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(a) The parity operator
When the time t is taken into account, we have

v =Py (r) =Py (-r.t =yt
with
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(b) The time reversal operator
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(c) Charge conjugate operator
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1. Time reversal operator

We define the time reversal operator by

T=U.K.

where le is the unitary operator and K isan operator that takes the complex conjugate of any
complex numbers that follow it.
Here we determine the expression of U, in terms of the Dirac matrices. We start with the

Dirac equation given by
in(y 0, + 7’0, )y —mcy =0

Multiplying »° from the right-side of this equation, we get
iny’y o, +iny "y’ 0w —mey’y =0

or

ino,w = (<iny’y o, +mey’ )y (1)



where k=1, 2, 3,

(70)2 =1,
The left side of Eq.(1):

T(ihow) =T (iho)T Ty
=U, K (i7d,)U;K) U, Ky

where we use

KiK' =—i. U, K)"'=K"'U;)™".

The right-side of Eq.(1):

T (—iny’y 0, +mey )y =T (=iny°y 0, +mey*)T Ty
=T (-iny’y 8, + mcy*)T Uy’

Then we get the Dirac equation, given by

(-0, Uy =T (<iny'y*6, +mey”)T Uy ")
=[-AT (iy°y)T '8, +mcTyT " U,y

In order for UTW* to satisfy the time reversed form of Eq.(1),

in(=0,y) = (<iny’y*o, + mey )y
it is required that

fi}/oykf_l — i]/O]/k

)

(1a)
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where in Eq.(1), 0, becomes (—0,y) after the time reversal (t — —t). These conditions can be

rewritten as
T /T =y, (3a)
Ty T =ir"r". (3b)
Noting the relation T'= (UT K)"l = K"IUT_I , Eq.(3a) can be rewritten as
KU, "y°0;K =°,
or
U, y'U; =Ry R =(") =" (4a)
Eq.(3b) can be rewritten as

KU, iy, K =iy,

or
U; iy =Ky 7K™ ==Y = =iy (")’
or
U, 7", ==Y
or
0,500, "), = 'ty
or

(UTA]/OUT )UT717KUT = _7/0(7k)*



leading to the result
YU U =0,
or
(4b)

since

0 1 0 0
- -1 0 0 0
Dr=rT = 0 0
0 -1 0
Note that
0 -1 0 0
110 0 0
U, =
0 0 0 -1
0 0 1 0
0 0 0 1 0 01 0
o0 1o . |0 00 -1
"o <10 1) "TlZ1 00 o
1 0 00 0 10 0

((Mathematica))



Clear["Global "] ;

*

exp_* :=
exp /. {Complex[re , im ] = Complex[re, -im]};
1 0 0 O
1- O -1 0 0 ].
9 =10 0 -1 o |’
O 0 0 -1

Gd[x , v.1 :=01l[[x+1, v+1]1];

Gulp_ , v.1 :=091[[x+1, v+111;

Gum = Table[Gu[x, v], {¢#, 0, 3, 1}, {v, 0, 3, 1}];
Gdm = Table[Gd [¢, v], {#, 0, 3, 1}, {v, 0, 3, 1}1;
oX = PauliMatrix[1] ;

oy = PauliMatrix[2];

oz = PauliMatrix[3] ;

12 = IdentityMatrix[2];

14 = IdentityMatrix[4];

aX = KroneckerProduct[oX, oX];

ay = KroneckerProduct[ox, oy];

az = KroneckerProduct[oX, oZ];

vyuO = KroneckerProduct[oz, 12];

yux = yuO.ax // Simplify;

yuy = yuO.ay // Simplify;

yuz = yuO.az // Simplify; ; yu[0] = yuO;

yU[1l] = yux; yu[2] = yuy; yu[3] = yuz ;

YU[5] =1 yuO .yuX.yuy.yuz;



yul[l] // MatrixForm

O 0 01
O 0 10
O -100
-1 0 0O

yu[3] // MatrixForm

O 01 O
O 00 -1
-1 00 O
O 100

UT = yu[1] . yu[3]; UT // MatrixForm

O 1 0 O
-1 O O
0] 0O 1
0] -1 0

Inverse[UT] // MatrixForm

O -100
1 0 0O
O 0 0 -1
O 0 10



Inverse[UT] .yu[1] .UT + yu[1]* // MatrixForm

0]
0]
0]
0]

O O oOo
O O oo
o O OO

Inverse[UT] .yu[2] .UT + yu[2]* // MatrixForm

0]
0]
0]
0]

O O oo
O O oo
o O OO

Inverse[UT] .yu[3] .UT + yu[3]* // MatrixForm

0]
0]
0]
0]

O O oo
O O oo
o O OO

Inverse[UT] .yu[0] .UT - yu[O]* // MatrixForm

0]
0]
0]
0]

O O oo
O O oo
o O OO

28 Space Inversion (parity operator)
When r'=-r and t'=t,

1 0 0 0
0 -1 0 0

N =
“lo0 -1 0
0 0 0 -1

det(A) =-1: improper Lorentz transformation.



The form invariance of the Dirac equation under the parity gives

Sp_1 S, =N YT, (Pauli’s fundamental theorem)
or

S, 7'S, =Ny =y

Sp_1 7"Sp =—y
We assume that

S, =ny"

where 77 is some multiplicative constant (here we use 77 =1). Here we use

10 0 0
o g 010 0
IP%10 0 -1 o0

00 0 -1

Note that

-1
=1 =y
Then we get the relation
-1_0 0,0,0 0
Sy VS, =y =y
Spflj/ksp :]/Oyk]/O :]/Oyk]/O :_7k

3. Space Inversion (II): presence of external field
Dirac equation is given by

: mc
L7, =0

with

p,=ino,



In the presence of vector potential A”,

e e
p”—)p”—EA” or, p"_)p”_EA"
or
ie
6ﬂ —>6ﬂ +aAﬂ

Note that e is the charge of the particle (e<0 for the electron). Then we get the Dirac equation of
electron in the presence of A,

70,4 A ="y =0
1 0 0 O
Under the parity operation, A*, = _01 _0 L we have
0 0 0 -1
E'=-E, B'=-B.
and
E:—VAO—%%—?, B=VxA
where
A=A A, A, =(A°,-A)
Then we get
Al A, A A
under the spatial reflection.
Dirac equation is given by
70, 4 A, W=y =0



or equivalently

i[(—0, —,'_l—iwk + (3, +;—eCA0)mw'—%w'= 0.

since
ie ie ie ie
O /'+—A'>-0,——A, O,+—A'>0,+—
hcAk X hcAk 0 hcA" 0 hcA"
We try as before
y'=S.y

i[(-0, ——/w + (0, + Ao)y 1S, —%spwo

Multiplying Sp_1 from the left,

sp“i[(—ak—%/xm <a+ Aom “;fz//:o.
or

[0, +—Ak)y + (0, +—A0>y] ——w 0
since

Sp_lj/osp :AO v]/v :7/0

S, 7S, =-7

p

This equation is the same as the original Dirac equation,

) ie mc
10, +—A) )y —wy=0,
0, ™ W' el

or

. ie mc
iy*(0, +%Aﬂ)'// e 0.



4. Definition of the parity operator P
From the above discussion, we have

v'(X)=7"w ()= By (x)
where

X'=(ct,-r), x=(ctr)
Then we have

y'(ct—r) = py(ct,r)

When r — —r, we get
y'(ct,r) = 'y (ct,-r)
with
g=7
or
w'(X) = By (ct,—r) = fry (ct,r) = Py (X)
So we define the parity operator as
P=pr
where f operates on the Dirac space and 7 operates on the coordinate space. Note that
P = prfr = ﬂzﬂ'z =1
The commutation relation between H (for the free particle) and P is given by

[P,H]=[pr.ca,p, + pmc’]
=[pr,cap,]
= prcay p, —Coy p S
= Cfay 7P, —Co, pp 7
= C(fay + ay B) 7y
= C{ﬁ’ak}ﬂpk
=0



where 7P, + p, 7 =0. Then the eigenket of P is the same as that of H. What happened to the
wave function?

lw')=Brly);

V(O =)
=(r|pr|w)
= p(r|zlw)
=B(=rly)
=Py (=)

For the change in r — —r, we have
v' (1) =By (N)=y"y(r)

When the time t is taken into account, we have
() =7"p(rp).

S. Charge conjugation
We start with the Dirac equation

. ie mc
i7“(0 +—AW—-——w=0
7“0, o . e
or
. e mc
i740 —— A ——)(r,t)=0 1
(1“0, ey h)w( ) (1)

where e is the charge (e<0 for electron). We take the complex conjugate of this equation.

Hi() o, —%(y”)* A, —%M(r,t) 0.

We insert 1 =C'C before the wave function and multiply C from the left-side of the equation.



Cl-il*)o, -— () A, -THE "€y (r =0
“ ch Y h

or

-iC(*)C, —%6(%)"61& —%]6 w'(rt)=0 @)
We choose C such that

Clrje =
Equation (2) reduces to

o e mC = *

iv'o +—y*A ——]C r,t)=0. 3

[7,,0h7yh]w() (3)

Thus the wavefunction C w (r,t) satisfies the positron equation, while w(r,t) satisfies the

electron equation. Note that C is given by

C=iy’
This will be proved later.

Cy(r,)=Cy (r,H)=iy’y (r,1)

where

0 0 1
o 10
V" Zlo 21 0 o

1 0 0 0

It is convenient to write this wave function in terms of

=y =)y



or
wr'=)
or
@) =y
In fact

Cy'(ry=iry’
=iy’ (7y")
=iy @)
=iy’ @)

Thus we get the new definition of the operator C as

Cy(r,ty=Cy ' (r,)y=iy’y =iy’ @)

with
0 0 0 1 0 0 0 -1
R R
1 0 0 O 1 0 0
((Note))

We show that C* =iy? satisfies the relation; C (j/” )6 =y,

In fact, we have
-2(0)*-2—1_-2(0)*-—1 21 _ 2 00 2N-1 _ 0 2/ 2\-1 _ 0
b\ )y =iy ) () =y () =y () =y

iy () () =i (oD = 0 = e =



where

and
%{7/#,}/} =g“" 1, (Clifford relation)

6. Example: Charge conjugation

We check that the relation between the electron and positron wave functions implied by the
above discussion is consistent with the free-particle wavefunctions. We consider the wave
function of the free electron with the momentum with p.

1

0
R +mc’ cp i

ul”(r,t) = z exp[—(p-r —Rt

(A R R me Xp[h(p )

c(p, +ip,)
R + mc?

with the helicity (+1) and positive energy E =R given by

E=R=ymc*+c’p’>>0.

0
1
R+mc*| c(p, —ip,) i
ut(r,t) = ATV exp[—(p-r — Rt
L (1Y) R S Xp[h(p )
_sz
R +mc?

with the helicity (-1) and positive energy E =R.



_sz
R+ mc?
. R+mc?| —c(p, +ip,) i
ul’(r,t) = L —(p-r+Rt
2 (D) 2R R + mc? eXp[h(p +RY
1
0

with the helicity (+1) and positive energy E =—-R.

—c(p,—ip,)
: R + mc?
_ R+mc cp i
u(r,t) = L —(p-r+Rt
(D 2R R +mc’ eXp[h(p R
0
1

with the helicity (-1) and positive energy E =—-R.

(1)
Cul(r,t)y=iy’ul” (r,t)
1
0O 0 0 1 0
R+mc’|0 0 -1 0 cp [ .
- z exp[—(p-r—Rt
V" 2R |0 -1 0 o Reme |SPPTTRY
1 0 o o) cPlp)
R +mc?
c(p, —ip,)
. R +mc?
R+mc -cp i
= . ——(p-r—Rt
2R R + mc? expl h(p )]
0
1
where

(=]
|
—_
(=]
S O o =



Similarly, we have

(i)
Cu(r,t) =iy’ul (r,b)
0
0 0 0 1 |
/ 210 0 -1 0 - ' .
= R +mc Mexp[i(p-r—l?t)]
2R |0 -1 0 0| R+mc? h
1 0 0 0) _—°P.
R +mc’
cp,
R +mc?
R +mc?| c(p, +ip,) i
- ——(p-r—Rt
2R R+ mc? expl h(p )l
0
(iii)
Cul(r,t) =iy*ul (r,t)
_sz
0 0 1 R +mc?
R+mc*|0 0 -1 0| —c(p,—ip,) i .
- — T Y exp[—(p-r + Rt
V2R 10 -1 0 o] Rrme |<PL(P )
1 0 0 0 !
0
0
R 2 (l. ) -
+mc” | —c(p, —ip, i
=— ——*x 7V lexp[-—(p-r+Rt
R | R el (e +RO)
sz
R +mc?

(iv)




cu(r,ty =iyu (1)

In summary we have the following relation. Under the charge cognate the charge is changed. The
momentum and the helicity are also reversed.

/R+mc2
2R

— sz

/R+mc2
2R

R + mc?

—c(p, +ip,)

R + mc?

R+ mc?
cp,
R + mc?
0

1

S o o =

—c(p, +ip,)

exp[%( p-r+ Rt)*

exp[—%(p r+ RO

2

Example: Parity operator



Pul(r,t) = y°ul’ (-r,t)

S o = O

Pu™(r,t) = yul” (-r,t)

1

exp[—%(p- r +Rt)

exp[—'%( p-r+Rb)

1 0 O 0
[R+mc*(0 1 0 cp,
2R |0 0 -1 R+mc?
0O 0 0 -1 C(px_lpy)
R +mc®
1
E 2 X i
/ +mc —-cp i
L exp[-—(p-r+Rt
2R E +mc’ L h(p )
~c(p,-ip,)
R+ mc?
0 O
0 O
-1 0
0 -1
0
1 0 0 O i
2 .
[R+mc*|0 1 0 0 c(p, —ip,)
2R 00 -1 0 R + mc?
00 0 —1) _—CP._
R +mc®
0
R 2 L i
1/ *+me Mexp[—i(p-r+Rt)
2R R + mc? h
cp,

R +mc?




PUL (1) = 7'l (-.)

_sz
1 0 0 O R+ mc?
R+mc?|0 1 0 0 | —c(p +ip,) i
= — 5 |[eXp|—— 'r—Rt
V" 2R |0 0 -1 0| Reme [P (P )
0 0 0 -1
0
cp,
E +mc®
E +mc?| C(p +ipy) i
=- ——(p-r—Rt
R | Remez | (P )
1
0
Pui”(r,t) = y"ul” (-r,1)
—c(p,—ip,)
2(1)(1) 8 8 R +mc’
R+ mc cp i
= —"2 — lexp[-—(p-r—Rt
V" 2R |0 0 -1 o Exme |FPR(P )
0 0 0 -1 0
1
c(p, —ip,)
. R+ mc?
E+mc —Cp i
=— £ ——(p-r—Rt
V" 2R E + mc’ expl h(p )
0
1
Example Time reversal operator
0O 1 0 O
S s |71 0 000
7770 0 0 1
0O 0 -1 0



1

O 1 0 O 0
. R+mc?|—-1 0 0 0 cp i
AU (rt) = z exp[—(—p-r+Rt
77U (1Y 2R |0 0 0 1| R+mc Pl (=P )
0 -1 0 C(px_lpy)
R + mc?
0
R 2 1 - -
—_ |2+ me ——C(px—lpy) exp[l(—p-r+Rt)
2R R +mc? h
cp,
R + mc?
0
0O 1 0 O {
. 21 0 0 O i i
PP () =, R CPHIPY) sl (—p-r +RY)
2R 0O 0 0 1 R + mc? )
0 0 -1 0) _—CP.
R + mc?
1
R 2 0 i
IR+mc —cp i
= £ exp[—(—=p-r+Rt
2R E +mc’ th(p )
—c(p, +1py)
R+ mc?
_sz
0 10 0} frpge
L R+mc?|—-1 0 0 O] —c(p,—ip,) i
Ul () = —————= |exp[-—(p-r +Rt
Y7 Uy’ (r,1) R 0 0 0 1 R+ mc2 pl h(p )]
0O 0 -1 0
0
c(p, —ipy)
- R +mc?
R+mc -cp i
=— : ——(p-r+Rt
R R+ mc emﬂ;#p +Rt)]
0
1



—c(p, +ip,)

0 1 0 :
0 0 0 et i
R+mc*| —

WO (rt —t— ——(p-r+Rt
PO T 0 0 0 1| Reme [P )
0 0 -1 0 0

1
cp,
R+mc
R+mc?| c(p, +1p,) i
= ——(p-r+Rt
R R+ mc expl h(p )]
1
0

In summary (time reversal operator)

g (p)exp[—( p-r—RO] =—ul(- p)exp[——( p-r—RD)]
e (p)eXp[—(p r-RO] =uy’ (- p)eXp[——(p r —Rt)]
y7us (p) exp[%( p-r+RO] =-u" (- p)exp[—%( p-r+RU)]

A (p)exp[—(p r—ROI =uy’ (- p)exp[——(p r+Rt)]

9. CPT
We consider the operator combination CPT.

CPTw(r,t) =iy [PTw(r,0]
=iy’ [y Ty (-r,0]
=iy’ [Ty (-r,0T
=iy’ lry'r’w (-r,ol
=iy’ 'y (-r,0

where



Py(r,t)=y"w(-rt), Ty(r,t)=y'y’w'(r,1),

Cy(r.ty=iy’y (r,)
Noting that
2,013 o, 1,273

vy =yyyy =-iy

with

0,1,2 3

y =iyt =

|

We get the relation

CPTy(r,) = ry (-

((Example))

r,t)

CPTUS (r,t) = °us (=1, 1)

exp[—%(p r+Rb)

1
0O 010 0
_ |[R+mc?*{0 0 0 1 cp,
2R |1 0 0 0| R+mc’
01 0 o) CP—1P)
R+ mc?
cp,
R +mc?
E +mc*| ¢(p,—1p,) i
= ——(p-r+Rt
2R R +mc? expl h(p )
0
where
_sz
R + mc?
_ R+mc?| —c(p, +ip,) i
ug(r,t) = — —(p-r+Rt
@ (1Y) 2R R +mc> eXp[h(p +RY
0




10. CP

We consider the operator combination CP.

CPy(r,t)=iy’[Py(r,0)]
=iy’ [’y (-r.0]
=iy’ ly(-r.0
=iy’y’y (=r.1)

with
0O 0 0 -1
0O 0 1 0
i 2 O_
7710 21 0 o0
1 0 0 O
where
0 0 1 1
0 -1 0 0
iy? = , 0=
r 0O -1 0 O 4 0
1 0 0 O 0

S o = O



