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It is sometimes useful to use the unitary operators such as the translation operator and
rotation operator in solving the eigenvalue problems. Some examples are presented here.

1. Introduction of New Hamiltonian by unitary operator
Suppose that
) =Uly), (vi[Alw)

U is the unitary operator. Under that basis of |1//'> , the operator H can be changed into

<‘//1||:||‘//2> = <V/1'|U|:|U+|V/2>

We now consider the eigenvalue problem of the new Hamiltonian

A

H'=UHU"

where U is the rotation operator or translation operator

A

(a) Translation operator T,

We use the formula

T, fT, =f+al, T.FT," =f-al, T.PT, =P
(b) Rotation operator IQZ
We use the formula

R,'fR, = Rf RFR, =R"'f

or

RSR," =cosgX+singy, R,JR " =—singk+cosgy

z



2. Example-1  (Problem Sakurai 5-4)
Consider an isotropic harmonic oscillator in two dimensions. The Hamiltonian is
given by
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0= om " 2m

2
mew
+ —(x*+ y").
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(a) What are the energies of the three lowest-lying states? Is there any degeneracy?
(b) Wenow apply a perturbation

V= Smwz.ry,

where § is a dimensionless real number much smaller than unity. Find the
zeroth-order energy eigenket and the corresponding energy to first order [that
is, the unperturbed energy obtained in (a) plus the first-order energy shift] for
each of the three lowest-lying states.

(c) Solve the Hy + V problem exactly. Compare with the perturbation results ob-
tained in (b). [You may use (n'|x|n) = /A /2Zma(/n + 18,7 i1 + /08 n_1).]

((Solution))

q 1 A 2 A 2 1 20,062, 02 7 26
H =— + +—ma” (X" + , V =omw X
0 Zm(px p,") 5 (X" +Y7) y

The Hamiltonian is invariant under the rotation around the z axis, we have

[H,,R,1=0

Suppose that U= IQZ (rotation operator)

When V =dma’sy

RVR," = dne’(R,%R," )(R,IR,")
= M’ (cos¢p X +sing §)(—sing K+ cosg )

- (Sma)z[—%sin(2¢)( %2 = §%) + cos(2¢) %Y ]



when we choose ¢ =7/4,
S\D + 1 62 2
R,VR, :—Ea(x -V)

Then we have

P, +-ma’(1-6)% L p,’ Hmeta o)y
2m 2
Energy eigenvalue of this Hamiltonian is obtained as

E'(n,,n,)=(n, +%)ha)\/1—5 +(n, +%)ha}\/1+5

1 s & 1 s &
=, +H)ho(l-———+..)+(n, +Dho(l+———+..) +
(N + Dol ===+ )+ (N, + ol + 5 ——-+..)

=(n,+n, +1)ha)—§ha)(nx -n,)+...

A

Hl

n.n,)=RHR,’

X2y

nx,ny> =E'(n,,n,) nx,ny>

or
HR," nx,ny> =E'(n,,n,)R," nx,ny>
FE; n,, ny> is the eigenstate of the Hamiltonian H with the eigenvalue E'(n,,n,).
3. Example-2  Translation operator

Simple harmonics of charged particle in the presence of an electric field

Claude Cohen-Tannoudji, Bernard Diu, and Franck Laloé, Quantum Mechanics volume |
and volume Il (John Wiley & Sons, New York, 1977).

The one-dimensional harmonic oscillator consists of a particle of mass m having a potential
energy. Assume, in addition, that this particle has a charge q that it is placed in a uniform electric
field ¢ parallel to the X axis. What are its new stationary states and the corresponding energies.



Fig. The potential energy V(X)=%ma)zx2 —gex . The potential takes a minimum at

Xo =M= aé 5. The minimum position of the potential energy shifts to the larger x as the

ma,

electric field increases.
The Hamiltonian of a particle placed in a uniform electric field ¢ is given by

~ 1 1
H=—p>+—me’R* —qek
2mp 2 a

The new Hamiltonian under the translation operator can be rewritten as



H'=T HT,'
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2m 2

L p? +lmw2(f< — 1)’ — qe(R— )
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1 1 2 N
=— P> +—mo’R —(qe + Mo’ 1)k
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1 2.2
+§ma) M+ Qéeu

where
T[u ﬁleu+ = ﬁ27 T‘u pTﬂ+ = p
TXT," =R ul)y, TT," =(&- pl)

We choose u as follows.

ge+ma’u=0, U= qu
me
Then we have
2.2
H= gt tmere - 96 1p, - g’
2m 2 2Mmow 2ma)

Suppose that |n> is the eigenket of I-A|0 with the eigenvalue E =7ao,(n+ %) ,

- 1
H,|n) = hay(n +E)|n>,

Then we have

H'[n) =

1 2.2
) =[hoy(n+ ) - qu‘;z In)



|n> is the eigenket of H' with the energy eigenvalue of H' given by

1. g%’
E,'=[ho,(n+—=)—
o' =[hay( 2) e
Since
T,HT,'|n)=E,'|n)
or

AT, o) = £,7, )
'IC#+| n> is the eigenket of H with the energy eigenvalue E_ '

The |X> representation of the eigenket Tlf|n> is
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((Note))
T =[x+m),  (orpl= (T
4. Example

Find the change of energy eigenvalue for a three dimensional isotropic harmonics oscillator
with a charge g, when the electric field E is applied along the z axis.
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What is the expression for the polarizability o?

2
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T, (W P+ M~ GE, DT, (1)
2m
= L P I met (@ + 97+ Mot 2' T, (1) - GET, (02T, (1)
2m 2 2
=Lf)2+lma)2()22+92)+lma)2(2—,ui)2—qEZ(i—,ui)
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We choose
__J9E,
mae’
Then we get
N BV | a2 . OQE7 -
H=—p+-mo’ (X + 9’ +2°)-——%1
m P T2 (C+y ) 2ma’
H'|n,.n,.n,) = E'(n.n,.n)[n.n,.n,)
where
3 q°E,’
E'(n,n,,n,)=(M,+n, +n, + Hho—-——">="
(n,ny,n,)=( y 2) S

xo ' lystlz

n,n.,n > is the eigenket of H' with the energy eigenvalue E'(n,,n ,n,).

A

HV

n,n n>:E'(nX,ny,nz)

xs ' lystlz

nnnz>

x2 'y

n.n,.n,)=T,(HT," (1)

or



HT," ()

xo ' lystlz

nnn>

N Nyo0, )= E'(0,n,,n)T 2 (u)

n,n,n > is the eigenket of H with the eigenvalue E'(n,,n,,n,) with

T, (w|n,,n,.n,
_GE,

H= 2
M

nx,ny,nz> is

The |r) representation of T, (1)

0,00, = (Xn)(y|n, el Gl
)y )z + )

:<x|nx><y‘ny><z—q—EZ

mao*

(rfT," ()

We note that

z

2mw’ 2

2 2 2
AE =E'(n,,n,,n,)— E(n,,n,,n,) =~ E, __of

leading to the electric polarizability




