
The appearance of the Berry phase for the precession of nuclear spin with spin 1/2 
 

Masatsugu Sei Suzuki 
Department of Physics, SUNY at Binghamton 

(Date: February 08, 2017) 
 

Here we use the spin-echo method which is used for the r.f. spin echo of nuclear magnetic 
resonance. We learned this method from a book of M.H. Levitt, Spin Dynamics Basic of Nuclear 
Magnetic Resonance). We present an exact solution the time dependence of the spin state of the 
nuclear spin, and discuss the adiabatic change of the nuclear spin. We solve the example 10.1 
and problem 10.2 of the textbook of D.J. Griffiths (Introduction to Quantum Mechanics). We use 
the Mathematica for solving the problem.  
 
1. Introduction 

In order to understand the adiabatic approximation, we consider the time dependent behavior 

of a nuclear spin (spin 1/2) in the presence of a magnetic field whose magnitude ( 0B ) is constant, 

but whose direction sweeps out a cone, of opening angle   of the magnetic field at constant 

angular frequency  . Note that the angle  is fixed. The magnetic field is expressed by 

 

)cos),sin(sin),cos((sin0  pp ttB B , 

 

where B0 is the magnitude of the magnetic field and p  is the phase. 



 
 
Fig. Magnetic field sweeps around in a cone, at the constant angular frequency  . The case 

with 0   (rotation of nuclear spin around the z axis in counter clockwise. 
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2. Spin recession (Classical theory) 
 

 
The magnetic moment of nuclear spin with angular momentum zI -s given by 

 

zI I   

 
When a static magnetic field is applied along the z axis, the Hamiltonian has the form of the 
Zeeman energy, given by 
 

BIμ  BH I , 
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Fig. Precession of nuclear spin with the angular frequency( 0 B ) for 0 . (Clockwise 

direction). (Levitt, 2008). 
 
3. Spin precession using quantum mechanics 

The time evolution operator is defined by )ˆexp(ˆ tH
i

T


 . When a static magnetic field is 

applied along the z axis (in the absence of the r.f. field), the Hamiltonian is given by 
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where  
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The state vector at the time t  is related to the state vector at the time 0t  through the time 
evolution operator as 
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Here we define the rotation operator as 
 















 


)
2

exp(0

0)
2

exp(
)ˆ

2
exp()(ˆ






i

i
i

R zz . 

 

This means that spin rotates around the z axis through the angle t1 . The r.f. field is given by 
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(counter-clockwise for 0 ) 
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Note that 
 

 sin02 B , 

 
is the nutation angular frequency. 
 
4. State vector in the rotation frame and Laboratory frame 
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Here we use the notations 
 

R
xx '   Rotating frame 

 

L
xx  '   Laboratory frame 

 
Then we have 
 

LzR
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This relationship may be generalized. Any spin state, viewed from the rotating frame, is related 
to the spin state, viewed from the fixed frame through 
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Note that for simplicity we use the notation of  
L

. 

 
Now we consider the Schrödinger equation in the laboratory frame, 
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Here we note that 
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Thus we have the Schrödinger equation in the rotating frame 
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The Schrödinger equation in the rotating frame is given by 
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with the Hamiltonian in the rotating frame, 
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5. Rotating-frame Hamiltonian 

In the presence of a static field along the z axis, the Hamiltonian is given by 
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The Hamiltonian due to the AC (r.f.) magnetic field in the x-y plane is 
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Then the resulting Hamiltonian is 
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The Hamiltonian in the rotating frame is 
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where 
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((Formula)) 
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Note that these relations can be checked using the Mathematica. 
 



Thus we have 
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Note that 
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0  is the resonance offset. Note that the time dependence has vanished from this expression. 

This is the point of the rotating frame. It transforms a time-dependent quantum-mechanical 
problem into a time-independent one. The Hamiltonian in the rotation-frame is 
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6. Off-Resonance effect 

For 010    (resonance condition), the rotating-frame Hamiltonian is given by 
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with 0p . The state vector in the rotating-frame is 
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The state vector in the laboratory frame is given by 
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((Mathematica)) 
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y PauliMatrix 2 ;
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8 Calculation of 1 and 2 
We note that 
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The equation is exactly the same as Eq.(10.33) of Griffiths book. The probabilities of finding the 

system in the states )(t  and )(t  are evaluated as 
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respectively. In the adiabatic region   0eff , P  reduced to zero. Then we have 
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In the adiabatic process ( 0  ), 
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The solid angle   is the surface area of the unit sphere, swept by the magnetic field is 
 

)cos1(2sin
2

00




  dd  

 

The phase of change during the period 

2

T  corresponds to the Berry phase and is given by 

 

2
)cos1()cos1(

2

1 
 T  

 
The factor 1/2 is related to the value of spin (1/2). 
 

 
 
9. Average 

Now we calculate the expectation value 
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Here we note that 
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Using the basis given by 
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In the adiabatic process ( 0  ) 
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where  cos0 eff  and   is the angle of the direction of the magnetic field from the z axis. 

The first factor )
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with the Berry’s phase,  
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The solid angle   is the surface area of the unit sphere, swept by the magnetic field is 
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The phase of change during the period 
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T  corresponds to the Berry phase and is  
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The factor 1/2 is related to the value of spin (1/2). 
 



 
 
11. Summary 

The Berry phase for a closed loop increases by the same amount no matter how one goes 
around it, provided only that one never go so fast as to invalidate the adiabatic approximation. 
For this reason, it is called a geometric phase.  
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