The appearance of the Berry phase for the precession of nuclear spin with spin 1/2
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Here we use the spin-echo method which is used for the r.f. spin echo of nuclear magnetic
resonance. We learned this method from a book of M.H. Levitt, Spin Dynamics Basic of Nuclear
Magnetic Resonance). We present an exact solution the time dependence of the spin state of the
nuclear spin, and discuss the adiabatic change of the nuclear spin. We solve the example 10.1
and problem 10.2 of the textbook of D.J. Griffiths (Introduction to Quantum Mechanics). We use
the Mathematica for solving the problem.

1. Introduction
In order to understand the adiabatic approximation, we consider the time dependent behavior
of a nuclear spin (spin 1/2) in the presence of a magnetic field whose magnitude ( B, ) is constant,

but whose direction sweeps out a cone, of opening angle € of the magnetic field at constant
angular frequency @. Note that the angle @is fixed. The magnetic field is expressed by

B =B, (sinfcos(at + ¢, ),sinOsin(at + ¢,),cos0),

where By is the magnitude of the magnetic field and ¢, is the phase.



Fig. Magnetic field sweeps around in a cone, at the constant angular frequency @. The case
with — y > 0 (rotation of nuclear spin around the z axis in counter clockwise.
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Fig. The definition of the sign for the gyromagnetic ratio y . (Levitt, 2008)

The gyromagnetic ratio is defined by

:ﬂ:gn/uNI:gn/uN:g €
Kl Kl h "2m.c

/4

where 7l is the angular momentum. So the magnetic moment of the nuclear spin is given by
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ay =yl ,
where & is the Pauli operator. The Hamiltonian is given by the Zeeman energy as

H = _ﬂ| ‘B
=—yil -B
= —yhBy[sin & cos(at + ¢,) fx +sin@sin(wt +¢,) fy +cos 6’IAZ]

= hayl, + ha,[cos(at + ¢5p)IAX + sin(awt + ¢p)fy]

= %ha)lé'z + %ha)z[cos(a)t +¢,)0, +sin(at +¢,)0, ]

where

@, =—)B,cosd, @, =—)B,sinf



28 Spin recession (Classical theory)

y <0

The magnetic moment of nuclear spin with angular momentum #l, -s given by

=l

When a static magnetic field is applied along the z axis, the Hamiltonian has the form of the
Zeeman energy, given by

H=-u -B=—yl- B,



We consider the equation of motion for the angular momentum (Newton’s second law for
rotation)

dL

hEZTZﬂXB:]/hIXB,
drs

—=y(IxB).

g UxB)

When the magnetic field is applied along the +z axis,

leading to the equation
d . . . :
a(lX +il ) =Bl —iyBl, =-1B(1, +il)
or
I, +il, =1;exp(-iyBt) = e
where

@, =—yBcosd (counter clockwise for y <0).
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Fig. Precession of nuclear spin with the angular frequency(—sB >0) for y > 0. (Clockwise
direction). (Levitt, 2008).

3. Spin precession using quantum mechanics
The time evolution operator is defined by T= exp(—é I:|t) . When a static magnetic field is

applied along the z axis (in the absence of the r.f. field), the Hamiltonian is given by
I-A|0 = —;/hfz B,sind = ha)lf

where

@, =—)B,sind and I :%&Z.

z

The state vector at the time t is related to the state vector at the time t =0 through the time
evolution operator as

v ) = exp(— Ay (t=0))
= exp(—-ho Ol (t=0)
= exp(-ioth)|w ()

.ot .
= exp(-i==6,)ly (1)
Here we define the rotation operator as

ip
FL
0 exp(

exp(—

R.(9) = exp(—146,) = v |
)
2

This means that spin rotates around the z axis through the angle @t . The r.f. field is given by
By (1) =B, sinf[e, cos(wt + @) + e, sin(wt +¢,),

(counter-clockwise for @ > 0)



|:|L = _Vhi ' BRF (t)
= heo,[1, cos(awt + Py + fy sin(at + ¢,)]

Note that
w, =—)B,siné,
is the nutation angular frequency.

4. State vector in the rotation frame and Laboratory frame
|+ X') =R, (D)|+X),
|+ X) =R, (-®)[+ x).
Here we use the notations
[+ x) =]+ x), Rotating frame
[+ x) =|+x), Laboratory frame
Then we have
|+ x) =R, (-®)[+X),

This relationship may be generalized. Any spin state, viewed from the rotating frame, is related
to the spin state, viewed from the fixed frame through

V) =R-Dw), v) =R.(@)y),
Note that for simplicity we use the notation of |1//>L = |1//> .

Now we consider the Schrodinger equation in the laboratory frame,



.. 0 A
Iha|t//>— H l//>

or

0 0 4
'h§|‘/’>R = |haRZ(—CD)|t//>

.. 0 & A .. 0
=1a[—R,(—D +R, (—D)ii—
R )w)+R, (D) at|l//>
Here we note that
R,(~®) = exp(;-J,®) = exp(idt)

where

The derivative of IQZ(—CD) with respect to t;

LR.(-0) =S exp(iaf,)
.~ dD . a
=1, — 1Dl
: exp(I®l,)
—iol R (—D)
where

do

—=w, D =t
dt

Thus we have the Schrodinger equation in the rotating frame



211, = ol R0+, o )
= —hol R, (~D)|y) +R,(-0)H |yr)
=—hol |y), +R,(-O)H R, (D)|w),
— [-hol, +R,(-D)H R, (®)]w ).

He V)

The Schrédinger equation in the rotating frame is given by
.0 ~
Iha|l//>R - HR|V/>R

with the Hamiltonian in the rotating frame,

H. = —hol, +R,(-®)H R, (D)

S. Rotating-frame Hamiltonian
In the presence of a static field along the z axis, the Hamiltonian is given by

A

H, =ho, AZ =%6‘

z

with

o, =—yBcosd
The Hamiltonian due to the AC (r.f.) magnetic field in the X-y plane is

H e = hay[ fx cos(wt + ¢p) + fy sin(awt + ¢p )]

=ho,(l,cos®, +1 sin® )

where

q)P:a)t+¢P7



Then the resulting Hamiltonian is

H, = H, +Ho
=ho, fz +ha)2[fx cos(® )+ fy sin(D )]

The Hamiltonian in the rotating frame is

H, =—hol, +R,(-®)H R, (D)
=—hol, + hoR,(-O)[,R (@) + ho,R,(-D)[ I, cos D, + [, sin®, R, (D)
= (@, - o), + ho,R,(-D + D, )R, (-@,)[ [, cos D, + [, sin @, R (D )R, (D — D)
= (o, — o), + ha,R,(~D + D) R (O - D,)

where
R,(-® [, cos® +[,sin® R, (D) =1,
R,(-® + ®,)R,(-D,) =R, (-D)
R,(D,)R, (D -D,) =R, (D)
((Formula))
R,(®,)[\R,(-®,) = cos(®,)I, +sin(® ),
R,(®@)I,R,(-®,) = —sin(® ), +cos(® )T,
or

I, =R, (@ )[cos(@ ), +sin(®@ I, IR, (D)

R, (-® ,)[-sin(® ), +cos(@ )I, IR, (®,)

Iy

Note that these relations can be checked using the Mathematica.



Thus we have

|:|R = hQOrz +ha)2ﬁz(¢p)i\x|§z(_¢P)

Note that
Q=0 -,
®:a)t, q)p:a)t+¢p’

—P+D =9,.

Q, is the resonance offset. Note that the time dependence has vanished from this expression.
This is the point of the rotating frame. It transforms a time-dependent quantum-mechanical
problem into a time-independent one. The Hamiltonian in the rotation-frame is

Hg = Q[ +ho, (cos g, I, +sing,1,).

6. Off-Resonance effect
For QQ; = w, — @ # 0 (resonance condition), the rotating-frame Hamiltonian is given by

Hg = Q[ + 1w, (cos g, I, +sing, I )
with ¢, # 0. The state vector in the rotating-frame is
[y (©), = Ros (@Dl (),

where

R, (0,41) = exp[—imt(cos Py [, +sin Py fy) —iQtl,]

sin(——) if,
. —im,e )
cos(—) —iQ, @ sin(—)
— a)eff a)eff
to,
. g sin(——)
—j p t ,
Da€ (—) cos(—) +iQY, 2
a)eff 2 eff




where

Oy =0, +Q, =\o, + (o, - of
Now we start with
v (®), =R, (@ D]w(0),, and  |p(t), =R,(-@®)|w (1))
Thus we get
R,[-0M)]w (1) = R, (04 R, [-D(0)]w(0))
The state vector in the laboratory frame is given by
lw(®) = R[DPBIR, (@R, [-P(0)]y(0))
Note that
R,(D) = exp(—i®l))

where

D = ot

R[DPDIR, (04)R,[-P(0)]

ol Q| w4t Lt . o wt V24 +at]
[cos(—) — | =2 sin(—)]e 2 —I&sm(e—ﬁ)e 277
2 Wyse 2 Wy

. o ot 124 vat) .t oot ta
i gin( g2 [cos(——) +i 2 sin(——)]e>
Wyse 2 2 o 2

When o, = @ (on resonance), a4 =@, and Q;, =0



RIPMIR, (@ )R, [-D(0)]

ot ot ot tesen
cos(—=)e 2 —isin(—>)e 2 ©
_ 2 2
ot t@pren) ot Lo
—|s1n(72)e2 P cos(Tz)e2 :

((Mathematica))



Clear["Global %"];
oX = PauliMatrix[1];
oy = Paul iMatrix[2] ;
oz = PauliMatrix[3] ;

_ -1 6
Rx[&_]1 = MatrixExp 5 oX| ;
] -ie
Ry[&_1 = MatrixExp oy|;
] o -
Rz[&_] = MatrixExp > oz|;
) Cos[&] Sin[&] Q0 t
Roff[&_] := Matrlexp[—i w2t (— oX + —— oy) -1 az] ;
2 2 2
> > 1 1
s1 = Roff[ep] /- {\/ w22+ Q0% > weff, > } /1
w22 + Q02 Weff
FullSimplify;
sl // MatrixForm
Clear["Global *"];
ox = PauliMatrix[1];
oy = PauliMatrix[2];
oz = PauliMatrix[3];
- -1 & -
Rx[&_] := MatrixExp 5 ox|;
- -1 & -
Ry[&_] := MatrixExp oyl;
L 2 i
- -1 & -
Rz[& ] := MatrixExp oz|;
L 2 i
. ) Cos[&] Sin[&] Qo t
Roff[& ] := Matr‘1xExp[—1w1t (T oX + T oy) -1 " oz];

1 1
s1=Roff[op] /. {V w1+ 00% - werr, S } //
Vwi? + Q92 Weff

FullSimplify;
sl // MatrixForm



- i Q0 Sin “TEH w2 (-1 Cos[¢p]-Sin[dp]) Sin t”%ff
cos|tiaze] _ 1207 -
3 Yeff Yeff
o Tl e el min | O efE ] : [ BlefE]
w2 (-1 Co=[¢Cp]+Sin[gp]) Sin —5 ~ [tlfeff ] L 20 5in —s
= = O3 + =
\ Waff 2 Yeff J

g2 =Rz[wt].=21.Rz[0] // FullSimplify; =2 // MatrixForm

Ttlesr]| -z itw . .
E—%it;, ICos[t;’Eff] . i::-:nsin_t"TEff ‘ 22 "% 5 (~icosgp]-siniep]) Sin|
\ Z Ve ff Ve ff
e% w2 (-1 Cos[6p]+Sintp]) Sin —2ff] itw [ : i 00 5in| SUeEE ] )
— e 2 Cos[tﬁ&ff]+ -
| Yeff | 2 ~“eff
0
Cos—
7. The form of |1//(t)> with initial condition |w(0)> = g
sin —
2
Suppose that the initial condition is given by
COSE
)= 2
sin —
2
Then we have
| (©) = RIPDIR, (0 DR, [-P(0)]y(0))
..t . .o, t —iwt ) . o t —i(2¢p+wt)
[cos(——) —i 2 sin(——)Je 2 —I&sm(e—ﬁ)e 2 cos”
_ 2 eff _ Dt 2 _ 2
. WOl L2g,+at) Wt . Cwogt a6
—i 2 gin(ZH g2 “ [cos(—) +i 2, sin(— )]e2t sin—
o 2 2 o 2 2
ot . . wet — . [ 24, vat)
[cos(— ) —j £ sin(——)]cos—e > I&sm( e )smge 2
— 2 eff ) a)eff 2 )
_ @t L agyrat) Ot : t.. 0 5
—I&sin( et )cosge2 “ +[cos(—) + | =2 sin(——)]sin —e>
Wyt 2 2 o 2

_ 0‘1}
a,



where

O =\/a)22 +Q, =\/a)02 +@° 200
Q, =0, —0=w,c0s0 -0

—B,cosf = w, cosl, ®, =—)B,sinf = @, sin 0
@, =—)B,

Suppose that ¢, = 0. The matrix elements can be simplified as

w, t - . a)e t fiw R . a)e t X ,l
a, =[cos( Ty —i 2 sin(— )]cosge 2 t—I&sm(—ﬁ)smge 2"
2 » 2 2 o 2 2
@, t H : a)e t - . a)e t . . 71
= {[cos( My —i 2 sin(—~ )]cosg—I&sm(—ﬁ)smﬁsmg}e 2%
2 » 2 2 o 2 2
Wt i
~ fcos( 2ty _ Q o T@,(1- cosH) ( )]cosee St
2 Ot 2 2

Ct)eﬁt OO N a)eﬁt 2 —iiwt
=]|COS —1 Sin cos—e
[cos( 5 )—1( o )sin( 5 )] 5

o) 2] 2t il Q. ogt 0 %wt
a, = —i—sin cos—e? +[cos +i sin sin—e
2 ( ) ) 5 [ ( > ) ( , )] >

a)eff a)eff

Wi t
=i ism( )smé’cosge2 )s1n—]e2 “
2 2 2

a)eff a)eff
=[-i—= 20, s1n( 0 )sm —]e2 “
a)eff a)eff
Wyt !
~cos( 2ty 4 Q a)0(1+cos6’) ( )]smeez ot
2 Ot 2 2

ot o N i
= [cos(—x )—I(a)°+w)sm( il )]smgezwt
2 0 2 2

Then we have



t - t v
[cos(a)eff )—i(a)o w)sin(w;f )]Cosge 2"

o, Deit
t)) = = ,
|l//( )> (azJ [_i(a)o +0. . @ a)eﬁt g %wt

)sin( e2fft) + cos( )]sinae

weff
Note that
alal* + aza; =1

((Proof))

2 2 2

a)eﬁt] N (0, +Q, — w, cos 6?)2 Sinz[a)eﬁt)]
a)eff

21, =cos’ g[cosz(

a)efft] n (0, ~ Q) + @, cos9)’ Sinz(weﬁtj]

2 2 2

s = sinzg[cosz(
2 Dest

) " Dei — : ot
XX txx, = cos” Q[Cosz eff” |+ (@, + €, C;)O cos0) sin?| e ]
2 2 a)eff 2
..t _ 2 ot
+sin’ g[cosz eff” |+ (@, =€ + @, c0s0) sin?| 22
2
2 2 weff 2

0
- 08’ —
2

Weif

t _ 2
:Cosz(a)ezff ]+[(a)0+§20 @, cosd) .

- 2 t
N (0, —Q, + w,cos0) sinzg]sin{weﬁ J

2
a)eff 2

where
— 2_ 2 2 _
Q=0 -0, O =0, —200+0", ®, = ®,cosl
Her we get

(@, +Q, — @,c0s0) = (0, — )", (@,—Q,+w,cos0) =(a, +w)’

Thus we have



(@, +Q, — @, cos )’ cos’ g +(w, —Q, + w,cosH)’sin’ 9
= (w, — @)’ cos’ g +(w, + w)’ sin” 9

= a)o2 + " —2w,0(cos’ 9_ sin’ g)

2
=w, + o —20,0c0s6

_ 2
- a)eff

This leads to the relation

2
8 Calculation of ao; and o,
We note that
..t ; i a)e t ; . . i a)e t —la)
a, =[cos( e )cosg—lﬂcosgsm(—ﬁ)+Iﬂ(cosﬁcosg+sm Hsmg) sin(——)Je 2 t
2 » 2 2 O 2 2 2
.1 . . W, t . .y t . i i . t LY
= [cos(—x )cosg—lﬂcosgsm( il )+I£cosﬁcosgsm( i )+I£smﬁsmgsm(—ﬁ)]e 2"
2 » 2 Wyt 2 Wyt 2 2
W . - . @ t ) . . . @, t L
= [cos(— )cosg—lwcosgsm(—ﬁ)—lism 6’smgs1n(—ﬁ)]e 2%
2 » 2 2 Ot 2 2
..t . . . t . . i . @ t la)
a, =[cos( il )sing—lﬂsmgsm(—ﬁ)—|i(sm@cosg—cos(9smg)sm(—ﬁ)]e2 t
2 2 oy 2 2 Ot 2 2
..t . ) O™ ) gt ) 2
= [cos(—x )sing—lﬂsmgsm( il )—Iism Hcosgsm( il )+|£c056’smgs1n(—ﬁ)]e2 t
2 2 » o 2 o 2 2
Wt (@, — , gt - 2
= [cos(— )sing—lwsmgsm(—ﬁ)—Iismﬁcosgsm(—ﬁ)]e2 t
2 2 » 2 2 o 2 2

where we use the trigonometry law

COSE =cos(f - g) = cochosg + singsing



and
sing =sin(@ — Q) =sin Gcosg - cosgsing
2 2 2 2 2

Then we have

t — t
w(©) =[oos(X) - (@ = @c0s6) i1 e |.0)

eff

. @Si oLt i
£i2m0 (e 2| (1)
1) 2

eff

where

COSE g sinE
)= 2, 7)) = P

e' sin— —CcoS—
2

The equation is exactly the same as Eq.(10.33) of Griffiths book. The probabilities of finding the
system in the states | X, (t)> and | ya (t)> are evaluated as

P.=[(z. Ol ®)f

2

t — t
= [cos(a)eff )—i (@, ~ @cos0) sin(wEff )]
2 Wy 2
t - 2 t
= cosz(a)eﬁ )+ (@, a)czosﬁ) sinz(a)eff )
2 o 2
2 2
_ l[l N (@, a)czosﬁ) ]+l[1 (o, a)czosﬁ) Jcos(@,t)
2 a)eff 2 a)eff
> @sinf., . ,, Okt
P =[(z.®w®) =( )’ sin*(—)
Wyt 2

respectively. In the adiabatic region w4 = @, >> @, P_ reduced to zero. Then we have



@, —wcosd) .
(@, ) sin

t t -2
|w(t)>=[cos(“’;ﬁ )-i (“’;ﬁ e 2| x.)

eff

In the adiabatic process (@ << @, ),

a)eﬁ ~ 0)0 b
we have
Out . ot 2
|y () = [cos( 2“ )—ISIH(Tﬁ)]e 2| . (1)
+
= exp[_i Mt]

= exp {—%[a)0 + o(1—cosO)]t}

where

2
1) @
Wy =@y, |l +—5—2—-cost
@, @,

@
~ @, [1-2—cosf
@

=w,(1 —ﬁcose)
@y
=@, —wcosd

The first factor exp(—laa)ot) is the dynamical phase. The remaining factor is
exp(iy) = exp[—%a)(l —cosot],

with the Berry’s phase,

y = —%a)(l —cosf).



The solid angle Q is the surface area of the unit sphere, swept by the magnetic field is

4 2z
Q= J.sinédej.d¢ =27(1—cosB)
0

0
The phase of change during the period T = 2z corresponds to the Berry phase and is given by
@

—%a)T(l —cosf) =-r(l-cos@) = —%

The factor 1/2 is related to the value of spin (1/2).

9. Average
Now we calculate the expectation value



(1) = sl )

5 Sin O] o > cos(at) cos’ (% W4 t)—(Q, + ®, —w,cosb)

204

x(Q, —®, — , cos &) cos(wt) sinz(% W4 1) — Oy (Q, — @, cos @) sin(wt) sin(w,1)]

. 1 .
(1,)=5 (ol ly)
_ 1 5 sin Ol @, ? sin(wt) cos® (la)eﬁt) —(Q, + w, —w,cos0)
204 2

x (Q, — w, — w, cos @)sin(awt)sin’ (% W t) + w4 (€, — @, cos @) cos(at)sin(w4t)

(1.)=> w©lé|w)

= %{—2@0[490 —4Q, c0s(20) + w, cos(36)]cos” (% Oy t)

16,4

+ CoS (9[—6002 + 4(QO2 + Oy 2) + (a)02 - 4902 + 4w, 2)cos(a)eﬁt)]}

Note that

sin —
10.  The form of |y/(t)) with initial condition |y(0)) = 20

—COS—

Suppose that the initial condition is given by



sinE

w(0)) = g
—COS—

2

We note that this state can be rewritten as

T+6
)

sin— cos(

|W(O)> N . T+0
- COSE sin( )

Then we have

lw(®) = RIPMOIR, (@R, [-D(0)]|w(0))

2 ) G . oLt e ran
[cos( ;ﬁ )—i 2 sin(——)Je 2 _i % sin(——)e 2" COS(7Z'+9)
_ eff Ot 2
- . Ot L, von .t ot al|l . 7+6
SiPgin( e T eos( ) 41220 sin e | sin( 5
a)eff

a)eff

sin—
The form of |1//(t)> with initial condition |1//(0)> = 2 g | can be obtained from the form of
—CcoS—
2

0
cos—
|1,//(t)> with initial condition |l//(0)> = 5 by replacing € by 7+ & . Thus we have

sin—
2

t . wo-—w . o4t . 0 -
—[cos(a)erf )—I(wo w)sm(wzﬁ )]Slnae 2

B Wety
wo)=(4 |- e i
Z [i(wz):;w)sin( wezﬂt) ~ cos(a)ezﬂt)]cosgezwt

Here we note that



t t t L
B = [COS(a)eTﬁ) sin g —i g—:f sin g sin( et )+i % (sin@ cosg —cos@sin g) sin(a)eTﬁ)]e 2"
t t t L
= [cos(we—ﬁ) sin 9_ i in o sin( et )+i ?_sinfcos 9 sin( et )—i © cos@sin 9 sin(a)e—ﬁ)]e 2"
2 2 w4 2 Wy 2 Wit 2 2
t t t L
= [cos(we—ﬁ) sin 9_ i (@, +wcosO) sin 4 sin(a)e—ﬁ) +i-“ sin@cos 9 sin( et )]e 2 :
) O, 27 2 27 2
o : gt 0 ogt la
B, = —[cos(—) cosg —i &cosg sin(——) —i @ (cos@ cosg +sin @sin Q) sin(——)Je?
2 72wy, 2 o, 2 2 2
.t _ ot oLt o et la
= [-cos(— )cosg +i &cosgsm( Ty +i 2 cos Gcosgsm( Y +i @ sin 6?s1ngs1n(e—ﬁ)]e2
O 2 O 2 O 2 2
.t A + ot S oLt la
= [-cos(—) cosg +1 Mcosgsm(e—ﬁ) +i-? sing smgsm(e—ﬁ)]e2
2 2 o 2 o 2 2
Using the basis given by
cosg e " sin 5
PRI I R PR L
e'* sin— —COS—
2 2

|l//(t)> can be rewritten as

[ (0) =[cos( 2 b e o)

t i
(“’;ﬁ e 2|z )

weff
. wsi Ot -2
e B 2o 27, 0)

eff

In the adiabatic process (@ << @, )

Wy = W, —wCcosl = @,,



S S G e
() ~ [cos(”"e2 ) —isin(Z))e 2| 7, (1)

2

= exp {%[—a)o + (1 + cos )]t}

where @ = @, —wcosd and @ is the angle of the direction of the magnetic field from the z axis.

The first factor exp(—éa)ot) is the dynamical phase. The remaining factor is

exp(iy) = exp[% (1 +cosO)]t]
with the Berry’s phase,

y= %a)(l +cosb)
The solid angle Q is the surface area of the unit sphere, swept by the magnetic field is

7—0 2z
Q= Isin&d@jdgé: 27(1+cos®)
0 0

The phase of change during the period T = 2z corresponds to the Berry phase and is
@

%a)T(1+cos¢9):7r(l+cos(9):%

The factor 1/2 is related to the value of spin (1/2).



11. Summary

The Berry phase for a closed loop increases by the same amount no matter how one goes
around it, provided only that one never go so fast as to invalidate the adiabatic approximation.
For this reason, it is called a geometric phase.
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