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Paul Adrien Maurice Dirac (8 August 1902 — 20 October 1984) was a British
theoretical physicist. Dirac made fundamental contributions to the early development of
both quantum mechanics and quantum electrodynamics. He held the Lucasian Chair of
Mathematics at the University of Cambridge and spent the last fourteen years of his life
at Florida State University. Among other discoveries, he formulated the Dirac equation,
which describes the behavior of fermions. This led to a prediction of the existence of
antimatter. Dirac shared the Nobel Prize in physics for 1933 with Erwin Schrodinger, "for
the discovery of new productive forms of atomic theory."

http://en.wikipedia.org/wiki/Paul Dirac

The Dirac delta function &X) is a useful function which was proposed by in 1930 by
Paul Dirac in his mathematical formalism of quantum mechanics. The Dirac delta
function is not a mathematical function according to the usual definition because it does
not have a definite value when X is zero. Nevertheless, it has many applications in physics.

1 Dirac delta function

When f(x) is a well-defined function at X = X,
[80c=x) F(0dx = (%) [5(x=x,)dx = ().

The Dirac delta function 6(Xx —X,) has a sharp peak at X = Xo.

O0(X—%,) =0 if x# X, and +oo if X=X,



and
J5(x— X,)dx =1.

o0(X—X,) 1is a generalization of the Kronecker delta function.
2 Principle properties of the Dirac delta function

1. o(X)=0(—X).

2. 5(ax)=i5(x) (a=0).

e

3. oS[g(x)] = Z| S(X—X.).

()|

where g(x,)=0 and g'(X,) # 0. Note that g(x) = g(x,)+ g"'(X,)(X—X,) = g"(X,)(X—X,)
around X = X, .

SL(X = X,)]

s[9(x)]= 5[29 (X)X =X;)]= 25[9 (X)X =X)]= Z FICA

4. Xo(X)=0.

5. f(x)o(x—a)= f(a)d(x—a).

6. j5(x—y)5(y—a)dy:5(x—a).
7. S(X) = L I e™dk . (Fourier transform)
2r 7

((Note)) The formula (7) is extensively used in physics.

3 Derivation of (1) o(X) = d(—X)
I = T&(x) f(x)dx = f(0).

By putting that y = -x, dy = —dX,



1= [5x0F00dx= [5() T -y)(-dy) = [53) T-ydy = F(O)=1,.

Thus we have

o(—X) =0(X).
4 Derivation of (2) 6(ax) = éé(X)
(1) For >0, we put y = ax.

I, = TCS(aX)f(x)dx: T(S(y)f(l)ﬂ
o0 b a a

~ L =L [500 (00x
a a

Thus we have o(ax) = éé(x) .

(i1) For a<0, we put y = ax.

1, = T&(ax) f(x)dx = fa(y) 1Y
2 J a a

0

- _J‘é‘(y)f(l)ﬂ - 1 f(0) = _1 j§(x)f(x)dx
a a a a:,

Thus we have d(ax) = —§5 (X). Combining (i) and (i1), we get the final result:

1

@

o(X).
5 Derivation of (4). X6(x) =0

I = Tx&(x)f(x)dx:Of(O):O.

6 Example of 5[g(x)]= Zma(x —X.)



(i 5[(x—a>(x—b)]=@[5(x—a)+5(x—b)].

where a-b=0.

((Proof))
g(x) =(x—-a)(x-b),
g'(x)=2x—a-h,

then

o[(x—a)(x—b)]=——[d(x—a)+5(x—D)].

o~ b|
Another method to derive this equation is as follows.

5[(X—a)(X—b)]—[5[(a b)(x —a)]+ o[(x —b)(b—a)]]
[0(x—a)+o(x—D)]

“Ja-i] —bl
(i)  S(Hx—-+a)=2vas(x-a).
((Proof))

5(&_@:5&;;%):5

()2(:/;} =2+/as(x-a).

(i) o(Hx-a)=0.
((Proof))
g(x)=+vx-a, 9'(x) =

1
24UX—a ’

0(9(X)) =——=d(Xx—a)=2vx-al._, d(x-a)=0.

9 ( )
(iv) S(Wx-a*)=0.



((Proof))

g(x)=vx*-a’, 9'(X)=\/X2X_7’

S(Wx*—a’) :Lé(x—a)+;5(x+a)
9'(2) l9'(-a)|

2 2 2 2

X" —a X" —a

o(x—a)+

[xa lis-a

o(x+a)=0
7 Derivative of the Dirac function

1. T5(m)(x) f(x)dx = (=)™ f™(0).

2. SM(x) = (=1)" 5™ (=X) .

3, [o™(x=y)s™(y—aydy = 5" (x-a).

4. x"8™(x) =0.

5. T&'(x)f(x)dx:—Té(x)f'(x)dx:—f'(O).
6. 0'(X) =-0"'(—X).

7. Ioa'(x— Y)S(y —a)dy = 8'(x—a).

8. X0'(X) =—0(X).

9. X’6'(X)=0.

10.  &'(X)= iikei“dk .

8 Derivation of (1) Ta“"(x) f (x)dx = (=1)" f ™ (0)

—00



Tcs(m)(x) f(x)dx = (=)™ f™(0).

—00

((Proof))

T§<m>(x) f(x)dx = (=)™ T5(X) f™(x)dx = (=)™ £™(0).

—0o0

((Note)): in quantum mechanics, we use in general,

]E f(m)(x)g(x)dx — (_l)m 'T f(x)g(m)(x)dx >

—00

since f™(—0)=f™(0)=g"(~0)=g"(0)=0 forn=0,1,2, .....
9 Derivation of (8) Xd'(X) =—0(X)

X8'(X) = =5(X)
((Proof))
T x8" (0 f (0dx =[xt )0, —Té(X)%[xf (0]dx
= —_T SO () + x% f (x)]dx
= —T5(X)f(x)dx

10 Properties of Dirac delta function (Mathematica)



Clear["Global %"]

rDiracDelta[x] dx

1

rf[x] DiracDelta[x -a] dx // Simplify[#, a> 0] &

Tla]

rf[x] DiracDelta[-x] dx

f[0]

rf[x] DiracDeIta[g] dax // Simplify[#, a>0] &

af[0]

rf[x] DiracDeIta[g] dax // Simplify[#, a<0] &

Abs [a] F[0]

rx DiracDelta ™ [x] dx

-1

rf[x] DiracDelta” [x] dx

- 10]

rf[x] x DiracDelta” [x] dx

-F[0]



rf[x] DiracDelta ™" [x] dx

7 10]

Table[{n, rf[x] D[DiracDelta[x], {X, n}] dlx}, {n, 1, 10}] // TableForm

© 0 ~NO O~ WDNFKF
|
-h
C

10 10 [0]

rf[x] DiracDelta[(x -a) (X -b)] dx

T[a] + T[b]
Abs [a - b]

jwf[x] DiracDelta[ (x® - 1)] ax

T[1]

3

jwf[x] DiracDeIta[(x2 -4x +3)] dx

} [l f[3

5 (T1] +T[3])

rf[x] DiracDelta[Vx -+a]dx//Simplify[#, a>0] &
2/ a f[a]

11 Representative of Delta function
Representative as the limit of a kernel of an integral operator



. 8()=—re™  (N—>ow). (Gaussian)

N

2. o(X)=lim l% (Sinc sequence)
-0 V4 X

1 1—cos(#X)
— .

3. o(X)=lim (Sinc squared)

sl S /)

4. o(X) = liml( 5 d 5 j (Lorentzian, or resonance)
0\ X"+ &

5. 6(x) =lim E(x+&)=EX).
£ ((,‘

where E(X) is the unit step function

E(X)=1 if x>0 and 0 if x<0.

E(x)

6. 276(X) :1+i2cos(nx).

n=l1

7. 276(X) = iemx,

8. 275(x) = [e*dk .

9. o(X) = Tcos(kx)dk .

—00

12 Gaussian



0,(X)= (N — o0)

L e’nzxz
Nr o
((Mathematica))

Clear["Global " %"]

f[x , n ] := - Exp[—n2 x2]

- a T
Integrate[f[x, n], {X, -, »}, Assumptions -» {n > 0}]

1

fl = Plot[Evaluate[Table[f[x, n], {n, 200, 1000, 200}]1],
{x, -0.005, 0.005},
PlotStyle -» Table[{Hue[0.2 1], Thick}, {i, 0, 5}],
PlotPoints -» 100,
PlotRange » {{-0.005, 0.005}, {0, 700}},
AxesLabel -» {"X", "6, (X)"}]1:

2 =
Graphics[{Text[Style[''n = 200", Red, 10], {-0.0001, 110}71,
Text[Style[™ 400", Yellow, 10], {0, 220}],
Text[Style[" 600", Green, 10], {0, 330}],
Text[Style[" 800", Blue, 10], {0, 450}],
Text[Style[" 1000", Purple, 10], {0, 560}1}1;

Show[fl, 2, PlotRange -» All]
on(x)

0

_m—

/

—0.004 —0.002 0.002 0.004

Fig.  nis changed as a parameter; n = 200, 400, 600, 800, and 1000.

10



13 Sine sequence function

5(X) = i L SInOX)
X

n—o g7

The sine sequence function at an finite value of 7, has a peak (7/m) at X = 0, and becomes
zero at X = 7/ n.

o(x)

Fig.  nis changed as a parameter; 17 = 500,7700, 900, 1100, 1300, and 1500.

14 Lorentzian
5 on=2_1 (N — )
" zl+n’x*’

11



—0.004 ~0.002 0.000 0.002 0.004
Fig.  nis changed as a parameter; n = 200, 400, 600, 800, 1000, 1200, 1400, and 1600.

15 &sequence function
A step function with the height n and the width (1/2n) centered at X = 0.

i
n
- X
“1/2n | -1/2n
16 Proof
.1 sin(nx
Here we show that &(x) = hm—M.
n>® X

using the knowledge of the Fourier transformation.

((Proof))

Using the formula derived from the Fourier transform, we have

12



n—>0 n—>0

© n n
276(X) = j e™dk = lim [e*dk = lim 2| cos(kx)dk = mésm(nx),

-n
or

S5(x) = lim SR0X)
7—>®© JIX

((Note))

lim S0 _ 5% .

—>®© X

This implies that
|=I%X’7X)dx=j7z5(x)dx=7z. (17— )

We put y = x. Then we have

_Toosinpx)  pdysin(y) o, osiny
R I L

n

which is independent of 7 and is equal to 7. Note that

]'idysinTy: Tdy(cosy;isinyJ:leyﬂ‘

Using the Cauchy theorem, we calculate j dx—,

—00

13



C2

\01/ )
|
-

Consider the path integral

o0

eix eiz eiz . .
Pj de +jcl—dz + LZsz =27Res(z=0)=2m.

The contour integral around the path C,: (z = Re'’)

eiz ﬁRele i n . o n . )
. —dZ :j — idébl(Re ) — J‘id&l(RcoseﬂRsmﬁ) — ijd&chosHe—Rsme N 0,
2 Z 0 Re 0 0

The contour integral around the path C: (z = &'?)
[

J.c idZ = j).%:‘gidébi(mig) = __Tid&i(gwse”gsm‘g) =1 j).de =iﬂ-’

T

or
0 ix o]
. sin X
P|—dx=n=i I dx ,
2 X i X
or
Tt sinX
J dx =
—o0 X
17 Fourier transformation-I

Fourier transformation and inverse Fourier transformation (definition)

14



F(k) = ﬁ [ fo0e™dx,

f(x)= ﬁ [ F e dk.

From these definitions, we have

0

[ 1@ = 100,

—00

or
L Tavaikc— _ 17

f(x)= ZI def <§)L dke™ ™) = EI d&f (&)276(E - x)

or
1 7.

S(E—x)=— [e™™Mdk.

(&-X%) 27[_[0
18 Fourier transformation II

We consider the Fourier transform of (X —¢).

pike

F(k) :ﬁ j(s(x— £)e*dx = ﬁ

The inverse Fourier transform is

1 7 . 1 5 1 .
O(x—&)=—— | Fk)e™dk = —— | ——e™ e ™dk =
(x=¢) N2 J; ®) N2 '[O\/27r
19 Fourier transform II1

We consider the Fourier transformation of f(x) = 1.

F(k) = \/__[e'kxdx_ Ferﬁ(k) V278(K),

or

1 Tei“x-@dk .
ﬂ- —00



[edx=275(k),

or
[e*dk = 275(x),

20 Definition of the Dirac delta function
((Mathematica))
Clear["Global *']
FourierTransform[1l, k, x] // Simplify

V27 DiracDelta[x]

21 Shape of the step function
The derivative of the step function H(X) with respect to X, yields the Dirac delta
function.

H'(X)=d(x),

where H(X) = 1 for x>0 and 0 for x<0.

H[x]
1.0

0.8

0.6

0.4

0.2+

L L Lox
-1 1 2 3

In other words,
H(x) = j S(tydt.

We choose the Gaussian delta function.

16



n 242

5,0 =——e" (n—0)
Jr
Then we have
1
H,(x)= E[l +erf (nx)]
where erf(X) is the error function.
H(x)
1o}
08|
0.6/
7o)
2l
n= 250:
-0.02 -0.01 0.01 002

Fig.  nis changed as a parameter; n = 250, 500, and 750.

22 Shape of &'(X)
We consider the shape of J(X) using the Gaissian delta function

n?x?

8,(x) = (n—>)

n _
—¢€
Jz
The derivative of J,(X) with respect to X is given by

n

N

5. (X)=——e"* (=2n’X). (n—w)
This function has a odd function with respect to x and has a local maximum (= n*, /i )
er

1
at X=——F+7

Jan'

17



5n'(%)/10°

0 10}
4 I
5t
306 F
200
T .
—0.004 ~0.002 0.002
—05]
~1.0}

Fig. nis changed as a parameter; n = 100, 200, 300, 400, and 500.

APPENDIX Mathematrica

Properties of the Dirac function
from Michael Trott's book

rulel =
{f_[x_] Derivative[v ][DiracDelta][x ] = (-1)” Derivative[v] [F][x] DiracDelta[x],
DiracDelta[x_-c_ ] f [x ] =» f[c] DiracDelta[x -c], x"-" DiracDelta[-c_+x_] =»c",
x_"n_. Derivative[v ] [DiracDelta] [x ] =
(-1)”n v1/ (v - n)! Derivative[v - n][DiracDelta] [x]

}

{f_[x_] DiracDelta®™-) [x_] = (-1)" ") [x] DiracDelta[x],
DiracDelta[-c_+x_] f_[x_] » f[c] DiracDelta[x -c], x"- DiracDelta[-c_+x_] = c",
(-1)" v DiracbDelta®™ ™ [x] }

x_"-- DiracDelta®-) [x_] =
(v-n)!

eql = F[x] DiracDelta®[x] /. rulel

-DiracDelta[x] f [X]

eq2 = f[x] DiracDelta®"[x] /. rulel
DiracDelta[x] ' [X]

eq3 = f[x] DiracDelta"""[x] /. rulel

_DiracDelta[x] £ [x]

18



Technique of pure function
F = Function[{x}, Cos[x]]

Function[{x}, Cos[X]]

FIx]
Cos [X]
G= Function[{x} , X4 -x? . 1]

Function| {x}, xt o x? 4 1]

G[X]

1—x2+x4

G [x]

2x+4%3

G [X]

—24+12 %2

eqll=eql /. F-G

- (72x+4x3) DiracDelta[x]

eql2=eql /. F-F

DiracDelta[x] SIin[X]

19



eq3l=eq3 /. TG

-24 x DiracDelta[Xx]

X DiracDelta”[x] /. rulel

-DiracDelta[Xx]

f[x] DiracDelta[x -b] /. rulel
DiracDelta[-b + x] f[b]

h[x] DiracDelta”[x] /. rulel

-DiracDelta[x] h'[X]

x*D[DiracDelta[x], {x, 4}] /- rulel

24 DiracDelta[Xx]

x? D[DiracDelta[x], {X, 2}] /- rulel

2 DiracDelta[Xx]

h = Function|[{x}, x4 -3 x3 +2x]
Function| {x}, x4—3x3+2x]
f[x] D[DiracDelta[x], {x, 3}] /- rulel /. f->h
- (-18 + 24 x) DiracDelta[X]
Comment

(x*-3x%+2x) D[DiracDelta[x], {x, 3}] /. rulel
(2x-3 x3 ¢ x4) DiracDelta® [x]
x3 D[DiracDelta[x], {x, 3}] /. rulel
-6 DiracbDelta[Xx]
23 Delta function in the spherical and cylindrical coordiunates
How is the delta function represented in curvilinear coordinates? First we refer to the

basic integration property

j5(r—r')d3r =1

20



when r' is in the volume V. We also recall that

a Xa s A
dr= mdqldqqug = hyh,h,da, dg,dd, = h(q)da,dg,da,

where Jacobian determinant is defined as;

OX  OX OX

oq, 0oq, 0d,
o(x,y,z) |oy oy oy

h(a) =
a(qbqZ,qS) aql 8q2 8q3

0z 0z 0z
oq, aq, 00,

Accordingly, we must have

5(r—r')=ﬁ5(ql 4,960, ~6,76(q, ;")

(a) Spherical coordinate

1
r’siné

= %25“ —r")d(cos@—cosb")o(p—¢")

o(r—-r'") =

o(r-r)o(@-6)0(p—¢")

1
= r—25(Ir —r)o(u—u")o(p-9')
where 1 =cosé, since

0(cos@—cosf")=0[(0—-60")(—sinb')]
1
sin @'
1

sin @

50—

0(0-6")
(b) Cylindrical co-ordinate

o(r-r')= %5(/0—,0')5@5—(/5')5(2 ~17')

21
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APPENDIX

Derivation of Green’s function
5 1
V™ —=—-475(r),
r

where

r=(x,Y,2), r={xX’+y’ +2°.

We consider a sphere with radius £(& — 0)

jdrV-V%:jdrA%:jda-v% :J.da(n-V%)

where
r=yx>+y +12*, n:E:er:(i,l,E), da =nda
r rrr
and
1 r 1 1
Vo=t nV—=Ff(-—)=——
r r r ( r3) r?

V. V(l) =0 except at the origin.
r

We now consider the volume integral over the whole volume (V - V') between the surface
A and the surface of sphere A' (volume V', radius ¢ — 0). We note that the outer surface

and the inner surface are connected to an appropriate cylinder.

22



11

Since V- V(l) =0 over the whole volume V - V' we have
r

Using the Gauss's law, we get

1 1
VjV'drvv?:Vjvvdrsz

=jda(n-vl)+jda'(n'-vl) =0
A r A r
or
1 1 1
[da(n-v—)=—[da'(m'v-)=[da'(n-v-)
A r A r A r
where n'=-n=—f and dr is over the volume integral. Then we have
1 1 , 1
[da(n-v )= [da(-—=) =—4ne’ = = -4z =—4x [ drs(r)
A\ r r &

Using the Gauss's law, we have

23



J;da(n : V%) = J dr(V- V%) = —4rx J dré(r)

or
1
A? =—-475(r).
or
AG) =-5(r)
4’ '
((Mathematica))

Clear["Gobal ""];

Needs['"VectorAnalysis "]

SetCoordinates[Cartesian[Xx, Yy, z]]

Cartesian[Xx, Yy, 2]

rl={x,y, z};r =Vri.rl

\/ X2 +y2 + 22
1

Grad[—] /7 Simplify
r

{_

X

V4

(Xz +y2 +22>3/2 T

1
Laplacian[—] // Simplify
r

0

(x2-+y2-+22>

327

24

(x2+y?+z

2>3/2}



