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The Dirac equation is Lorentz invariant. It means that the Dirac equation should 
remain from invariant under the Lorentz transformation. Here we discuss the 
form of transformation S such that 
 

 S'  
 
We also discuss the form of S under the rotation, parity. 
 
1. Relativistic co-variance 

The Dirac equation is given by 
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The form of this equation is invariant under the Lorentz transformation 
 

0)'(')'('
'





x
mc

x
x

i  



 

 
where 
 




 xx  '  , 

 






 '')(     

   
1 xxx    

 
Suppose that 
 

 S' . 
 
where S is a 4 x 4 matrix. We note that 
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Multiplying 1S  from the left, we have 
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we get 
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2. Form of S 

The problem of demonstrating the relativistic covariance of the Dirac 
equation is now reduced to that of finding the form of S. The Dirac equation is 
given by 
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Taking the Hermitian conjugate of this equation is 
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Noting that 
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Multiplication of 0  from the right leads to 
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Here we define   (Dirac conjugate) as 
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This equation should be invariant under the Lorentz transformation 
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From this we get 
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We assume that 
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Multiplying U from the left side 
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The comparison of this equation with the original Dirac equation 
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leads to the relation 
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Here we can choose 
 

U = S, 
 
since 
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3. Infinitesimal Lorentz transformation 

We consider the infinitesimal Lorentz transformation 
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with the addition 
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Neglecting the term 
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g  and 

g  are the Kronecker delta (=  , ). 

 
5. The expression of S 

We now consider the relation 
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The solution of this commutation relation is seen to be 
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((Note-2)) 
 



9 
 

] ,[
2

1

)(
2

1

)(
2

1




























 

 
5. The relation 100   SS   

We show that S satisfies the relation 100   SS  . 
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the left-hand side can be given as 
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6. The expression of S for the finite Lorentz transformation 

We start with the definition of 5  

 











01

10

!4 2

23210
5

5 
  i

i  

 

''''
''''

''''
'  '  '  '  

'
'  

'
'  

'
'  

'
'  

1111
5

1

)(det
!4

!4

!4

!4













































 

i

i

i

SSSSSSSS
i

SS

 

 
or 
 

55
1 )(det   SS  

 
The infinitesimal Lorentz transformation   is give as follows. 
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To the first order in , 
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Since    , we get the antisymmetric relation 

 
    

 

Here we assume that A  is an antisymmetric tensor. T  is an arbitrary tensor. Then 
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We start with 
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To the first order we have 
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From this equation, it is found that   is antisymmetric. In fact,   can be 
expressed as 
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Thus we obtain the infinitesimal Lorentz transformation as 
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Next we discuss the finite Lorentz transformation with finite 
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7. Expression of S for the Lorentz transformatiom (I) 
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((Mathematica)) 
 

 
 
8. Derivation of the finite Lorentz transformation from the infinitesimal 

Lorentz transformation 
The infinitesimal Lorentz transformation is given by 
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The finite Lorentz transformation: 
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we recover the result of the original Lorentz transformation given by 
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((A.Z. Capri, Relativistic Quantum Mechanics and Introduction to 
Quantum Field Theory)) 
 
9. Expression of S for the Lorentz transformatiom (II): general case 
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Thus we obtain 
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((Mathematica)) Determination of S 
 

 

Clear "Global` " ; x PauliMatrix 1 ;

y PauliMatrix 2 ; z PauliMatrix 3 ;

I2 IdentityMatrix 2 ; x KroneckerProduct x, x ;

y KroneckerProduct x, y ;

z KroneckerProduct x, z ;

0 KroneckerProduct z, I2 ; x 0. x Simplify;

y 0. y Simplify; z 0. z Simplify;

1 : x; 2 : y; 3 : z; 0 0;

, :
. .

2
;

p1 MatrixExp 0, 1 ExpToTrig;

p1 MatrixForm

Cosh 0 0 Sinh
0 Cosh Sinh 0
0 Sinh Cosh 0

Sinh 0 0 Cosh
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10. Rotation matrices 

The Infinitesimal rotation is expressed by 
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p2 MatrixExp x 0, 1 y 0, 2 z 0, 3

FullSimplify;

rule1 x2 y2 z2 ,
1
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p21 p2 . rule1 FullSimplify;

p21 MatrixForm

Cosh 0 z Sinh x y Sinh

0 Cosh x y Sinh z Sinh

z Sinh x y Sinh Cosh 0

x y Sinh z Sinh 0 Cosh
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We note that 
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The expression of S for the finite rotation: 
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11. Lorentz transformation (revisited) 

The Lorentz transformation is expressed by 
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The Lorentz transformation: 
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Finite rotation 
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The Hermitian conjugate of )(LS  is obtained by 
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 It is important to note that for both pure rotation and pure Lorentz 
transformation, we have 
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