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Here we discuss the phase space representation of the density operator, including Wigner
function for the coherent state and squeezed state in quantum optics. The density operator of a
given system includes classical as well as quantum mechanical properties.

1. P function representation for the Density operator
We start with a density operator defined by

p= Id ‘aP(a)a)(al

where P(«) is called the Glauber-Sudarshan P function (representation) and |a> is an coherent

state. We note that

Tr(p]=Tr[d’aP(a)|a )|
= [d*aP(a)Tr{|a)(a]]
= [d*aP(a)(a|a)
= [d’aP(a)
=1

or



Tr[p]= Trjd ‘aP(a)a)al
e 2
=—[d*aP(a)[dB(p|a){a| §)

g : 2
- ;jd aP()[d*Bl(Bla)
- l.[d *aP(a)[d*Bexp(-la| -|B[ +ap +a'B)

T
_ %j d2aP(a)exp(-laf) [ d> fexp(-|f +2Re[ap )

= l'[ d’aP(a)r exp(—|05|2 ) GXP(‘Ol2 ‘)

T
= [d’aP(a)
=1
where
% [apl8)(p|=1 (formula)

(Bla)[ =expi-laf ~|B +2Re[af ]}
Note that & and S are complex numbers,
p=Xx+ily, a=a+ib
Since

Re[af’]=Re[(a+ib)(x —iy)]
=ax+hy

we get the integral as

jd ‘B exp(—|ﬂ|2 +2Re[af’]) = jdx exp(—x’ + 2ax)dx.[ dyexp(-y* + 2by)
= rexp(a’ +b?)

= ﬁexp(‘az‘)

We also note that the density operator can be rewritten as



p=—[dafd*pla)alolp)p]
——[dafd*plalp|p)a)ip]

using the formula

Ly _j
ﬂjd a|a><a|—1

((Example))
The average number of photons can be written as

(n)=(aa)

=Tr[pa"d]

= Tr[j d’aP(a)|a)(ala*a]
= J.dzaP(a)<a|é+é|a>

- j d’aP(a)|af
So P(&) is normalized as a classical probability distribution.

((Note))
Here we note that

(Blo

B) = d*aP(a)(Ba)a|p)
- J‘d 20{P(0¢)Kﬂ|a>‘2
_ j d’aP(a)exp[-Ja - A[']

since
Kﬂ|a>‘2 = exp{—|0¢|2 - |ﬂ|2 +2Re[aB’]} = exp[-|o - ﬂ|2]

Since exp[—|a - ,B|2] is not a delta function, the diagonal elements



(Blo|B)=P(B)

A

Although <ﬂ o, ,6’> must be positive. However, the integral I d’aP(a) exp[—|a—/3|2] does not

require to be positive.

2. Two-dimensional Dirac delta function of the complex variable
Two-dimensional Dirac delta function of the complex variable, a = a'+ia".

5 (a) = 5(a")S(a")

1 H ] n
= ) Idxjdyexp[l(a X+a"y)]

1 * *
=?Id27€xp(0€ y—ay)

1 * *
= [drexplar’ —a’y)

or
]. kS £
5 (@)=— [d’yexp(ay” ~a’y)
/s
where
a'y—ay =2ilm@’y)=i(a'x+a"y)
and
y .x 1 :
=L 4iZ=—(-y+ix
y=-5t 2( y+Ix)

We also note that the 2D Dirac delta function is given by
l * * *
8%a=p=—[drexpla=p)y - = )]

3. Expression of P(«)
How can we find the expression of P(«)? We consider the density operator which is defined
by



p= Id ‘aP(a)a)al
Using the formula for the scalar product for the coherent states,
Iy o 1,2
(al ) =expl- el 2" v

we get the matrix element of the density operator as

(~ulv) = [¢*aP(@)-ula)alu

= exp[—|u|2]jd 20{P(0¢)exp[—|05|2]exp[05*u —ou’]

or

exp[|u|2]<—u % :_[d2aP(a)exp[—|a|2]exp[a*u —au’]

Here we use the 2D Dirac delta function.

[d?uexpliu] -ulg|u)expl-a'u+au’]= [d* B P(B)expl-|A[ 1] d*uexpl-au+au’Jexp[ AU~ Au']
= [d*B P(B)exp[B[ 1] d*uexpl(@— A"~ (a - B) u]
=7 [d*B P(B)expl-|A[ 16(a - B)
= 7*P(a)exp[a] ]

or

P(a)—— e [ (~u|plujed2

4. Another expression of P()))

The expression of P(«) can be also obtained as follows.



(o6 ) =Trpe e
=Tr([d’BP(B) B) Bl e 7]
= [d*mP(B)(Ble* e B)
=[d*ppe” "

Here we use the expression of the 2D Dirac function as
6 f)=— [dyexslia— Py ~(@ - 7]
Thus we get
e L e Lo LAV ) Caut

_ Idzﬂ P(ﬂ)%jd27e—7(a*—/)’*)+f(a—ﬁ)
T

=[d*BP(B)V (@ -p)
=P(a)

or
P(a)= Lz.fd 27<e}é+e‘7*é>e‘m*”*“
T

1 A y(@t-a")a-7" (d-a
=?Id2yTr[pe” g7 (@]

Here we note that Tr under the integral is characteristic function of the normally ordered &, 4"
operators,

)= <e}é+e_7*é> =Tr[pe e

Therefore we have



P(a)= % [d 27<e75+e‘7*5>e‘7‘”'+7*“

1 —ya" +y"a
= [dy e

This relation represents a mapping from the density operator o, which is a function of the two
operators & and 4", to the scalar function y, (), which is function of the complex variables .
P(«) is the Fourier transform of the normally ordered characteristic function.

5. P function for the coherent state (I)

We consider the density operator for the pure coherent state | /3> ;

We note that

(=ulplu) ={-u[B)(B|u)
1,2 1,2 1, 2 1,p "
:exp[—5|u| _E|ﬂ| -u ﬂ]exp[—5|ﬂ| —E|U| +pu]

= exp(Ju[ - |Af —u"p+ Bu)

where

(lu) = expl= |4 =S+ pul

Iip 1, 2 =«
(o) -t 4 - v

Then we get



1 »
P(Ol) :_ ‘a\ J’e\ \ |p| (ua ua )d2u
7Z'
1
e‘ ‘ Ie“ (H ‘ﬂ‘ Uﬂ‘*’ﬂu)e(ua ua)d u
7Z'
L et ety
72'
L et e epurgey
7Z'

_ e‘”" -1 5 (a "y
= 5% (@-p)

or
P(a)=5"(a—p) for the density operator (pure state p =|S)(f3]).

6. P function for the coherent state (II)
We consider the density operator for the pure coherent state | p > ;

Thus we get

() =Tr[pe e
=TrllA)(ple* e "]
= (e B)

Y
P(a)= Lz j d 27<e’/‘i+e‘f"’"‘>e‘m*”*“
T
1 - a*+ *a
=—[d’y ay (e
T
P(a) :sz.dzj/eyﬂ*_y*ﬂe_;’a*JrV*a
T
1 ; .o
- d2 e’ (a=p)-y(a =p)
Lo

=6 (a-p)



7. P function for the number state |n> @

We consider the density operator for the pure coherent state |n);

We note that

(<) = (-ul o) e+ L

n!

Thus we get

P(a) = el [ (~ulpluje a2y
7[

1 juP f P Juf (—U'U “ o
:_e‘a‘ J‘e\u\ e |u] ( ) e(uoz ua )d zu
n n!

eu

e(uaz ua )d u

Formally, we can write

|af? 2n
e 0 1 S
. *_ZJ'e(uaua)dzu
n! oa'oa x

P(a)=

= = 0(a)

8. P function for the number state |n> {an

We consider the density operator for the pure number state |n>;

p=Inifn].
Thus we get

() =Tripe® e 4
- Tr[|n><n|e}é+e‘7*é]

=(n |e’é+e‘fé|n>



1 ..
P(a)=— [d%y py(e
:_IdZ |e;/a e ;/a ;/a*+;/*a
= [0 {ole® | B)( Bl nje
=_Idﬁ n|B)B jdﬁwaﬁw(a -5
:;jd B(n| Y BIn)s? (a - B)

1 2
=—{nle)
or
P(a) = l‘<n|a>‘2 = we““‘z
T m!

which is a Poisson function.

where
(Bl |n) =(nfe™'[ 8) = (n|p)

(Ble?n)=e77(pIm)
9. Q-representation

There are other orderings possible for the two operators & and 4" . This time we use the
antisymmetric ordering and define the antinormally ordered characteristic function

() =Tripe7 %]

Its Fourier transform is called Q representation. This representation is sometimes called the
Husimi function.

Q)= [4%7 2,
T



and has a simple form
1 .
Qla) = ;<a|p|a> >0

Thus 7Q(«) is the probability of finding a system in the density operator p in the coherent state

|a>. This proof is given below.

A =Trpe7 e ]
~Ljasmtze ) et

_L 2 7*a—7a*l 2 ~n-7'a R
Q) =—[d*y e —[d*pTripe | f){Ble™ ]

)

1 SR |
=—|d*ye” e —|d*BTr[p
gl L% s LWALT

_ l 2 A L 2, o7 (@=B)-y(a" -
=—[d*ATAB)AI [ dre
—— [&*pL(plp15)5" (@ p)
1 n
=—(alpla)

((Husimi function))

Kodi Husimi (June 29, 1909 — May 8§, 2008, Japanese:) was a Japanese theoretical physicist who
served as the president of the Science Council of Japan. Husimi trees in graph theory, and the
Husimi Q representation in quantum mechanics, are named after him.
https://en.wikipedia.org/wiki/K%C3%B4di_Husimi




Fig.  Photo of Prof. Dodi Husimi.
http://www.47news.jp/PN/200805/PN2008050901000355.-.-.C10003.ipg

10. Q representation for a pure coherent state
For the density operator

p=18)A
we have
Q) =—{pla) =~expl-faf |6 +ap"+a’p]

since
(Bla) = ol =167 +ep')

11. Q representation for the pure number state



For the density operator
p=|mn|
we have

| |2n

1 2 2
Qla) = ;Kn |a>‘ = %exp(—|a| )

which is the Poisson function

12. Wigner representation
For symmetric order of two operators & and a" . The characteristic function is defined as

25(n) =Trlpexp(a” -y )] =Tr[ D)1 = (D))

Its Fourier transform is called Wigner representation.

1 ‘a-ya”
W(a)=—[d zs(n)e”"

1 e A
= [dy e TG

Another expression of Wigner function

13,
x=%x:%%a a*)=%(é+é+),
;1 b 1 ma, i_4" A
Ny LN TV Y AR A

or

Note that



YR P I
2" 2hﬂp]_ﬁﬁhﬂ[x’p 21

[X,Y]1=[

>
e
Il
| |
x>
3
o
.
Il

D(y) = exp(a" - 7"d)
= exp[y()z - iYA)—)/*()Z + iYA)]
=exp[(y -y )X =i(r +7 V]
= exp[2iy" X — Ziy'YA]
= exp(—iy'y")exp(2iy" X ) exp(~2iy'Y)

This operator can be rewritten as

1, n

D(y) = exp(-iy'y") exp(2iy" [X)eXp( 2iy' \/—lh v p)

= exp(—iy'y") exp(iv2, /2’7"X)exp(—%i§)

Then we get

B()|x') = exp(—iy's")exp(iV2 7" X exp(~ Cf 'i§>|x'>
2 7>

X'+

= exp(=iy'y")exp(iv2fr" %)

. x/§7'>
B

= exp(—iy'y")exp(iv2 " (X+ ﬂy )| X'+

.

= exp(iy' 7" exp(iv237"x")

X'+

Wigner function



1 .
W (@) =—[d% zs(n)e’ ™
T
1 . A
= [d% e T D)
1 _ .
= —2sz7 e Idx'(x’|pD(;/)| X')

:—Id ye”‘ re Idx exp(iy' "+I\/_,3]/"X)<

X'+ ——

7

Note that

o’ —y a=2iya"-2iy"a

yo —ya+|7'7/"+|\/_ﬂy"x 2iy'a" 2|7"a'+|7';/"+|\/§ﬂy"x'
=2iy'a"+i(2a'+y +\/_/)’x')7”

We use the Dirac delta function as
[dy expli(-2a+y+V2¢)p"] = 275(<2a"+y'+2 ')

Then we have

W(a) = %I dx'j dy'exp(2iy'a")S(—2a"+y+2 A (X' |5 X'+ %>

_ Ejdx'exp[zia"(za'—ﬁ@cmx’ F
T

X'+%(2a'—\/§ ﬁx’)>

P 2\/_05 x)>

_ % [dx'expldia" (- ok HI(x|p

Here we define

X'= x+£, &a'—x'z x—E
2 yij 2

Qa': X’ ﬁa": p

B V2



dx'=—du

da"(@~-Lox) = da(@—-Lx)

2 5

=— %a"(x'—ﬁa')

B
=— %a"(x+%—x)
p

— _anu

NG

=-2pu

A

W () =W (X, p):ljdu e_Zip“<X+Ep
T 2

u
X ——
)

which is the Fourier transform of non-diagonal density matrix element in the position eigenstates
basis. Using the inverse Fourier transform, the non-diagonal matrix element of the demsity
operator is

u
X+—
bep

A

17

u _ 2ipu
x—3>_jdpe "W (X, p)

13. Displacement operator
With help of the 2D Dirac delta function, we introduce a new notation for the quantum states
in phase space,

P (E@-a) =L2J‘d27/exp[(<’?l+ —a)y-@-a)y]
VA
1 5 % At * A
= [drexp(a—ya)exp(a’ - '8)

1 * * Ay
=—[dexp(r'a-a)D(G)



where [3(}/) is the displacement operator,
D(y) = exp(7a” - '8)
1 At 5 A
=exp(——| ) exp(a ) exp(-7 ')
1, 2 % A ot
= exp([7])exp(-7 ) exp;a")
We note that

<5(2>(a - a)> =Tr[ps?@-a)]

= sz-d 2y exp(y e — ya Tr[ pD(y)]
r
=W(x)

15. Wigner representation for a pure coherent state

For  p=|)lp

D))= (D)
=Trl| B)YB|D(")]
=(BD()|B)

1 * *
= eXP(—E|7|2)€XP(%3 )
where

(BB B) = exp(= b W plexna" expi-7 ) )

= eXP(—%Iylz)eXpW* -7'B)

Thus we get the Wigner representation



W (a) = %Id *yexp(y'a — ya YTr[pD(y)]
- %J'd 2y exp(y'a—ya) eXp(—%Mz) exp(78 ~7"B)
— - [exp-o [Py exply (@)= yia = 5]
_ %exp[—2|a ~ A1

=§exp{—2[<x—xo>2 F(y-Yoll}
or
W () =%exp{—2[<x—xo>2 A

We use y = x+iy', d’y=dx'dy', a—B=x-%,+i(Yy—=Y,) (X, ¥, P, Po, g and qp are real). Using
0 0

the Mathematica, we get

jexp(—%lylz)d yexply (a—B)—y@ == [ dx'dy'exp[—%(x'%y'z )+ 20(Y = Yy )X=2i(X = %,)Y']
= 2z exp[-2(x = %,)* = 2(Y = ¥,))]

16. Wigner representation for a pure squeezed state
For p=|¢)(¢]|

Tr1AD()] = (D))
Trlls)c[DG

c|D()s)
0[S, D(»)S,[0)

{
{

Then the Wigner function is obtained as

W(@) = [d* exp(y’a—ya ()]

1 * * 2 +A 2
=— [d*exp(r'a -y )(0]8, DS, [0)



where

D(y) = exp()a* —y'8)

We use the Bogoliubov transformation

SgéSg =b=Ad+ A" , SgéﬁSg =b"=214"+ua
where
L 1 * 1 2 1 2 1 * 2
S =exp[—ca’——c(@a")*], S =exp[—A@" ——c"(8)*]=S
. p[2g 24( )] . p[zga 2g()] .
2 2 i
R

A=coshs, u=e"sinhs
b|0) =0

Thus we have
S.08"—y'a)S. =" —yb

=y(X&" +p8)—y (Ad+ d")
=& -y wad —(yA-y)a

Here we switch the variable as ¢ — —¢ , leading to the change of parameters ( y — —u and
S, —>3S.).

S (A -y a)S =L +y wa - A+

or

S.' (A" —y')S, = (/L +y wa" — (" A+

=71é+_7/1 a



where =yl +y
By using the relation S ;SA .= 1 we get
S+, A+ *AN2 & S oAt *ANQ &t At *ANQ
S, (A" —ya)’S. =S (ya —yasSS, (ya —yas,
= (@ -y 8y
which leads to the relation
S."D()S. =D() =D(A +y )
Using the relation
A 1, p it x4
(0[D(7))]0) = <0|€XP(—5|71| )exp(7,d")exp(—y, 8)[0)
1 s * 4
= exp(— |1 {0lexp(r,a" ) exp(—7, 8)|0)
—exp(— )
) 71

we get

1 * * >
W(@)=— [dyexp(y'a~ 1 )0[BG)0)
1 S !
:?J.dzyexp(y a—ya )GXP(_E|71|2)
1 * * 1 * * 2
=?J‘d2yexp(}/ a-ya )eXP(_E‘M ty 'U‘ )

2

)

1 * * 1 * *
= [drexp(a -y — A 4y

where |/1|2 —|,u|2 =1 . This integral can be calculated by using the Mathematica with
d’y =dx'dy' and y = X'+iy'.

W(a) = %exp[—2‘a/1* + a*y‘z)



When a = x+1iy

W (x,y) =exp{-2F (x,Y)]
where
F(X,y) = (x> + y*)cosh(2s) +[(X — Y)(X + y)cos & + 2Xysin $]sinh(2s)]
When =0

F(X,y) = (X" + y*)cosh(2s) + (X — Y)(X + Yy)]sinh(2s)]

— XZeZS + y2e—25

((Note))

cosg sing
e o) e 3 [0)
y 0 e” —sing cosg y
2 2

s 9 s . 3
e’cos—X+e’sin—y
2

5.9 s 9
—e 7 sin—X+e cos—Y
2 2

under the rotation and squeezed processes. Thus we have

12 [

X +y" =[cosh(2s) + sinh(2s) cos @]x* + [cosh(2s) — sinh(2s) cos A]y>
+ 2sinh(2S)sin 8 xy

17.  Wigner representation for a pure squeezed coherent state

For p=|8.5){(B.¢

= B(8)S.[0)(0[S, B(pY



TrAD()] = (D)
Tr]| B.5)(B.<|D(7)]

B.s|D()|B.<)

0[S,"D*(B)D(7)D(B)S.|0)

:r[

Then the Wigner function is obtained as

W(@)=— [d* exp(y’a—ya D]

- %I d*yexp(y'a—ya ) 0[S, D* (B)D(7)D(B)S.|0)
where

D(y) = exp(ya” - y'8)

Using the formula

We calculate

R

=B r+p
B -7 p
2

= exp( )exp

=exp(y8° -7 B)D,

e

AN
(—2 )D

1 ¢, . e oA aA A
W(a)z?jd yexply (a—B)—y(a" - F))0[S.'D()S,|0)
where
S."D(»)S, =D(3,) =D +7 )

with



n=1A 4y u

Using the relation

(0[B/0) = Olexp(~— {1 exp(ra dexa(—7,8)0)
= eXp(—%I%IZ)(OIexp(%é*)eXp(—Vl*é)I 0)

1
= eXp(—EI%IZ)
Thus we have
W(a)=—[d*yexply’ (@ =) =ra’ = B =2 + 7 u] ]
or
2 . . |2
W(a)=—expl-2f@ - )7 +(@=p) )
When o =x+1y and S =X, +1y,
2
W(x, ) = —exp{=2F (Y)]
where

F(AX=X~=X,,Ay =Y —Y,) = (AX* + Ay?)cosh(2s) + [(AX — Ay)(AX + Ay)cos 3 + 2AXAy sin $]sinh(2s)]

18. Wigner function for the pure number state
We have the Wigner function for the density operator p = |n><n| as



W(a) =Tr[ps? (@-a)]

:% [d* Bexp(8 e~ pa YTTLAD(B)]
N f [d*pexp(B'a—pa’)Tr]n)(n|D(B)]
- %I d*Bexp(f8'e - fa){n|D(B)|n)

Here we note that
(n[BUIn) = exp | nlexp(pa") expl=p an)
3 A e
oS A 'ﬂ' : H
= exp<—5|ﬂ| L)
where L, (X) is a Laguerre polynomial. Thus we have
W () = 5 [d* Bexp(Ba— Bar yexp(—~ AL, (A
V4 2
_ %(—1)” exp(—2la)L, (4lef)
where

lof =x*+y?

L= 50 [Ej

19.  Relations between the Wigner, Q and P representations
(a) Relation between W and P

Using the expression for p




p= Id ‘aP(a)a)a|

we have

W(@) = [d*/P(B)—; [d7 & Tr A gD
~ [P [dr e (BIBGI)
= [¢*R(p) [ay exp(= 2 [ exply (8 =) -7 (B )]
-2 [¢*P(Pexpl-da- A

where

(BB B) = exp(- b W plexpa" expi-7 8 )

= exp(—%|7|2)exp(%3* )

(b) Relation between Q and P

1, .
Q(Ot)—;<0‘|/’|a>
¢, 2
=—[d* P p)alp)
L[ pppessia- A
T

where

lof +1A
2

(o) =exp- "y

B

o J2F|:B| +a* p)

(Bla) = exp(- +aff’)exp(- of 2|

= exp[—(|a| +|:B| )+aﬂ* +Ol*ﬂ]
= explja— ']



(¢) Fourier transform

Q(B) =~ [d*a P(@)expla - A’
P s
= %J.d ‘a P(a) exp(—|05|2 — |,B|2)exp(aﬂ* +a )

= exp(—|ﬂ|2)%jd ‘a P(a) exp(—|a|2)exp(a,6’* +a ' f)
or
exp(|A Q(B) = % [d*a P(@)exp(-a| yexp(ap” +a’ )

Thus exp(|,6’|2)Q(ﬂ) is the Fourier transform of the function P(«) exp(—|a|2). On taking the

Inverse Fourier transform, we have

P@pexp(-{af) = [d*p expp QD) exp(-ap” ~a’ )
or

P(@) =~ explaf ) B Lexp(A) QU Nexp(-ap” ~a' )

20. Example of Wigner representation for the density operator with a pure number
state.

Wigner function for the pure number state |n> (n=1,2,3,...).
2 n 2 2
W(a) = ;(—1) exp(—2a| )L, (4a| )

where |o]” = x* +y?, W () =W, (X, )






47 ad 2-2
T L i










Fig. Wigner function for the density operator with the pure state |n> (n=0,1,2,3,4).

21.  Example of Wigner representation for the density operator with a coherent state
The Wigner function for the density operator with a coherent state is given by

W (- f) =%exp{—2[(x— %) +(y— Yo'l

where a = x+1y and £ =X, +1y,.



Fig. Plot of W(X,y) with the density operator (a pure coherent state) with a fixed point
(%, Yo) -



Fig. Plot of W(X,y) with X, =rcosé@ and Yy, =rsiné, where 4 :%n n=0,1,2,3,4,5).

22. Example of Wigner representation for the density operator with a squeezed
coherent state

The wigner function for the density operator with a squeezed coherent state is given by
2 . . 12
W(a)=—expl-2{@-H)Z +(@=p) u|)

where a = x+1y and £ =X, +1y,.



W (AX = X=Xy, 8y = Y - ¥,) = —exp{-2F (X, AY)]
T
where
F(AX =X~ Xy, Ay = Y = ¥,) = (AX” + Ay*)cosh(2s) + [(AX — Ay*)cos 9 + 2AXAy sin $]sinh(2s)]

where A = cosh(s) and = €' sinh(s).




Fig. Plot of W(X,y) for the density operator (a pure squeezed coherent state) with fixed

values of s and 4.
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APPENDIX I Formula
The formula which are used in this chapter are listed below.

(@
~ Jd*ala){al =1
(b)
(Bla) = expl=2 e~ A expl (B~ )]
—expl-laf ~ 3| + 0]
©
Ja*pexpiap’ —a’ prexn(—3 ) =2mexp(-2laf)
APPENDIX 11 2D Dirac delta function

5%(a)=—5 [d*yexp(ay’ ~a ')
T

A 1 * * oy
5(@-a)=—[d*yexp(y'a -y D)



where [3(}/) is the displacement operator.

APPENDIX IIT 2D Fourier Transform
The 2D Fourier transform is defined as

F(B)= %j d’a f(a)e” s (Fourier Transform)
The Inverse Fourier transform is given by

f(a)= %I d’BF(pe ¥ a'h (Inverse Fourier transform)
((Proof))

1 —(af +a’ 1 —prap | 1yt
;IdzﬂF(ﬂ)e(ﬂ ﬂ):;jdzﬂe(ﬂ ﬁ)ZJ‘dzyf(y)eyﬁ v’ B
1 VB (rar
:?J.dzj/f(?,)-[dzﬁeﬁ(y )-8 (r-a)
= [d*y (6P (r - a)

=f(2)

APPENDIX IV Formula related to displacement operator

[Sa is called the displacement operator,

A

D, =exp(cd” —a'4).

~

D, =D_, =exp(-cd" +a'4)



exp(od)exp(—a 8) =exp(ad” — o &+ %|a|2)

= exp(%|0{|2)exp(aé+ —a'8)

A

D, =exp(cd” —a'd) = exp(—%|a|2)exp(aé*)exp(—a*é)
D, 44D, = 44 +a’1+2cd = (@ +al)

a4 +(a)1+20d =@ +a' 1)’

O
+
Q>
+
Q»
+
Il

a a

] 9D, =f@+al,d +a’l)

W)
4
—
—_
Q>
QD>
0>

A

D, =exp(cd’ —a'd) = exp(—%|a|2)exp(aé+)exp(—a*é)

B, =exp(f" - &) =exp(— | Yexp( B exp(—8)

D,.; =expl(a+ A" —(a+ ) 8)

= exp(—%|0{ + ,8|2 Yexp(ard")exp(Sa*)exp(—a 8)exp(—L£8)
D,D, = exp(—%lalz)eXp(—%lﬂlz)eXp(aé*)eXp(—a*é)eXp(ﬂé*)eXp(—ﬂ*é) :
D,D, =exp(af’ —a'B)D,D,
5,8, =esn® o

a+pf

exp(—a d)exp(Ba’) = exp(—%a* Bexp(—a'd+ pfa’)



exp(fa*)exp(—a '8) =exp(fa’ —a'4) exp(%a*ﬂ[é, a'l)

= exp(%a*ﬂ) exp(—a'a+ pa)

exp(—a @) exp(fa’) = exp(—a B)exp(fa*)exp(—a 8).

APPENDIX V Equivalence between exp[@] and displacement operator

Using the expressions of 4 and &", we have

exp[@] =exp(cd’ —a'4)
with

B

A= L,

The operator

i(oX+1D)
h

can be rewritten in terms of {4, 4" },



i(of(+zf))=i_a h (A+é+)+£ /mhwo(é_a+)
h h \/ 2ma, h 2

ioc | h T |Mhw, s, ioc | h T |Mhao, .,
S P e el Pl 08
h\2me, h 2 h\2me, h 2

—0d" —a'a

where o is a complex number,

ioc | h T Mo, 1 ic
a‘?\/zm% _%\/ > B ™

R _zx/mhwozi(_l_a_rﬂ)
n\2me, h\ 2 2 hp

Thus we have

xp[@]

is the displacement operator,

A

D, =exp(cd" —a'd) = exp(—%|a|2)exp(aé+)exp(—a*é)



