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The Dirac equation is Lorentz invariant. It means that the Dirac equation should

remain from invariant under the Lorentz transformation. Here we discuss the
form of transformation S such that

y'=Sy
We also discuss the form of S under the rotation, parity.

1. Relativistic co-variance
The Dirac equation is given by

. 0 mc
iy —wy(X)——w(x)=0.
Y axyt//() ht//()

The form of this equation is invariant under the Lorentz transformation
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where
X"= AN X",
X = (AT XM= A AXY
Suppose that

v'=Sy.

where S is a 4 x 4 matrix. We note that
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Thus we get

iy“A,"0,Sy(X) —%Sz//(x) -0



Multiplying S™' from the left, we have
1877 A, 8,8y (X) =Sy (x) =0,
or
ISy A0, Sy (X) —%w(x) -0,
Suppose that
STYSA ) =y", or STYSA ) =y
Multiplying A”, from the left,

Aﬂvj/v = S_IJ/ASA/IVA#V
=Sy SA* A,
=Sy SN (AT,
=(87y"8)g", =S7y"S
we get
STy S =Ny, (Pauli’s fundamental theorem)
Note that
AN = (N N =N (N, =97, (Kronecker-delta)
2. Form of S
The problem of demonstrating the relativistic covariance of the Dirac
equation is now reduced to that of finding the form of S. The Dirac equation is

given by
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Taking the Hermitian conjugate of this equation is
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Noting that
o) =7y

we get

H a +,,0 0 mc +
I— i+ —w =0
ax,,WJ/J’]/ hW

Multiplication of »° from the right leads to

. 0 . 2 mc .,
i— 'y 'y’ =0,

OX h
or
. 0 +,,0 mc +,,0
i #y— =0,
aX;,(wﬂy > 7))
where
7/02=|4

Here we define y (Dirac conjugate) as

+, 0 — 0 +, 02 +

v =yy or vy =y =y
Then we have
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This equation should be invariant under the Lorentz transformation
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From this we get
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We assume that

Multiplying U from the left side

iA "-O Uy +%y7=o

“oox”
or
i
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The comparison of this equation with the original Dirac equation

.0 mc
i vy +—iwy =0
(8X,,w)7 o

leads to the relation

7 =AUy =UTyUA )
or

Uy = A%y
where

Ny =AUy UAY
= U7y U)NAY
= U U)A (AT,
=U7y"U)g”,
=U"'y"U



Here we can choose
Uu=Ss,

since

STy S = Ay (Pauli’s fundamental theorem)

Then we have

+,.0 — 0 +

V=Y, vy =y

y'=Sy.  y'=ys’

since

or
y'sTy' =87
or
S*y’ =S
since

vy =Sy) ' =w STy =wy'sTy”
In summary we have the following relations,

STyhS = Ay

Sy’ =9°S™"

y'=Sy

7'=7s”

3. Infinitesimal Lorentz transformation
We consider the infinitesimal Lorentz transformation
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with the addition

((Note))

NGNS = NN =(9% + 0,9,  +0,") = g”,
or

99," +(0",9," +9",0,") + 0,0, = 9",
Neglecting the term w*, @, * , we get

A 2 !
9“0," +(@",9," +9%0,7)=0",

or
H +(a)ﬂ /1+ ﬂa)/l)_ u
gv igv gl v _gv
or
u A H A _
a)/lgv +g va _O
a)ﬂvz_a)v/‘

since g“, and ¢ #V are the Kronecker delta (=9, ).
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5. The expression of S
We now consider the relation

SIS =Ny
We assume that
S=1+T +0(T?)
Then we get
A=-Ty"A+T)=A"y" =(9", +@")y"
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or

=Ty +T)=y"+0" "
or

Yol TI=r" + 0t y"
or

[y, Tl=a"y"

The solution of this commutation relation is seen to be

1 1 14
T ZZCUW?/‘}’

lhenwehave
S L
[ Ou? Y

1 1l 14
:1+_a)/1v[7/l[’7/ ]
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:1—%(0/”,0/“/
where
i
O_uvz_ /l,V
2[7 7"]
0O -1 0 O
) -1 0 00
[0 =& =&
T 0 0 0 v
0 0O 0 O
or



0 -1 0 0
-1 0 0 0
M# =
Y 0 0 00
0O 0 00
Note that
0O 1 0 0 0 -1 0 O
-1 0 0 0 1 0 0 O
M = : M, =
0 0 0 O # 0 0 0 O
0 00 0 0 0 O
((Note-1))
Noting that

r'.r'y=29"
we get

1 1 Vv
[y*.T]= 2[7‘ 0,7 7]

1 2
= —Q 'u’ v
2 HVanaa
1 Vv Vv
=2 LY =)

1 14 1 LV 14
=3 2ulr Y29 =y (=t +20)]

1 14 14 1,
= E(wvﬂg” 7 —o,7"9")

1 1 Vv
= E(a)! 47/ - gﬂﬂa’v,ﬂ/ )

1 Vv 'l v
ZE(wW -0, y")

:a)‘u

Vv
WY
where
uv uv

_ —_ H
a)vﬂ,g _g a)v}{_a)/l’

((Note-2))



1% 1 14 vV
@, 7"y =5(w,,v7”7 +o,77")
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5. The relation S*y° =»°S™'
We show that S satisfies the relation S*y° =°S™".

1 ; _ 1 y
S:1+Za)ﬂv7/#7 > S IZI_ZwMJ/ﬂ?/

St =1 +%co,,v*y”7“+
1 0. v 02 4 0
=1+wa7 vy vty
1 * o0, v, u, 0
=1+Z%7y7 /4
where
7 =y

Then we get

+ 1 * v 1 v
Sy’ = (1+Zwﬂv vty = 70(1+Zw,,v 7'r)

y'ST=r"(1- %%7”7”)
So we need to show that

@, 77"+ 0,77 =0
Since

a)ﬂv* =w,, =-0,, (real)

the left-hand side can be given as



0,7 v +o, Y =-0,r " +0,r" 7 =0

6. The expression of S for the finite Lorentz transformation
We start with the definition of 5’

5 _ _-0123_1 aﬁy5_012
V=Vvs=Wrvry —4!5aﬁ757 rvy —le Oj
S'yS= igaﬂy(SSly“SSIyﬁ881y7881y55

i

= Nt Ny N YT sy

:%gaﬁyﬁAaa'Aﬁﬂ'Ayy'Aéﬁ'y 7y
- 4l!(det NP A S o
or
S7'y,S = (detA)y,
The infinitesimal Lorentz transformation A is give as follows.
ANy =g + 0"y
Oup = N0 A

up

where

NNy =N L 9,A)
=g,,N A}
=g, (A,
=g,,(A), A,
=0,,9",
= ga/i’
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To the first order in w,
O =(9°, +0“ N9, +@,,) =0, + (@5 +@p,)
and thus
Bpp = =W,y
Now we expand S(A) to the first order in @ to write

I v

Szl—Ea)wo- , S_1:1+|Ea)wa’”
Since

SS'=S5"'s=1

¢ —%a)ﬂva‘”)(l + éa)wav”) =1 —Iaa)ﬂva”v + %a)mav” =1
or

77 uv
o,0" =0,0

Since o, =-,,, we get the antisymmetric relation

v 2

Here we assume that A, is an antisymmetric tensor. T*" is an arbitrary tensor. Then

we get
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v 1 v v
AT :E(AWT‘ +A,T)

uv

1 14 A%
= (AT AT

wv
1 uv vu
= E(A’”T - AMT )
— AT T
_ [uv]
= AWT “
where
T T -T™
2
((Note))
We start with
A“#;/" = 8’17"’8

To the first order we have

o o i 14 o i 14
(9% + " )y" =(1+50),w0# )Y (1—50%0# )

or
a a . U1 a I a __uv I uv,a
Y+t yt =y —Ea)ﬂ‘,y o +Ea)ﬂ‘,0' y
or
o “——la) “J“V+la) o y®
/17/ - 2 /4\/7/ 2 uv 7/
i o 14
=—50)W[7 , 0]
Note that
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a)“#}/” — gaﬁ’a)ﬁﬂyu

1 a / 1 o
:E ﬂ,ug ﬂy‘ +§a)p}ig p?/l

1 “ 1 o
=5 @9 '”7“—5 977"

1 Q VvV 1 av
=5 w9y —Ew,,vg 7

au, Vv __ Nav, p

1
ZEWW(Q 7 =9"r")

Thus we get
g™y =9y ) =lr"o"]

uv uv

From this equation, it is found that o can be

expressed as

is antisymmetric. In fact, o

14 i s v
o’ 25[7//97 ]

Note that

Q
Il

uvt I_ b '
(2[7 Y ])

| vt out
2[7 i ]

[ y
—5[707 7y rlriy°l

i_ 0 17 v 0
57 [y“,v" 1y
y'oc

y%

0
4
Thus we obtain the infinitesimal Lorentz transformation as

i y 1 v
S ZI—ECONVO'” :1+§a)ﬂv[7ﬂ,}/ ]

Next we discuss the finite Lorentz transformation with finite
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Suppose that
a),uv = 8ZM uv

with

The repeating N times of the infinitesimal Lorentz transformations leads to the
uv

SUU:%mﬂLH%%w )"

. i y
= %11130[1 + (—EEZM W n

=1 _i Hv i N
—1; 1 N'g
= &1{20 1+ W)
=e°
i v
=eXpP~5 W]
where
N'¢=N
and
c=—7M, 0"
7. Expression of S for the Lorentz transformatiom (I)
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_ o
@ =0,,0°

=¢x(9,,M%)

1 0 0 O0)YyO -1 00
O -1 0 Of-1 0 0O
=(C,‘Z
O 0 -1 00O O 00O
O 0 0 —-1A0 O 0O
0 -1 0 O
1 0 0 O
=g
ZO 0 0 O
0O 0 0 O
=M,
with
0O -1 0 0
M”:_l 0 0O
Y 0O 0 00
0O 0 00
and
0 -1 0 O
1 0 0 O
M, =
" 0O 0 0 O
0O 0 0 O

Thus we have
i v
S(A) = expl-—M,,0"']
i i
= eXp[—E;(M 010-01 _EZM 100-10]

i 01 I 10
=exp(—yo —-—yo
mzz YA )
:exp(i;(O'OI)

since
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S - O O
oS O
S O O -

S(A) =exp(iyc™)

cosh(y) 0 0 —sinh(y)
B 0 cosh(y) —sinh(y) 0
- 0 —sinh(y) cosh(y) 0
—sinh(y) 0 0 cosh(y)
((Mathematica))

kl =ocu[0, 1]; k1l // MatrixForm
" 0

hl - MatrixExp[1i x k1] // FullSimplify; hl // MatrixForm

0
0

o O O

i0
00

O O D -

{ Cosh[x] 0 0 -Sinh[x]
Q Cosh[x] -Sinh[x] 0
0 -Sinh[x] Cosh[x] 0
\ =Sinh[x] 0 0 Cosh[x]
8. Derivation of the finite Lorentz transformation from the infinitesimal

Lorentz transformation
The infinitesimal Lorentz transformation is given by

oN', =1+ M)~

The finite Lorentz transformation:
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A, =[lim 1+ M)
~[lim(1+— M)
N > N v

=[exp(xM)],

where ¢ = i
N

When
0O -1 0 O
-1 0 0 O
M# =
Y O 0 00
O 0 00

we recover the result of the original Lorentz transformation given by

cosh(y) —sinh(y) 0 O
Aol sinh(y) cosh(y) 0 O
Y 0 0 1 0

0 1

0 0

using Mathematica.

((A.Z. Capri, Relativistic Quantum Mechanics and Introduction to
Quantum Field Theory))

9. Expression of S for the Lorentz transformatiom (II): general case
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0 X X I
A
10 0 0)
_A 0 0
0 -1 0 0|
=¢
o 0 -1 0 A, 0 0
00 0 -1)| x
AR 0 0
Z
7N A
X x
ZAS 0 0
Ay 0 0
X
VAR 0 0
X
=M,

where

0o A4 X X
x x  x
VA 0 0
| x
M, =|
Y 0 0 0
X
VAR 0 0
X

2=l

S(A) = exp[—%zlvl W]

0 2 20

i i i i
= eXP[_EZmeO-Ol _EZmeO-l _EZyMon-O _EZyMwO-
i i
_E)(zMoao-O3 _EZszO-}O]

=exp(iy,c” + i;(yaoz +iy,o”
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Thus we obtain

_i}(

cosh(y) 0 -1 &Zm — (X«
0 cosh(z) (7, +iz) L)
T — X % (2~ ixy)smh—m cosh(y)
— (s + i;cy)M X sinh(7) 0
X
((Mathematica)) Determination of S

Clear["Global %"]; ox = PauliMatrix[1];

oy = PauliMatrix[2]; oz = PauliMatrix[3] ;

12 = IdentityMatrix[2] ; ax = KroneckerProduct[oXx, oX];
ay = KroneckerProduct[oXx, oYy];

az = KroneckerProduct[oXx, oz];

¥0 = KroneckerProduct[oz, 12]; yXx= y¥O.ax // Simplify;
Yy =¥0.ay // Simplify; yz= ¥0.az // Simplify;

¥[1] 2= ¥X; ¥[2] :=vwy; ¥[3] :=¥Z; ¥[0] = ¥0;

Ylu]-¥[v] -wlv]-vl«] )
2

olu, v.1:=i

pl = MatrixExp[i x c[0, 1]] // ExpToTrig;
pl // MatrixForm

Cosh[x] 0 0 -Sinh[ x]
0 Cosh[x] -Sinh[x] 0
0 -Sinh[x] Cosh[x] 0
-Sinh[x] 0 0 Cosh [ x]
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p2 = MatrixExp[i xxo[0, 1] +4 xyo[0, 2] +1 xzo[0, 31] //
FullSimplify;

rule1={\/xx2+xy2+xz2 > X, L *l};
V0@ + xy? + x22

p21l = p2 /. rulel // FullSimplify;

p21 // MatrixForm

Cosh[x] 0 _ Xz Si:h[x] COx-i xy}){Sinh[X]
0 Cosh [ x] _ e ijcSinh[X] Xz Si)r;h[x]
_ &;hm _ i Xy))CSinh[x] Cosh [ x] 0
_ xX+i xyj(Sinh[X] XZ Si:h[X} 0 Cosh [ x]

10. Rotation matrices
The Infinitesimal rotation is expressed by

1 0 0 0
N = 0 c?s(ge) —sin(ed) 0
0 sin(gf) cos(ed) O
0 0 0 1
1 0 0 0
0 1 -¢6 0
o0 1 0
0 0 0 1
1 0 0O 00 0 O
01 0O 0 0 -10
“lo 01 0|0 1 0
0 0 0 1 00 0
=1, +soM”,
where
00 0 O
M¥ = 0 0 -1 0
101 0 0
00 0 O
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We note that

M, =9,M%
1 0 0 0
0 -1 0 0
o0 -1 0
0 0 0 -I
0 0 0 0
0 0 1 0
1o -10 0
0 0 0 0
M, =1, M, =1,

Then we have

A, =[lim (1+eM)"],,

I 1 N

=[exp(M)],,,
leading to the expression

1 0 0
0 cos@ siné
A, = .
# 0 —sin@ cosé
0 0 0

Similarly

A“V:[hllim(1+561\/l)N]“V

e 1 N 1
=[lim(1+ M) T,

= [exp(M)",

leading to

oS O O O

- o o O

S = O O
|
—_
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The rotation transformation
1 yv
Si(€0) =1+ ZséM VY
=1 +%5‘9(M127172 + M217271)

=1+§se[71,y2]

=1—li<9t90'12
2
1.
=1—-—l1s6x
2
where
M, =1, M, =-1
o, 0
0_12_23:|7/17/2:( z )
0 o,
or

o, 0
12:_i z
S

The expression of S for the finite rotation:
S1(0) = lim[S,,, (c0)]"
= lim[l +i(—liaz Nk
TaDa TN
1
= exp(-I 5623)

= Ié‘&:osg—isingZ3
2 2

or
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1
Srot (6) = GXp(—l 5623)
:I4cosg—ising23
2 2
e .6 ,,
:|4cosz+sm—}/7/

where

This expression is similar to the expression
R.(0) = exp(—1.06,)
= exp(~206,)[+ 2){+ 2| + [~ 2)(~ 2]

_io
e 0

A o .. 0.
=1,cos——Isin—o,
2 2

Note that

ez 0 0

2
s.= 0 ¢ 0

LFe © ©

= cos€+sing 12
4 ) 27/7
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> 0 0 0

_ 2
Srot 1(0) = 0 € % 0
0 0 e? 0
_ie
0 0 0 e?

= cosg—sing 1y2
4 > 277/

S, satisfies the following conditions
Srot_1(0)7lsrot ©)=A 171 + A 272
=y'cos@—y*sind
St (0)7’8i(0)= A"y + Ay
=y'sin@+y° cosb
11. Lorentz transformation (revisited)
The Lorentz transformation is expressed by
cosh(ey) —sinh(gy) 0 0
Aoo| T sinh(gy) cosh(gy) 0 0
Y 0 0 1 0
0 0 0 1
I —-¢ 00
l-ex 1 00
1o 0 10
0 0 01
1 000 0 -1 0 0
01 00 -1 0 0 0
= +&y
0 010 0 0 00
0 0 0 1 0 0 00
=0", +ao’,
=0 + M’
where
", =gM*,
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1 0 0 0YO0 -10 0
0 -1 0 0f-1 0 00
“lo 1 0l0 0 00
0 0 -1/0 0 0 0
0 =1 0 0
| 0 0
“lo 0 0
0 0 0

The Lorentz transformation: A”,
N = %im I+gM)”,
— 11 1 H
= lim 1+ M)",

[exp(zM)]",
coshy —sinhy 0 0

—sinhy coshy 0 O
0 0 1
0 0 1

The pure Lorentz transformation is nothing more than a rotation in the 0-1 plane
by imaginary angle;

sinh y =—isin(iy), cos(iy)=coshy
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1 v
S =1 +Z(€ZM WYY
1
=1 +181(M017°71 +M,7'7°)

1
:1—_8 0’ 1
2 Y VAR e

1.
=1-=igyc"
7 74
where
@, =1, w,, =1
0 0 01
0 o 0010
o =i =i =i
776, 0) 001 0 0
1 00 O
Finite rotation
S (A) = I}‘im(l—%igng)N
T Loy o
—|1‘1£r30[1+( EIWG ]

= exp(—i%zam)

where
1
E=—
N
SL(A)=14coshl+isinh£J01
2 2
=1, coshZ +isinh £ (iy°)")
2 2
X v X 0.1
=1, cosh % —sinh %
4 ) 27 V4
with
O_Olzi]/()]/l
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vy =

=}
- o O O

Then we have

SL(A) =

S = O O
S O = O

coshl
2

0

0

- sinhl
2

S O o =

0 0 - sinhl
2
coshl - sinhl 0
2 2
— sinhl coshl 0
2 2

0 0 coshl
2

The Hermitian conjugate of S, (A) 1is obtained by

SN =1, cosh%— 7 sinh%

y4 1o 1 X
=1,coshZ+ sinh %~
4 ) 4 5

V4 011 X
=1,coshZ&— sinh =
4 ) a4 )

and

SL (A)_l =

S (M)

coshl
2
0

0

sinh £
2

0 0 sinh Y4
2
cosh V4 sinh £ 0
2 2
sinh V4 cosh £ 0
2 2
0 0 cosh 4
2

X 011 X
=coshZ + sinh &
o TSI

where
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Thus S, (A) isnot unitary since
SL(A)" # S, ()

It is important to note that for both pure rotation and pure Lorentz
transformation, we have

S=yS"y".
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