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Here we present the properties of Dirac matrices. The manipulation of the matrices can
be expressed using the Mathematica. All the notations including the contravariant and
covariant tensors, which are conventionally used for the special relativity and general
relativity are presented in the other chapter. With the use of the Mathematica program
which is prepared here, it is possible to calculate any kind of the combination of Dirac
matrices such as the commutation relations. We use the following notations in the
Mathematica program
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The metric tensor is defined by
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The contravariant vector is described by
X" = gﬂV X,

The matrices & and £ can be expressed in terms of the Pauli spin matrices,
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Using the Kronecker product, the matrices o', o’
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0 0 0 1
0 01 O 0 : 0 o
a'=a,=c'®c' = = 7= ¥
0100 |6 0) o, 0
1 0 0 O
0O 0 0 —i
052:0( :O'1®O'2: 0 0 ! 0 = 0 0-2 = 0 O-y
! —-i 0 0 g’ 0 o, 0
i 0 0 O
0O 0 1 O
dea o0 O 0 TH_[O a)_[0 o
1 00 0| (&8 0) . 0
0 -1 0 0
1 0
0 1 I 0
70: :(73®]z— =| 2
00 -1 0| (0 -1,
00 0 -1
0 1
1 0 0 o 0 o,
]/l:ﬂalz = | = ,
-1 0 0 -0 0 -o, 0
-1 0 00
0O 0 0 —i
7/2:,60(2: 0 0 i 0 = 0 02 = 0 O-y
0 i 0 0| (-6 0) \~0, 0
-1 0 0 O



0O 01 0
0 0 0 -1 0 o
73 = ﬂa3 = = 3
-1 0 0 O -0 0
0 1 0 O
0 of
k 0,k k
a = = =
vy =py (Uk 0 ]
yrt ==y o {y.7}=0
;/0+ =y’ (Hermitian)
=y (anti-Hermitian)

(70)2:]4’ (7k)zz_]4

(B, =0 (k=1,2,3)

B=7

) = 0 -0,
2 o, 0
(0 -o,
V= o, 0
ryt =41,
y=r.)=r,



) =7,

»° is the fifth gamma matrix. It plays very important role in particle physics (related to

chiral symmetry) and in mathematical physics (index theorem for Dirac operator).
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(Clifford algebra)
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or, simply,

or, simply,
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with



[r°,2"]1=0,

[5.2°]=0,
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[r'2F, 2] = 2'e/ -3y 5t = [25,2]

((Mathematica))
We use the following Mathematica program to evaluate the properties of Dirac maticres.



Clear["Global %"];

*

exp_* :=exp /. {Complex[re_, im_] = Complex[re, -im]};
10 0 O

1o 0-1 0 O

9%%lo 0 -1 0 |°
0O 0 0 -1

Gd[x_, v.1:=01[[x+1, v+1]1;

Gulu , v.1:=01[[x+1, v+1]1;

Gum = Table[Gu[yx, v], {#, 0, 3, 1}, {v, 0, 3, 1}1;
Gdm = Table[Gd [x, v], {#, 0, 3, 1}, {v, 0, 3, 1}]1;
ox = PauliMatrix[1];

oy = PauliMatrix[2];

oz = PauliMatrix[3];

12 = ldentityMatrix[2] ;

14 = ldentityMatrix[4];

ax = KroneckerProduct[oX, oX];

ay = KroneckerProduct[oXx, oy];

az = KroneckerProduct[oXx, oz];

yuO = KroneckerProduct[oz, 12];

yux = yuO.ax // Simplify;

yuy = yuO.ay // Simplify;

yuz = yuO.az // Simplify; ; yu[0] = yuO; yu[l] = yux; yu[2] = yuy;
yu[3] =yuz ; yu[5] =1 yuO .yux.yuy.yuz;

yd[# 1 :=Sum[Gd[#, v] yu[v], {v, 0, 3, 1}];

oUlx , v 1= = (yulxl.yulv] -yulv].yulzl);

2
od[ux , v ] = % (wd[z]-¥d[v] -¥d[v].¥d[~]);
¥d[5] = -4 ¥d[3] .¥d[2] .¥d[1] .¥d[O0]; Zu[3] = ou[l, 2]; Zu[2] = ou[3, 11

2U[l] =ou[2, 3]; au[l] = aX; au[2] = ay; au[3] = az;
B =vyul0];



/ MatrixForm

O 0 O

1 0 O

O -1 0

O 0 -1

yu[O] .yu[0] // MatrixForm
1 000

O OO
O o R
O r O
R OO

yul[l] // MatrixForm

O 0 01
O 0 10
O -100
-1 0 0O

yu[l].yu[l] // MatrixForm

-1 0 0 O
O -1 0 O
O 0 -1 0

O 0 0 -1
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yul[2] .yu[2] // MatrixForm

-1 0 0 O
O -1 0 O
O 0 -1 0
O 0 0 -1

yu[3] -yu[3] // MatrixForm

-1 0 0 O
O -1 0 O
O O -1 0O
O 0O 0 -1
yu[5] // MatrixForm
0010
O0O01
1 00O
0100

;;' Sum[Signature[{a0, al, a2, a3}]
yu[aO] .yu[al] -yu[aZ?] .yu[a3], {a0, O, 3, 1},
{al, 0, 3, 1}, {a2, 0, 3, 1}, {a3, 0, 3, 1}1 //

MatrixForm
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.yUu[5] // MatrixForm

OO0

O r O
R OO

.yU[1l] +yu[l] .yu[5] // MatrixForm

(ON0)

o OO
o OO

.yU[2] +yu[2] .yu[5] // MatrixForm

OO0

o OO
o OO
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YU[5] .yu[3] +yu[3] .yu[5] // MatrixForm
O0O00O

0O0O00O
0O0O00O
O0O00O

yu[5] .yu[O] + yu[O] .yu[5] // MatrixForm
O0O0O

O OO
O OO
O OO
o OO

// MatrixForm
0O -1

-1
0]
0

rooo 2
oroo B
o oo

¥yd[2] // MatrixForm

O 0O O 1
O 0 -1 0
O -1 0 O
i 0 O O
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yd[3] // MatrixForm

O 0 -10
O 0 0 1
1 0 0 O
O -1 0 O
¥yd[5] // MatrixForm
0010
0001
1 000
0100

Transpose[yd[1]*] // MatrixForm

O 0 01
O 0 160
O -100
-1 0 0O

yul[l] // MatrixForm

O 0 01
O 0 10
O -100
-1 0 0O
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Transpose[yd[2]*]| // MatrixForm

O 00 -1
0]
0]

-1

o = O
o Oo-F
O OO

yul[2] // MatrixForm

o
O kF OO
O O F O
o OO

Inverse[yd[2]] // MatrixForm

O 00 -1
O 01 O
O 100
-1 0 0 O
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Triyu[5]]
0

Tryu[5] -yu[O] -yu[1] -yu[2] -yu[3]]
—41

Tr[yu[l] -yu[2] +wyu[2]-yu[l]] // MatrixForm
0

yul[l] .yu[0] // MatrixForm

O 0 0 -1
O 0 -1 0
O -1 0 O
-1 0 0 O

vyu[O] .yu[1l] // MatrixForm

0001
0010
0100
1000
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yul[2] -yu[0] // MatrixForm
0

-1
0]
0]

o
O = O O
O O O F

yu[3] .yu[0] // MatrixForm

O 0-10
O 0 0 1
-1 0 0O O
O 1 0 O

yu[l] .yu[2] .yu[3] // MatrixForm
OO0 -1 O

-1

o H O
H- O O

0]
O O
0O O

yul[l] .yu[2] // MatrixForm

O O
O O
-1 O
O 1

o oo
O O F O
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yul[2] -yu[3] // MatrixForm

O -1 0 O
-1 0 0 O
O 0 O -1
O 0 -1 O

yu[3] .yu[l] // MatrixForm

O -100
1 0 0O
O 0 0 -1
O 0 10

yul[l] .yu[2] // MatrixForm

-1 0O 0O O
O i O O
O 0 -1 0
O 0 O 1

yu[O] .yu[2] .yu[3] // MatrixForm

O -1 0O
-1 0 0O
O O O 1
O 0 10
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yul[O0] .yu[3] .yu[1l] // MatrixForm

O -1 0 O
1 0 0 O
O 0 0 1
O 0 -10

yUu[O] .yu[1l] .yu[2] // MatrixForm

O O
O O
0]

1
O -1

-1
0
0

O O F O

yu[0] // MatrixForm

/
0
0

10
01
00 -1
OO0

o

-1

yu[3] // MatrixForm

O 01 O
O 00 -1
-1 00

10

0]
0] 0]
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ou[0, 1] // MatrixForm
00O

O O O F-

i
0]
0]

oul[0, 2] // MatrixForm

o
OoOr OO
|
OOl_\O
ol oo

ou[0, 3] // MatrixForm
OO0 0

-1
0
0

O = O
o
O O o~

oul[l, 2] // MatrixForm
1 0 0O

0

0] 0

0]
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oul[2, 3] // MatrixForm

0]
0]
0]
1

OoOmr OO

01
10
OO0
OO0

ou[3, 1] // MatrixForm
0O -1

o
HF O O O
o

O 0 0 -1
O 0 10
O -100
1 0 0O
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yUu[O] .yu[1l] .yu[0O] // MatrixForm

OO0 O -1
O0-120
O1 0O O
10 0 O

Transpose|[yu[2]*] // MatrixForm

O 0O O 1
O 0 -1 0
O -i 0 O
i O O O

yu[O] .yu[2] .yu[0] // MatrixForm

O 0O O i
O 0 -1 0
O -1 0 O
i 0 0 O

vd[0] // MatrixForm

10 0 O
O1 0O O
O0-120
OO0 O -1

22



od[0, 1] // MatrixForm

O 0 O -1
O 0 -1 O
O -i 0 O
-1 0 0 O

od[0, 2] // MatrixForm

O 0 0 -1
O 0 1 O
O-100
1 0 0O

O 0 -1 0O
O 0 O 1
-1 0 0 O
O 1 0O

od[1, 2] // MatrixForm
1 0 0O

0

0] 0

0]
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od[2, 3] // MatrixForm

O O -0

©CoO0Od
— O O O

O+ 00

od[3, 1] // MatrixForm

oo "o
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O A 00O
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