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Here we discuss the quantum mechanics on the interaction of electrons in atom with the 

electromagnetic field. The electromagnetic field as well as electrons, are quantized. As a result of 
the interaction of electrons with photon (quantization of the electromagnetic field), the 
phenomena of the absorption and emission of photon occur. The emission of photon consists of 
stimulated emission and spontaneous emission. The spontaneous emission can be derived only if 
the electromagnetic field is quantized. The A and B coefficients are introduced by Einstein. 
Although the electromagnetic field is treated classically, the concept of spontaneous emission as 
well as the absorption and stimulated emission can be well explained qualitatively. Here we 
show how to calculate the transition rates for the spontaneous emission, stimulated emission, and 
absorption using the Fermi’s golden rule and the Wigner-Eckart theorem. Both the stimulated 
emission, and absorption are proportional to the number of photon, while the spontaneous 
emission is independent of the number of photon. The polarization vector of the photon during 
the transition depends on the selection rule for the matrix element of transition rate. These results 
are related to the angular momentum conservation; the RHC photon has a spin angular 
momentum (  ) and the LHC photon has a spin angular momentum (  )  

The interaction of electrons with an electromagnetic field can be treated by means of time 
dependent perturbation theory, since the electromagnetic interaction is comparatively weak, as is 

shown by the smallness of the fine-structure constant 
137
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 . This smallness of this 

number is of the fundamental importance in quantum electrodynamics. 
 
1. The interaction of atoms with radiation (quantum mechanics) 

The Hamiltonian of the classical radiation field ( p̂ : momentum operator of the system, Quantum 

mechanical operator) is given by 
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where  q = -e is the charge of electron (e>0) and  = 0. 
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We use the Coulomb gauge A  0. Then we have the perturbations such that 
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where we use the vector potential A for the classical case. 

In quantum mechanics, the interaction of atoms with radiation is given by 
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where e>0, and 
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The creation operator and the annihilation operator are defined by 
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Here we calculate the transition probability for the absorption and emission of photon by 
electron. Using the Fermi’s golden rule for the sinusoidal time-dependent perturbation, we get 
the transition rate as 
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for the absorption, and 
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for the emission, where i  and f  are the final state and initial state of the atomic system. The 

first term is the stimulated emission and the second term is the spontaneous emission. 
 
2. Electric dipole approximation 

We use the electric dipole approximation. In this approximation we assume 
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(ii) ifimif rp ˆˆ  . 

 

where is the wavelength of the light and r0 is the spacial spread of electron wavefunction, f  

and i  are the final and initial states of the atomic system. fiif EE    )0()0(  

 

((Note)) Proof of ifimif rp ˆˆ  . 



In electric dipole transition, the matrix element if p̂  is the decisive quantity that must be 

evaluated. This can be related to the matrix element of the position operator r̂ , if the unperturbed 
Hamiltonian is of the form  
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Using this relation, we get 
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Then we have 
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We note that 
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So we obtain the transition rate, within the electric dipole approximation, for the emission and 

absorption of a photon of the energy k , by electrons in the atom 

 

)(ˆ),(
4

)(ˆ),(
4

)(ˆ),()1(
4

)(ˆ),()1)(
2

(
2

2
22

2

,

22

2

,

22

2

,
22

kif

kifs

kifs

kifs
emi

EEisf
V

e

EEisfN
V

e

EEisfN
V

e

EEisfNe
V






























rkε

rkε

rkε

rkε

k

k
k

k
k

kk
k

 (emission) 

 

The first term corresponds to the stimulated emission (proportional to sN ,k ) and the second term 

corresponds to the spontaneous emission ( sN ,k =0). 

 



 

 

Fig. Stimulated emission process and spontaneous emission .  if EE . 

 
We also have 
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Fig. Absorption process.  if EE . 

 
The transition rate for the absorption and stimulated emission is given by 
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The selection rule is determined from the matrix element 
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for both cases, 
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3. Transition rate for emission and absorption 
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The emitted photon (with a fixed polarization) having a wave number between k and k +dk in 

the solid angle d is given by  
 




 d
c

dVdkdVk
d

33

2

3

2

)2()2( 



  

 
where the dispersion is given by ck . Using the Fermi golden rule, the transition probability 
per unit time to a particular final state of the atom is given by 
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The transition rate for the emission is 
 

2

03

23
0

2

33
0

2
00

22

2

33

2

0
0

22

33

2
2

,
0

22

ˆ]1)([
3

4

ˆ
3

8

)2(

]1)([4

ˆ),()1(
)2(

)(
4

)2(
)(ˆ),()1(

4

ifN
c

e

if
c

NV

V

e

isfdN
c

V
d

V

e
W

dd
c

V
EEisfN

V

e
dW

s

e
fi

s
kfis

e
fi

r

r

rkε

rkε

k

k










 

























 

 

2

03

23
0 ˆ)(

3

4
ifN

c

e
r


  Stimulate emission 
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We note that 
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The transition rate for the absorption is 
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4. Planck’s radiation law 

 
Planck’s radiation law 

 

 
 

Let the number of atoms in the state 1  and the state 2 be 1N  and 2N . In the thermal 

equilibrium, we have  
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where 012  EE  (>0). 

 
The number of photons undergoing absorption per unit time is 
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The number of photons undergoing emission per unit time is 
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In thermal equilibrium, the number of photons for the emission is the same as that for the 
absorption, 
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or 
 

2010 ]1)([)( NNNN    (detailed balance) 

Then we get the Planck’s distribution function 
 

1

1

1

1
)(

0

2

121

2
0 







 
e

N

NNN

N
N  

 
5. Einsteins’ A and B co-efficients 

The coefficients 21A  and 12B  are defined as 
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The electromagnetic energy (per unit time) emitted arising from the spontaneous emission, 

can be obtained as 
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6. Calculation of  
s
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The unit vectors )1,( skε , )2,( skε , and k are chosen to point along the x-, y-, and z-axes. 

We also assume that the wave functions describing states i  and f  have been chosen real such 

that Rr if ˆ  is a real three-dimensional vector; 
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We use the notation R (real 3D vector) 
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Fig. Two polarization vectors (e1, and e2) perpendicular to the wave vector k. The vector 

if rR ˆ  is denoted by a red arrow. )cos,sinsin,cos(sinˆ RrR  if . 

 
7. Transition from the 2p state to the 1s state for the hydrogen atom 
For the 1s state, we have 
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where a is the Bohr radius, 
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(ii) 0,0,10,1,2   transition 
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(iii) 0,0,11,1,2   transition 
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where m = 1, 0, and -1. The transition rate is given a formula 
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The factor 1/3 is the average over m. Note that 
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The we can evaluate the lifetime as 
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8. Calculation using Mathematica 
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9. Larmor’s power formula (classical theory) 

Classically, any charged particle radiates when accelerated and that the total radiated power 
is proportional to the square of the acceleration. The Larmor’s power formula for an accelerating 
charge is given by 
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where va   is the acceleration. This equation is the basis of the derivations of radiation from a 
short dipole antenna  
 
(a) Model of simple harmonics (Feynman) 

Suppose we have an oscillating system (classical). Let us see what happens if the 
displacement x of the charge is oscillating so that the acceleration a is given by 
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(b) Model of circular motion 

The centripetal acceleration a is given by 
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where r is a radius of the circle. Then P is obtained as 
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which has the same expression derived from that based on the quantum mechanics. 
 
10. The transition rate for stimulated emission and absorption 

The transition rate is determined by the matrix element defined by 
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(a)  eε  (RHC photon) 
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(b)  eε  (LHC photon) 
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(b) 0eε   
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11. Calculation of the matrix element using the Wigner-Eckert theorem 
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We now evaluate the matrix element 
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Using the above notations, we have 
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The selection rule for the electric dipole moment is determined  
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where q= 1, 0, -1. This matrix can be rewritten in the form (the Wigner-Eckart theorem), 
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(a) Wigner-Eckart theorem 

According to the Wigner-Eckart theorem, we have the selection rule 
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(b) The parity 
 

)1()1( ˆˆˆˆ qq TT  ,  (odd parity) 

 

''')1('''ˆ ' mlnmln l . nlmnlm l)1(ˆ   

 
Thus only the transition is allowed only for 
 

ll '  = odd integer 
 
In the case of electric dipole transitions, the final and initial states must have different parities. 
As a result, the electric dipole transitions like ss 21  , pp 32  , and so on are forbidden, while 

the transitions like ps 21  , sp 32  , and so on are allowed. 

 
((Conclusion)) 
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12. Selection rule for the transition 

The matrix element: 
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(a) For the right-hand circularly polarized wave, 
 

 eε   (RHC photon) 
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The selection rule is 1'  mm . 
 
(b) For the left-hand circularly polarized wave 
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The selection rule is  1' mm . 
 
(c) For the linearly polarized wave 
 

zeε   

 



mlnTmln

mlnTmlnmlnTmlnmlnTmlnI zzzz

,,ˆ',','

,,ˆ',',',,ˆ',',',,ˆ',','
)1(

0

)1(
1

*)1(
0

)1(
1

*



  eeeeee
 

 
The selection rule is  mm ' . 
 
12. Formula for the spontaneous emission (electric dipole, magnetic dipole, and electric 

quadrupole) 
 
The constant A for the spontaneous emission is given by 
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(a) Electric dipole contribution 
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(b) Magnetic dipole contribution 
The contribution from the magnetic dipole is given by 
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We note that 
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The orbital magnetic moment is defined by 
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(c) Electric quadrupole contribution 

The contribution from the electric quadrupole is given by 
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Note that 
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We note that the electric quadrupole moment is defined as 
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where q = -e (e>0) for the electron. The extra term proportional to ji,  in Eq.(1) does not matter 

because it gets multiplied by jik  giving kε   which is zero. We interpret this as an electric 

quadrupole transition. Its transition probability is of the same order of magnitude as the one from 
the magnetic dipole moment and much smaller than the transition probability from the electric 
dipole moment. 
Thus we have 
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APPENDIX  Einstein A-B co-efficient 

Einstein coefficients (A and B) are mathematical quantities which are a measure of the 
probability of absorption or emission of light by an atom or molecule.  The Einstein A coefficient 
is related to the rate of spontaneous emission of light and the Einstein B coefficients are related 
to the absorption and stimulated emission of light. 

Here we discuss the transition rate for the two-level system. The absorption and emission of 
photons occur due to the transition between two levels. According to Einstein, we set up the rate 
equations for N1 and N2 
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where N1 and N2 are the number of occupancy for the level 1 and level 2. Note that the spontaneous 

emission is independent of )(W . In the case of thermal equilibrium, we have 
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For thermal equilibrium with no external radiation introduced into the cavity 
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The level populations N1 and N2 are related in thermal equilibrium by Boltzman’s law 
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which is compared with the Planck’s law, 
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The energy density in thermal equilibrium between   and  d  is given by  dW T )( . We 
know that the Planck’s law for the radiative energy density is given by 
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We note that 21A  can be evaluated from the quantum mechanics, 
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,  (derived from the quantum mechanics) 

 
We also note that 
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((Note)) The expression for )(W  
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