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1. Central force problem: hydrogen atom
The Hamiltonian is given by

H=ca:p+pAmc’ +eA,

where
A=(A,AA)=(ALALA),
P =P, Py, ;) = (P, Py, P,)
J=0,3,,3)=(,,d,,J,)
a=(a'\a’a’)=(a,a,,a,)
with

A=0 eA, =eA’ =V (r) (spherical symmetry)
(a) The commutation relation between J; and H

[H.J;]1=[H.J,]=0

((Proof))

[H —eA,L]=[ca- p+ pmc’, L]
=c[p.Lla" +mc’[B, L]
=[P X Py — X, Pyl
=[P, X% P, =X, Pl +C[p,, X P, — X, Pl

h 1 h 2
ZTsza —Tcpla
h
:TC( pzal - plaz)

ch
= T(a X p)s



or
[H,L]=—ich(ax p), +[eA,,L,] = —ici(a x p),
since

[eAy, L;1=[eA,, Xp, — Y]
__X[pyaeA0]+y[px’eA0

=K o PRI oA

=0

where

A = A(r), r=yx"+y +12°

Op g On o x_yO\OA _ Xy Xy OA
X Aby A"(ayyax)ar (r r-or

Similarly

[H—eA, 2’ =[ca*p, + Amc’,2°]
=[ca"p,.2’]+[Amc’, 7]
=cp[r 2", 21+ me?[ B, 2]
= Cpk75[2k923]
=cp,y’ (2,27 +cpy (27,20
=—cpy 27,2 ]+ cpy [T, 2]
= —2icp,y 2% + 2icp, %!
=2ic(a'p, —a’p,)
=2ic(ax p),

or

[H,X*]=2ic(ax p), +[eA,,2°]
=2ic(ax p),



or
[H,§Z3]=ich(axp)3
where
=%, a=(a',a’,a’)
o' =yt =2y = %
[7°,2]=0, [8.21=0, [/.a"]1=0, {B.7°}=0
2, 21]=2izk, Yyl =3yt =ixk (i, j, and k; cyclic)
[°ZK,21]= "2 20 -2y 5k = 52k 2]
(f,a}=0 (k=1,2,3)

Thus we have
Ny . )
[H,J,]1=[H,L, +EZ ]=—ich(ax p), +ich(ax p), =0
Note that
7]
J3 - I_3 +Ez3

Similarly, we have
[H,J,]=0, [H,J,]=0.
or

[H,J]=0.

where



h
J=L+=X
2
(b) Definition of the operator K and the commutation relation [K,H]=0
h
K :ﬂZ-J—Eﬂ:ﬂ(Z-L+h)

and
[H,K]=0, [H,K?]=0

First we show that

[H,ﬂE-J]=§[H,ﬂ]

where
[H,J]=0 and [3,2]=0

((Proof))

[H,8% - J]=HB(Z -J)- B(Z - J)H
=[H,p1(2-J)+ pH,Z]-J
=-2cB(a- p)(Z-J)+2ich(ax p)-J

Here we note that
[H,B]=[ca-p,Bl=Ca-pp—pCa-p=-2[5Ca-p

[H,2]=2ic(ax p)

(@ p)(Z- D)=y (2 p)Z-J)
=7[p-J+iZ-(pxJ)]
=y’p-J+ia-(pxJ)

Then we have



[H, B -J]=-2ch[y’ p-J +ia-(pxJ)]+2ich(ax p)-J
=-20fy’p-J

:—2Cﬂ7/5p-(L+§Z)

=—Chfy’p-X
=—Chpa - p

h
_E[H’ﬂ]

where
(axp)-J=a-(pxJ)
Then we define the operator K as
h
K:ﬁEJ—Eﬁ
h
=B -J-=
B( >)
h e, h
=X L+-X" ——
B( 5 >)
=p(X-L+h)

where

J=L+EE
2

Then K commutes with H,
[K,H]=0.

This also implies that
[K*,H]=0.

28 Commutation relations (continued)
We show that

[K,J]=0



(1) [8,J]=0
i, N o
[ﬂ,Jl]—[ﬂ,LﬁEZ]—z[ﬂ,Z] 0
Gi) [BE-J,J]=0

[BE-L,3,]=[BE L+ B35 L + AL, L, %21]
=AY L+B8X°L,+BX L, L]
AT L+ AT L+ AT L0
= B3, L1+ YL, L]
FOIAE LY 1+ DAY L]
- LAY L gL, —g LAY, 22]+§ LAE 2]

= —inpY’ L, +inB Y] L, —ihL, BY° +ihL,f5’
=0

since
[8,2]=0

(i) [BE-J,J]=0

[ﬂz-J,Jl]:[ﬂ2-<L+§szl]
:[ﬂz-L,JIJ{[ﬂZZ,JI]

~2136.9,)
=0
or
[pZ-J,J]=0
which leads to

[K,J]=[B(Z-L+h),J]=0



3. K* and J

K>=p8( -L+h)p(X-L+h)
=(2- L)X -L)+2hX - L+h
=L +iY(LxL)+2hX -L+#h’
=[+hX-L+h*

since
[8,2°]=0.
We note that
h h
JP=(L+=2)-(L+=%X
( > ) ( > )
2 h 2
=L +ZZ +h2 - L

2
:L2+%+hZ-L

Thus we obtain

2
K2=J2+h—
4

Since [K?*,H]=0, we also have the commutation relation
[J?,H]=0

4. Parity operator P
The parity operator is defined by

P=pr
We show that [P, H]=0. Note that
P = Prfr = ,327[2 =1
((Proof))



[P,H]=[pr,ca"p, + pmc’]
=[pr.ca’p,]
= prcap —ca'p fr
=cfa*mp, —ca*po.x
=c(Ba* + akﬁ)ﬂpk

=c{f.a"m,
=0

5. Simultaneous eigenket
For an electron in a central potential, we can conduct a simultaneous eigenfunction of
H, K, J°, and Js,

Hy =Ey, Ky =—xhy,
Jy =nj(j+ Dy, Jy = jshy
Py =ty

since
[H,K]=0, [H,J,]=0, [H,J*]=0, [P,H]=0

We also note that
K>=J> +—
4

This implies that
2 2.2 250 hz 2/ 1 2

Ky =n"xy =[h J(J+1)+7]t//=h (J+5) 7
or

2 i 1 200 1o

Ky =[J(J+D+=-y=~+2)v

4 2

So we must have

1
=+(j+=),
=)



Note that j is a half-integer and x is an integer (xk =+1,+2,..). So & has integer
eigenvalues which are not zero.

6. Operator K
We now consider the matrix of K.

K=p8(X-L+h)

(1 0Ye-L+h 0
o -1 0 o-L+h

_a-L+h 0
) —(6-L+h)

The wave function y is a simultaneous function of K, J?, and J;,

"

Then we have

Ky =—-hxy
or
=-hK
0 —(6-L+1) \ye Ve
or
(6-L+n)y,=-hKy,, (6-L+h)yg =hKy,
or

(6-Ly,=-NMx+y,,  (6-Lys=nx-1y,;
7. Operators J’

Sy =0 j(j+ Dy



J=L+23= 2
2

L+—o 0 L+—o 0
J? =
0 L+Ea 0 L+Ea
2 2
2
(L-I—EO'J 0
_ 2
- 2
0 (L+E0'J
2
Then we get

Jz(l//AJ — (] +1)(‘//A]
Vs 4

or
nY noY
(“Eaj wa=1"j(j+ Dy, (L+56j we =1 j(j+ Dy,

8. Operator J,

h
L. +—0o 0
h 3 3 wa) . (v
‘]3'//:(L3+523)W: 2 B ( AJ:JJ{ Aj

0 L3 '|'EO'3
or
71 ) 7] )
(L3+EG3)WA:J37;“//A’ (L3+50'3)‘//3213h‘//3

9. The operator L’

Since [H,L’]#0, y isnot the eigenfunction of L’.

10



L2=Jz—hz-L—ﬁ
4

we have
2
Jz—ha-L—ﬁ 0
Lzl//= 4 Ya
) 3 \w
0 J —he-L-—-|\"8B
4
Then we get

2
Ly, = —ho- L=y,

2
:[Jz—h(o--L+h)+%]t//A

2

[+ D+ R
=171,(1,+ Dy,

where
.. 1
j(j+1)+K+Z=|A(|A+1)

Similarly,
) ) 3n’
Lyy= (" ~he L=~y

2
:[Jz—h(o--L+h)+%]a//B

hZ
=[1"j(] +1)—h21<+7]t//5
=17lg(Ig + Dy

with

. 1
j(j+l)—K+Z=|B(|B+1)

11



Thus w, and y, are separately the eigenfunctions of L’. These eigenvalues are
denoted by 1,(I, +1)%* and #’l,(l; +1), respectively.

Using these two equations, we can determine | and I for the given eigenvalue x.

((Non-relativistic case))

Spin 1/2.
n=1; 1=0
D, xD,,, =D, (4=172)
n=2; 1=0,1
D,xD,,, =D, (=1/2)
D, xD,,,=D;,+D,, (4=13/2,1/2)
n=3; 1=0,1,2
D, xD,,, =D, (4=172)
D,xD,,=D,,,+D,, (4=3/2,1/2)
D,xD,,,=D;, +D,, (4=75/2,3/2)

(a) Forj=1/2,

]
=+(j+2)=l.
K=2(]+2)

(1) k=1, la=1,and Iz = 0.
(ii) Kk=-1, Ia=0and lzg=1.
(b) For a half integer j,
e
+ 5):
.1 o1 o1
(1) K= 7’ A= % 8= )
.1 o1 .1
ii =—(j+= l,=j——= lL=j+=
(i)  x=-( 2), p=175 k=147

12



10.  Normalized spin angular function
Spin orbit coupling
DDy, =D+ D)y

For j=I1+1/2,

yi=2ds I+J3+1/2YJ3 1/2 1 n I - J3+1/2 a2 0
' T 21+1 1

1 ji-1/2
1 I+ j3+2Y

_\/2|+1 \/| . IY“H/Z

4/ J+ i+, Jsj 11//22
\/_J b J - J3 + 1Y| 131+11//22

IBE
= Yilitin

which has the parity of (-1)'""2.

For j=1-1/2,

yj:I—l/z,j3 __ I - j3 +1/2Y is-1/2 1
! Vo211 0
. /I+j3+1/2Yj3+1/2 0
241 1

1 I J3 YJ3 -1/2

\/2|+1 \/|+j3+lY|j3+l/2
2
1 ( b J - 13 YIJBJ+11//22J

LG i ALY, T

INE
= Yiljan

which has the parity of (—1)'*"/2.

13



((Note))
From the spin orbit interaction

I+m+1/2|
21 +1

I—m+1/2|
21 +1

|j=1+1/2,m)= m =m—1/2,m =1/2)

m =m+1/2,m =-1/2)

-m+1/2
21 +1

l+m+1/2
21 +1

/I+m+1/2
[i=t+1/2,m)= /l—i::/z ’
21 +1

B /I—m+1/2
; 21 +1
i=1-12.m) = l+m+1/2 |
21 +1

lj=1-1/2,m)=—|———"Z|m =m-1/2,m =1/2)

Im =m+1/2,m =-1/2)

or

((Note))

i=1/2

(-1,1/2) (0,1/2)

m=—1/2 m=1/2

0,-1/2) (1,-1/2)

14



Fig. Clebsh-Gordan diagram for

j,m) with j=1/2.m=1/2 and -1/2.

11. Radial wave functions

.1 o1 1
a For x=]+—, lLh=j+—, IlL=j-——
(a) 1+ S s s =177
g(r)y”
W: V/A = |/_A:_J-+%
4 if (I’)yjfji
.1 | .1
b For kx=—(j+—), Lb=j——, L=j+=
(b) (] 2) p=1=5 5 =1%5
f(ry””
=" iy
Ve ig(ny*>
IB:j+E
The parity of ylj’j3_ , is given by (=1)", while the parity of ylj’j3_ . is given by
A=J*E B=J+E

(=1)"= . Theses parities are different, since |, —1, =+1. The radial functions f and g

depend on x. The factor | multiplying f and g is inserted to make f and g real for bound-
state.

((Note))
VA1) = (=D, (1) = £, (1)

we(=rt)= (_I)IB wg(r,t)=Fyg(r.t)

Thus we have

(D" = (="

or

15



K:_(J"'%) IA:J_% IB:J+E
K:(J"'%) IA:J+% IB:J_%
Table-2
.1
=3
k=1, l,=1, l; =0
Kk=-1, l,=0, Iz =1
.3
1=3
k=2, l,=2, Iz =1
K=-2, l,=1, l; =2
.5
=3
k=3, l,=3, l; =2
K=-3, I, =2, l.=3

B

12.  Expression of the two-component wave function
For a fixed x [= J+1/2, or -(j+1/2)], we assume that the wave function is given by

y- (V/j oyl
ve) \ig(My;"
This function satisfies the Dirac equation given by

C(a- plys =(E-V(—mc’)y,,

Cle-py,=(E-V()- mcz)‘//B

We note that

16



o-p=—(c-r)c-r)(c-p)
=—(@-r)r-p+o-(rxp)]
=—(o-r)(r-p+ic-L)
0 .
=—(c-r)(-iir—+ic-L)
or
where

(6-r)o-r)=r"+ic-(rxr)=r’

pop O

p 1 or

7] 7] 0 1 0 1 ©
p:_v:_(r

T T 0 rsina og)
For two arbitrary vectors 4 and B,
(6-A)o-B)=(A-B)l+ic-(Ax B)
Then we get

(6-ps =i(a-p)f(Nyl*

:Lz(a . r)(—ihr£+ ig-L)f(r)y}"
r or B

R df (1-x)h .
=(a‘r)[—ha—( "ty
S

dr r

where
(6 Ly =h(k-Dys, (o Pyt* =yjh.

Similarly, we get

17



(6-py,=(c-p)ay*
= iz(a -r)(—ihr 9 +ie - L)gy,) "
r or A
=" e niir S i+ gly)?
r dr

= —[ih3—€+ i(x +1hgly”

— ihd—gylj’j3 4i (x+Dn gy
dr °® r B
where
(O-L)l//A :_h(K'i']-)l//Ay (O'ﬁ)yIJA’J“ = —yIJB’J"

13. The operator (o -F)
(a) {P,2-r}=0
with P=pfn

((Proof))

(P2 -F}={frn, X}
=pnX -r+2X-rfrx
=pX-m+ X frr

=% - i
=[p, 2]
=0
or
n(e-F)+(6-F)x 0 B
0 —2(e-F)-n(c-F))
or

n(e-r)+(c-F)r=0
where, P=pr and m+Fz=0.Thus we have

o -F is odd under the parity.

18



®) (67 =1
((Proof))

(6-F)o-F)=F F+ic-(FxF)=1
©  [3.0:#1=0

((Proof))

J, =L, +S; :L3+§a3

6-F=0,sinfcosg+o,sindsing+ o, cos

Then we can evaluate the commutation relation
R .~ h R
[J;,0-F]= [L3,0'-r]+5[0'3,0'-r]

[L,o-Fly =L(o-F)y —(a-F)Ly
= z%[(q sindcos¢+ o, sinfsin P+ o, cos )y
i
—(o,sinfcos¢g+o,sinfsing+ o, cos@) L,y
h

= T‘//%(Ul sin@cos¢ + o, sindsin ¢ + o, cos f)
|

+ (o, sinfcos @+ o, sinfsin g+ o, cos @)L,y
—(o,sinfcosg+ o, sinfsin g+ o, cos@) L,y
=—ihy(—o,sindsin g+ o, sin & cos @)

or
[L;,6-F]=iho,sinf@sing—iho, sin@cos¢

We also have

19



[503,0'-17] =—[o,,0,8infcosg+ o, sin@sing + o, cos ]

NS N

[03,0'1]sinﬁcos¢—2[02,03]sin95in¢

=iho,sinfcos¢—iho, sinfsing
Thus we have
[3y0-#1=0

14.  Evaluation of (¢-7)y}"" and (c-7)y’"

(2)
[‘]390-';]yj,j3 =0

Ia

or
[J;(e -f)]y.‘;;"-‘ = (o -ﬁ)J3y|‘;j-* = j3(o-.,¢)yliA,J;

j’jS

. is the eigenfunction of J; with the eigenvalue js.

which means that (¢ -F)y,

(b)
7o P =~(o-Pmylh = ()" (o Py}t
(o Ay =~(a- My =(=D"" (e -Fy"
leading to the relation
(@AYt =cy, (- Pyt =cy”
where C is constant. We note that
(@ P’y =cle Pyt =c’y) = ylh
since
(6-7)° =1

Then we get € ==1. Here we choose ¢ =-1.

20



(@AY, ==y.", (e-Py" =-y"

((Note)) In the non-relativistic quantum mechanics, it is well known that

7

L,m)=(=D)'[l,m)

15. Radial wave function in hydrogen atom
Now we solve the Dirac equation as

c(a- )y =(E-V(r)-mc’)y,,

or
df . (-x)Ch, i .

oo pws =-ch -yt~ U= fyhi (€ v (r) - me)gy
or

_hcﬂ_Mf =(E-V(r)-mc>)g

dr

Similarly,

(- p)y, =(E-V(N)+mc’ )y,
or

798 A+ORC o E_vry+med)f

dr r

Introducing

F(r)=rf(r), G(r)=rg(r)
then we have a radial equations,

hc(i—t—?F)z—(E ~V(r)-mc*)G

hc(%—?+§6) = (E-V(r)+mc?)F

21



We assume that V() is given by a Coulomb potential

2
vi=-2
r
We put
mc’ +E mc’ —E
1 = , aZ =
hc hc
Ze? a
=—=Z«a, = aa,r, = |2
4 . P 14, H z
where « is the fine structure constant,
92 3 1
o= h—=7.29735257 x 107, —=137.035999074(44).
C a

Then we get the coupled equations we need to solve,
d «
(—-SF ~(u-5)6=0
do p p

d «
__l__

(
do p

1G—(L+2)F =0
7

The analysis of the radial equation proceeds as usual.

p—>0,
dF _ 4G _ Jap
do ’ dp a,
4°F _ e dG _ o, o
do’ a dp o \a
Similarly,
2
d (f G
dp

22



We assume that

F=e’p’) a,p"

m=0
G=e’p°Y b,p"
m=0

We solve the problem using a series expansion method. These series forms are
substituted into the coupled differential equation. We use the Mathematica to determine
the value of s and the recursion relation. The results are as follows.

16. Indicial equation to determine the value of s

(s—x)a, +,=0
-7, +(s+x)b, =0

S—x 7y &) (0

—7 s+x)\b,) 0
Since ay and by are not zero (non-trivial solution), the determinant of the matrix should be
equal to zero.

or

S=+x’ —y°

Note that
s?=x? —y? > min(x’) -y =1-(Za)
So we get approximately S>1, or s<-1. However, we must require that

_|.|1//(r)|2 r*dr < oo

The requirement amounts to

2 5 F(n)|’ 2 2 2
flrey ear=[EOE par— [loter ~ [leo ap <

23



S <10 2o b
[larfridr = [= 2 rdr = lo(nfdr~ fl6(o) do <

Around the origin,

Then we have

2s+1

2 ~ 2s — P
[IFGo)f do~[pdp o

2o _pzs+1
[l6te) do~]p dp=2 —

So in order to get the finite value of the probability near the origin, it is required that

So we need to take

S = [K_Z_}/Z :\/(J_'_%)Z_ZZ(ZZ

17. Mathematica (series expansion method)

24



Clear["Global %"];

eql = D[F[p], o] - = Flp] - (u— ’—’) Glol;
) )
eq2 = D[G[p], p] + = Glpo] - (l + I) FLel;
P L P
( ( 10 \
rulel = {F-> Exp[-#] #° ZA[k] 7 &)};
\ \k=0 /
( ( 10 \
rule?2 = {G—> Exp[-#] #° ZB[k] # &]};
\ \k=0 /

eqll=eql /. rulel /. rule2 // Expand;
eq2l=eqg2 /. rulel /. rule2 // Expand;
eql2 = eqll Exp[p] ¥ 7/ Simplify;
eq22 = eq21 Exp[p] 0% 7/ Simplify;

Determinastin of s

25



listl = Table[{n, Coefficient[eql2, p, N1}, {n, O, 2}] //
Simplify;

listl // TableForm

0 sA[0] -xA[0] +yB[O]

1 -A[0] + (L+s-x) A[1] -uB[O] +¥B[1]

2 -A[1l] + (2+s-xkx) A[2] -uB[1] +¥B[2]

list2 = Table[{n, Coefficient[eq22, p, N1}, {n, O, 2}] //

Simplify;
list2 // TableForm

0 -y A[O] + (s+x) B[O]

1 —A—H@l ~vA[1] -B[0] +B[1] +SB[1] + xB[1]
2 A1)+ (-y A[2]-B[1]+(2+s+x) B[2])

U

Determination of recursion formula
gq+3

rule3 = {F—> Exp[-#] #° Z A[n] #"| & };

q+3 \
rule4 = {G-> Exp[-#] #° B[n] #"| & };
n=q-3 ),

eql3=eql /. rule3 /. rule4 // Expand;
eq23 =eq2 /. rule3 /. rule4 // Expand;
eql4 = eql3 Exple] o*9° // Simplify;
eq24 = eq23 Exp[p] p* 9% // Simplify;

list3 =Table[{n, Coefficient[eql4d, p, N1}, {Nn, 2, 4}]1 //
Simplify;
list3 // TableForm

2 -A[-2+q] + (-1+g+s-x) A[-1+q] ~uB[-2+q] +¥B[-1+q]
3 -A[-1+q9] + (@+s-x) Alq] -~uB[-1+q] +¥B[q]
4 -A[q]+(1+qg+s-x) A[l+q] -uB[gq] +¥B[1+q]

26



list4 = Table[{n, Coefficient[ eg24, p, n]}, {n, 2, 4}]1 //
Expand; list4 // TableForm

> ~2l2mal o A[-1+q]-B[-2+q] -B[-1-q] +qB[-1+-q] +sE
3 -2l _yA[q] -B[-1-q] -gB[q] - sB[q] +xB[q]
4 _2lq] -y¥A[l+qg] -B[g] +B[1l+qg] +gB[l+qg] +sB[l+qg] +k

sql = Coefficient[eql2, p, 0];
sqg2 = Coefficient[eq22, p, 0];

D[sql, A[0]] D[sql, B[O]]
ML= \b[sq2, A[0]] D[sqz, B[0]] )’ Pt

2 2 2
s° +y -k

18. Recursion relation

(1) The second recursion relations

(s+1-x)a, —a, + b, —ub, =0

(S+1+K)b1—b0—7/al—la0:0
7

(i1) The recursion relations (the general case)
(S+q_K)aq _a‘q—l +7bq _/“lbq—l =0
1
(s+Qg+x)b, —b, , —a, —;aqfl =0

The functions F and G would increase exponentially as p — oo if the power series do

not terminate. Assuming that the two series terminates with the same power, there must
be exist n, with the property. For q = n,, we assume that

a, ., =b,,, =0, a, #0, b, #0
Then we get
a, =_ﬂbn (1)

From the recursion relation (in general)
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(s+g-x)a, +pb, =a, , +ub,
HI(s+q+i)b, —ra,] =2, + b, ,
we get the relation
HI(s+q+K)b, —78,]=(s+q-K)a, + b,
or
[(s+Q+K)—yI0, =(s+q—K+py)a,. 2)

or

q ¥ 1
S+Q+x—— —(S+qQ-K)+y
HoH

for g =n,, N.y, ...,0.

19. Derivation of the energy eigenvalue
From Egs.(1) and (2) with q=n,, we have

[u(s+n, +x)=yIb, =(s+N, —Kk+uy)a, =—p(S+n —x+uy)b,

or

[,u(S+nr+K)—}/]=—,u(S+nr—K+,u]/)
or

s+n =y _,uz 7(051_052)

r Yz, 2\,

or

2Jana, (s+n)=y(a,—a,)
Noting that
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e

2E m?c* —E?

we have the energy eigenvalue as

Jm’c* —E*(s+n,)=7E

or

2

mc mc
E = =

2 2 2
\/1+ 4 5 1+ Za 0
(0 +5) [n—(j+;)+\/(j+2)z—zza2f

This is famous fine structure formula for the hydrogen atom. The quantum numbers j and
N, assume the values

j=L33 n=0,1,2,3,..
27272

The principal quantum number n of the nonrelativistic theory of the hydrogen atom is
related to n, and j by

n:j+l+nr
2
n:
1
n=0, J=—
=3
(1=0, s=1/2) j=1/2 12Sin K=-1
n=2
3
n=0, J=—
1=3
(=1, s=1/2) j=32 2Py K=-2
1
n=1, J=—
173
(=0, s=1/2) j=1/2 2281 Kk =-1
(=1, s=1/2) j=12 2°Pin k=1
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5
n=0, ] >
(=2, s=1/2 j=5/2 32Dsp) Kk =-3
.3
n=1, ] >
=1, s=12 =312 3 2P3))
(=2, s=1/2 j=32 37Ds)p)
o1
n=2, ] 5
1=0, s=1/2 j=12 32S1)
(=1, s=1/2 j=12 3%Pp)
Table-2
1
173
k=1, =1
k=-1, | =
.3
173
K=2, | =
K=-2, =1
.5
173
k=3, =3
Kk=-3, =2
Table 3 Notation in the nonrelativistic case
n=1
=0, s=1/2 j=1/2 12S1
n=2
=0, s=1/2 j=1/2 2281
=1, s=1/2 j=32 2°Ps,
=1, s=1/2 ji=12 2Py,
n=3
=0, s=1/2 j=12 381
=1, s=1/2 j=3012 3 %P3,
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=1, s=1/2 j=112 3Py,

=2, s=1/2 j=5/2 3?Dsp
=2, s=1/2 j=312 3Dy
20. Energy levels
The energy AE
2
AE = me —mc’
Z'a’
1+

o1 A B 2 22
n—j—— - -Z
(n—] 2+\/(J+2) a’)

can be expanded by using a Taylor expansion in a power of Z’a’.
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E=mc

En (hydrogen atom)

messmcascssscss==== =

Fig. The energy levels of electron in the hydrogen atom (in the relativistic quantum
mechanics)

Using the Mathematica, we have
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AE = E — mc?

2 20¢ s _
__ mc2 (Za) + mc- (6] +_3 48n) (Za)' +
2n 81+2j)n
mc’ mc” 1 3
=— Za) — Zo) (—— ) +...
2n2( ) 2n3( ) 4n)
J+5

The first tem is the non-relativistic limit

m _13.60572°
2

c’ -
ye: (Za)™ = [eV]

The second term is the relativistic correction to AE.

The principal quantum number nare n =1, 2, 3,4, ... and j+1/2<n. There is the
degeneracy between 2 281/2 ans 2 2P1/2.states (similarly 3 281/2 ans 3 2P1/2, 3 2P3/2 ans 3
Dsp) persists in the eaxct solution to the Dirac equation. This degeneracy is lifted by the

Lamb shift due to the coupling of electron to the zero-point fluctuation of the radiation
field.
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0.1082 ¢cm™!
S —————————— 331"2 _L.-.-....-..—.. 3p”2
5_; —— 2P3;2
1.89 eV = 15,000 cm™!
f
0.3652 em™1
—_—— 2 — 2Py

0.0361 cm!

3Dy,

3Dy,

Fig.  Detail of an energy-level diagram for the hydrogen atom. The manifolds of the n
= 2 and n = 3 levels are shown, based on the Dirac theory, without radiative
corrections (Lamb shifts) or hyperfine splittings. The energy differences are given
in the units of cm™. 1eV = 8065.56 cm™. ((Merzbacher, Quantum Mechanics)

((Mathematica))
The energy is in the units of cm™; E(erg)/(27AcC) .
1 eV =8065.56 cm™
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Clear["Global *"];

rulel = {c »2.99792x 10", n > 1.054571628 107,
me »9.10938215 107, eV » 1.602176487 x 107,
a - 7.2973525376 x 10, Z » 1};

EO = - me c?;
1+

2
, 1 - 1\2
[nl—]1—§+\/ (11+§) -72 az]

1leV
2nhAcC

8065.56

//- rulel

Series[EO, {a, O, 4}] //
FullSimplify[#, {J1>0, n1>0}] &

(c*meZ®) o® c2me (3+6j1-8n1l) Z%a
+

2 n1? 8 (1+2j1) n1*
El[n ,J ]1:=EO0/ (2mac) /. {nl->n, jJ1->73} //-rulel

1+ 0[a]®

E1[3, 5/2] - E1[3, 3/2]
0.0360719

E1[3, 3/2] -E1[3, 1/2]
0.108219

E1[2, 3/2] -E1[2, 1/2]
0.365241

E1[3, 1/2] -E1[2, 1
/2]

15241.6

21. Wave function for the ground state
Suppose that n, = 0. Then we have
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a=b=0, a =0, b, # 0
From the recursion relation,

~ 8, 4o, =0
or

a, = —4b, (D
From the indicial equation

-8, +(s+x)b, =0 )
Using these two equations, we have

& _StK__
b, YV

where
7 <M
Then we have
S+x<0 and  0<s<lx]

or
Kk<-5<0

The absence of the x>0 state for n, = 0 corresponds to the familiar rule in relativistic
quantum mechanics.

Ground state:
1
n=j+—+n,
2

withn=1.n,=0,j=1/2.
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with

2 m 2
E= — ¢ =mc*\1-2%* (ground state energy)

: 2%’ \/ 1
7% 1-2%a?

a_ _ mc+E _ 1+41-Z%a" 2
h, Vmc-E Za Za

r
—lﬁﬂL=%?aay.

P he

Jaa, = \/(mc2 —E)mc + E) =+/m%c* — E2 = mc?(Za)

K‘=—(j+%)=—l since j = 1/2.

1

S:\/Kz—y/z :\/I—Zzoz2 x1-—-2%a’

Then the radial wave function of the ground state are given by

and

f(ry=a, —“(Mlze“’pS
Yo,

=ay oo, p’

1
— 2(7 -p 7522052
amc (Za)e”’p
1

_172,2

— A)e_pp 2
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9(r)=b, Y= e p’
Jo,

=b,yJa,a,e " p*

1,2 o
=b,mc*(Za)e " p 2
1oy »

= —%aomcz(Za)ze‘pp 2

1oy o

——@aAep

with

Za
A =a,(mc’)Za, b, = —Tao

The upper component f(r) is very similar to the non-relativistic wave function except for
120

an enhanced (singular) part at small p which goes like p 2 . This singularity is very

weak, and the solution is still integrable near the origin. The lower component g(r) is very

much smaller (by a factor of %Za) than the upper component. Thus the relativistic

solution differs from the non-relativistic solution only to the order of Za, or at very short
distances.

((Note)) The radial function for the ground state in the non-relativistic theory

22°% - me i
RIO = a3/2 € 22(7)3/2(20{)3/28 r
with
_1z :%me2 = r(Zoz)m
a =& /]
where
2
a= o (Bohr radius) ,
zZ_me,
a h
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22. Heisenberg's principle of uncertainty
In the Dirac theory,

2

H =Ca-p+ﬁmcz—ZTe

From the Heisenberg's equation of motion, we get the relations,

1
a=—v

c
SH + HB =2mc?

When
mc* 1 v?

2 < H >=2mc’, = - 1-L
P P E /4 c’

The Heisenberg's principle of uncertainty:
Ap,Ar = 7

((Special relativity))
p=ymy, Ezymczzc\/Wer2

with

So we get the Hamiltonian

2

H zv-p+mczl—Zi
y or

=7mv2+mc21—z—ez
y oor

2

Ze
=Cyp’ +mc’ ——
r

Note that
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v-p+mcz—:v';/mv+mc21
v

Y
2 2
mv v
= +me?,1-—
v’ c
I-=
c
~mc’
V2
-7
c

= m’c+cp

We now consider the Hamiltonian given by
2

H =c4/(Ap,)” + m°c? —Z7eApr

We take a derivative of H with respect to  Ap,

0 CAp, zZe’
= — = O
a(Ap,) \/(Apr)z +m*c? h

Then we get

CAp, _ Ze?
J(@ap)* +mc® 7

or

(Azlor)2 — =(Za
(Ap,)” +m°c

From this, (Ap, )’ can be obtained as

(- 22

mcZa
1-(Za)
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From the relation Ap,Ar~#n we get

Arzi: £ 1—(Za)2z i
mcZo mcZo

Then the local minimum of H is given by

H =mc*|1-(Za)’

which is exactly the same as the value of Egoung in the relativistic theory.

23.  Determination of Cq (a4, bq)
We derive the recursion relation for Cq fro the relation

(s+q-x)a, +pb, =a, , +ub,

c - a, _ b,
q 4 1
S+q+x—— —(S+Qq-x)+y
uoH

From these equations we get

Y- )+ 2s+q-1)
7

q q-1

q(2s+0q)

where

For g =n+1, Cq = 0. Then we have
1
y(=—)+2(s+n)=0
7

Finally we get the recursion formula,

:2(s+q—1)—2(s+n,)c
q(q+29)
_2@-1-n)
q(q +29)

C

q q-1

q-1
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Forq=1,

2(—n
Clz ( r) 0>
11+ 25)
Forq=2,
_ 2(1_nr) C
> 2(2+2s) !

_20-n) 2(-n)
2(2+2s) 1(1+2s) °
:2%—Uﬂymr—uc
2(1+25)(2+2s)

For q =3,
— 2(2 — nr) C
> 3(3+2s) °
— 23(_1)3 nr(nr _1)(nr — 2) C
31(1+25)(2+25)(3+2s) °
In general

— 2k(_1)k[nr!/(nr _k)']
KT KI1+25)(2 +25)...(k +25)

where

C — aq — bq

1
S+g+x—— —(S+Q-—-x)+y
y7;
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APPENDIX I
Klein-Gordon equation

((Problem))
The relativistic wave equation for bosons of rest mass m may be obtained by the relation

E2 — pZCZ + m2C4
through the identifications

E—)ihg, p—)ZV
ot i

(a) Obtain the wave equation relevant to bosons of rest mass m. This equation is
called the Klein-Gordon equation.

(b) What form does this equation assume for photons?

(©) Suppose that the wavefunction is independent of time t. It depends only on .
Using the spherical co-ordinates; {r,8,¢}, find the differential equation for the

-r/a

wavefunction w(r). Show that y(r) has the form of w(r)=A , where A
r
and a are constants. We assume that | = 0.
(d) Find the expression for the characteristic length a.
(e) Use this equation to show that there is a local conservation law of the form
ot
with
. h * .
J=—=W Vy—-yVy ).
2mi
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Determine the form of p(r,t). From this form for p, give an argument for why
the Klein-Gordon equation is not a good candidate for a one-particle relativistic
wave equation in plane of the Schrodinger equation, for which p =y v

((Solution))

(a)
We start with

E’y =(p’c’ +m’chy,
with

E —>ih2, p—>ZV
ot I
Then we have
2

—-n’ %l/l =-hc’Viy+micly

or

, 1 82 mzc2

o’ w

v (Klein-Gordon equation)

(b) For photon, the mass m is equal to zero. Then we have the wave equation as

182

% atz1//—0

(c) Suppose that the wavefunction is independent of time t. It depends only on r.

10 0 202
—(—r =
rar(ar W)=
u
We assume that W=—.
r
d2 2C2
u(r) =—;— U(r)——u(f)

Then we have the
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-r/a

u=Ae

or

(d)

a is the characteristic length and is defined by

a=—.
mc

(e) The current density is given by

J=T(l// Vy—-yVy )
mi

V-j=%[v(w*w>—v<wlxx*)
mi

h * * * *
=—(Vy -Vy+y Viy-VyVy —yVy')

2mi

h * *
=— (' Viy-yVy)
2mi
Using the equation of continuity, we have

a . h * *
DL Vo= V-V )
ot 2mi

We use the Klein-Gordon equation

1 6° m?c?
Tt

Vi v, Vi

Then we get
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op  h 10> m¥’ 82 m2c2 .
A m Gavt e Y Vi eV V)
3 h (*82 0’ 8
2m 4 atzl// '//atzl//
h 0
B 2mC|at( —W l'”atl//)
Thus we have
_in ( g 0 8
P me? v at‘// ‘//at‘//
Suppose that
« O ]
—y=a+i
vV p

where « and f are real. Then we have

0 .
=a—I
"”at‘” B

Then we have

fa+if—(a—if) = 2ip = -

2mc 2mc? mc

p:

When g >0, the probability density could be negative, which is inconsistent with the

requirement that p should be positive. In this sense, the Klein-Gordon equation is not a
good candidate for a one-particle relativistic wave equation in plane of the Schrodinger

equation, for which p=y 'y
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