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Here we show the solution of Dirac equation for free particle by using two methods: (a)
simultaneous eigenket of the Hamiltomian and the helicity, and (b) the Foldy-Wouthoeau
transformation.

1. Hamiltonian and helicity
The Hamiltonian is given by

H =c(a- p)+ fmc’ =( me’ C(G'p)J

c(e-p) -mc’

The helicity is defined by
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leading to the commutation relation, [H ,ﬂ] =0.
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So we have a simultaneous eigenket
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The eigenvalue problem is now given by
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Since H? = E,’, the eigenvalue of H is + E,, .
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(b) Eigenvalue problem of H
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Suppose that
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where we use A* =1. So this equation is the same as Eq.(6). Eq.(6) and Eq.(6) are essentially the
same equation.
We use two equations
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3. Energy and helicity for the particle and antiparticle
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Normalization factor 4
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The normalization factor A is determined as
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In the above triangle, we have the relation
(Ex +mc?)* +¢*p? = 2E,(E, + mc?).
Then the normalization factor A can be evaluated as
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5. The special case for p = (0,0, p)
For the case of p=(0,0,p),wehave §=0 and ¢=0.
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6. Approach based on FW transformation

(a) Energy eigenkets

Hamiltonian: H =c¢(a- p) + Afmc’



Using the FW transformation, we have the new eigenket
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(b) For the energy eigenvalue — E; (anti-particle)
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(a) The particle
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(b) Anti-particle:
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In summary we have the solution of Dirac equation

(a) The energy eigenvalue + E, helicity (+1)
e 2 cos—
2 e'?? sing
W(_,,T) _ ER + MC 2
2ER —ig/2 0
e J—
cp cos 5
E. +mc’ o2 gin Y
(b) The energy eigenvalue + E;, helicity (-1)
—e 02 sing
igr2 Y
Y= -
R —ep | T e "2 gin—
E; + mc? Qif/2 cosg
C € energy eigenvalue — k£, elicity (+
Th gy eig 1 (= helicity (+1



i 0
—ig/2
e J—
—¢p cos 5
2|
- Ez + mc pit/2 Sing
w = E; +mc
2E, o912 COSQ
2
e''?sin—
(d) The energy eigenvalue — E, helicity (-1)
cp —e "% gin=
2l
= - E; +mc ait/2 cosg
l//(—i) _ |[EgtMC 2
2Es —e 2 sing
2
&2 cos?
2

REFERENCES

L.L. Foldy and S.A. Wouthuysen, Phys. Rev. 78, 29 (1950).

S.S. Schweber, Introduction to Relativistic Quantum mechanics (Row, Peterson and Company,
1961).

P. Strange, Relativistic Quantum Mechanics (Cambridge, 1998).

APPENDIX



