢4y, ¥5y }; Uy = Transpose [UyT]; UyH = UyT*;
Uy // MatrixForm

3
1 1 2 1 1
4 2 2 2 4
i i i i
i i o _i _i
2 2 2 2
f§ 3
2 2
_ 0 1 0o -
2 2 2
_i i 0 _ i i
2 2 2 2
3
i1 1 N2 1 1
4 2 2 2 4

10. Eigenvalue problems for j = 5/2
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Matrices j = 5/2

Clear["Global «"]; 5/2;

J=
IX[J_, n V -m) (J +m+1) KroneckerDelta[n, m+1] +

Nlb‘e

A
3 YV (j+m) (j-m+1) KroneckerDelta[n, m-1];

2
Jylj_,n_, m] := - i V(j-m) (j+m+1) KroneckerDelta[n, m+1] +

B
3 iV (j+m) (j-m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] := A mKroneckerDelta[n, m];

Jx = Table[Ix[j, n, m]l, {n, §, -4, -1}, {m, §, -4, -1}1;
Jy = Table[Jy[j, n, m], {n, §, -§, -1}, {m, §, -3, -1}1;
Jz = Table[Jz[j, n, m1, {n, §, -§, -1}, {m, §, -§, -1}1;

JIx // MatrixForm

0 @7 0 0 0 0
ﬁzf”l 0 V2mn o0 0 0
0 V2n o0 371”7 0 0
0 0 3—; 0 V2n o0
0 0 0o V2~ @7
0 0 0 0 52f’1 0
Jy // MatrixForm
0 -21V6 n 0 0 0 0
—;j\/gfz 0 “iv2an 0 0 0
0 ivV2 n 0 _3§ﬁ 0 0
0 0 3;1’1 0 -iv2n 0
0 0 0 iV2 n 0 ——;Jl\/gﬁ
0 0 0 0 —;j@h 0
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Jz // MatrixForm
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O
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o O @« O

0@20 o

M720 o o

0

tem [JX]

= Eigensys

eql
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¥1x = Normalize[eql[[2, 6]]1]; ¥1x // MatrixForm

-

N
Sl

SN NN

5

y2x = -Normalize[eql[[2, 5]]1]; ¥2X // MatrixForm

o e

N

- I |
[EEN
SIS P SN
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N N

Y4x = -Normalize[eql[[2, 3]]1]; ¥4x // MatrixForm

|
‘thﬂh‘ﬁ

N
[EnY
~

N

N
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¥5x = Normalize[eql[[2, 2]]1]; ¥5x // MatrixForm

‘wb\ﬁy

Bl NI
w
N

5

~ o]

y6x = -Normalize[eql[[2, 1]]]; ¥6X // MatrixForm

N
[EnY
N

=[S

|
‘Hh\ﬁ\h

5
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UXT*;

Transpose [UxT] ; UxH

UX =

UXT = {¢1X, ¥2X, ¥3X, dX, ¥5X, yY6X}

Ux // MatrixForm
ﬁ
N2
4
_3
a2

] g e Lon)e A

sER MR ME-TE

2 :
LN | o QLV -t < ® LN LN | o ®
< <
|

3\
N o
ﬁ74 l__4 l;r 1;( - < r;4
_2 o _

V5
4
1
4

ol
- A - < ﬁi <
N N
| |
N
LN
-l Y ir (; <
| <
| |
N [V}
1T Lont| < Lo« L]« Lo« 1T
< <

UxH // MatrixForm

SR

o

<

574 <

<

|
<
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UxH . Ux

{{1,o0,0,0,0,0}, {(0,1,0,0,0, 0}, {0,0,1, 0,0, 0},

{0,0,0,1,0,0}, {0,0,0,0,1, 0}, {0,0,0,0,0, 1}}
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eq2 = Eigensystem[Jy]
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Yly = i Normalize[eq2[[2, 6]]1]; ¥ly // MatrixForm
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Y2y = -i Normalize[eq2[[2, 5]1]1; ¥2y // MatrixForm
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Y3y = i Normalize[eq2[[2, 4]]1]; ¥3y // MatrixForm
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Y4y = -i Normalize[eq2[[2, 3]]1]; ¥4y // MatrixForm
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Y5y = i Normalize[eq2[[2, 2]]1]; ¥5y // MatrixForm
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Y6y = -i Normalize[eq2[[2, 1]1]]; ¥6y // MatrixForm
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UyT = {yly, ¥2y, ¥3y, ¥4y, ¥5y, ¢6y}; Uy = Transpose[UyT]; UyH = UyT*;

Uy // MatrixForm
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11.

(SN

UyH // MatrixForm

/5
1 1 5 V5 Vs 2 i
—_— — ]]_ —_ —
42 4 2 4 4 4 a2
5
2 __3i 1 i .38 1, |5
4 42 4 4 42 4 2
ﬁ ! 1 i 1 _Ji\/g
4 4 2V2  2v2 4 4
ﬂ 1 1 i 1 iV5
4 4 22 22 4 4
5
\ 2 3i 1 i .38 1, |5
4 42 4 4 42 4 2
5
1 1, [5 _J5 _iVs 2 i
42 4 2 4 4 4 42
UyH.Uy

{{1,o0,0,0,0,0}, {(0,1,0,0,0, 0}, {0,0,1, 0,0, 0},
{0,0,0,1,0,0}, {0,0,0,0,1, 0}, {0,0,0,0,0, 1}}

Angular momentum for j =3

7x7 matrices
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Jx // MatrixForm

0 0 0 0 lg g

J, =

Jy // MatrixForm
0 i\/gh 0 0 0 0 0
Ji\/gh 0 —i g A 0 0 0 0

0 iﬁh 0 i3 n 0 0 0
0 0 i3 n 0 -iV3 n 0 0
0 0 0 iV3 h 0 -1ﬁ 0
0 0 0 0 jﬁh 0 _jﬁ
0 0 0 0 0 i g ) 0

APPENDIX

Matrix of the angular momentum with j = 4 and 9/2.
J=4

9 x 9 matrix
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10 x 10 matrix
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