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____________________________________________________________________________ 
1. D.H. McIntyre p.66 2-23  (simultaneous eigenkets, degenerate case) 

 
 
((Solution)) 
 


















3

2

1

00

00

00
ˆ

a

a

a

A , 

















00

00

00
ˆ

2

2

1

b

b

b

B  

 



















































00

00

00

00

00

00

00

00

00
ˆˆ

23

22

11

2

2

1

3

2

1

ba

ba

ba

b

b

b

a

a

a

BA  

 



















































00

00

00

00

00

00

00

00

00
ˆˆ

22

23

11

3

2

1

2

2

1

ba

ba

ba

a

a

a

b

b

b

AB  

 

When 0]ˆ,ˆ[ BA , we need to assume that 

 

32 aa   

 

Thus the eigenkets and eigenvalues for Â  are 
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The eigenkets and eigen values for B̂  are 
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We note that  
 

1111
ˆˆ  aAA   

 

22322 ]ˆˆ[
2

1ˆ  aAAA   

 

32323 ]ˆˆ[
2

1ˆ  aAAA   



 

111
ˆ  bB   

 

222
ˆ  bB   
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ˆ  bB   

 
 

Thus 1 , 2 , and 3  are the simultaneous eigenkets of both Â  and B̂ . 

 
___________________________________________________________________________ 
2. Schaum p.72   4-30 (degenerate case) 

 
 
((Solution)) 
 

Under the basis { 1 , 2 , }3 , 
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where 
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Note that 
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So we have 
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We also have 
 

2121ˆ H , 2212ˆ H  

 

The matrix of Ĥ  under the basis { 1 , 2 } can be rewritten as 

 

xsubH ̂1̂2
21
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 , 

 
using the Pauli spin operators (2x2). Then we have 
 

xxxH xsub  3)ˆ1̂2(ˆ  , 

 

xxxH xsub  )ˆ1̂2(ˆ  . 
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__________________________________________________________________________ 
3. Schaum p.73  4-31  (degenerate case, 3 x 3) 



 
 
((Solution)) 
 

Under the basis { 1 , 2 , and }3 , 
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Note that 
 

151ˆ A  

 
So we have 
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We also have 
 

3222ˆ iA  , 3223ˆ  iA  

 

The submatrix of Â  under the basis { 2 , 3 } can be rewritten as 
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using the Pauli spin operators (2x2). Then we have 
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______________________________________________________________________________ 
4. Goswami p.325 Problem 12  (non-degenerate case, 3 x 3 matrix) 
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((Solution)) 

The eigenkets and eigenvalues for M̂  are 
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______________________________________________________________________________ 
5. Steeb p.69 problem-1 (non-degenerate 2 x 2) 
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Â

 

Â
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((Solution)) 

Under the basis { 1 , 4 }, the submatrix of Â can be written as 
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Under the basis { 2 , 3 }, the submatrix of Â can be written as 
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____________________________________________________________________________ 
7. Shankar p.41 Exercise 1-8-2 (Non-degenerate case) 

 
 
((Solution)) 
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Under the basis { 1 , 2 , }3 , 
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
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where 



 


















0

0

1

1 , 

















0

1

0

2 , 

















1

0

0

3  

 
Note that 
 

31ˆ A , 02ˆ A , 13ˆ A  

 
So we have 
 


















0

0

1

22     with the eigenvalue 0. 

 
We also have 
 

31ˆ A , 13ˆ A  

 

The matrix of Â  under the basis { 2 , 3 } can be rewritten as 

 

xsubA ̂
01

10ˆ 







 , 

 
using the Pauli spin operators (2x2). Then we have 
 

xxxA xsub  ̂ˆ  

 

xxxA xsub  ̂ˆ  

 


















1

0

1

2

1
1x    with the eigenvalue 1. 

 






















1

0

1

2

1
3x   with the eigenvalue -1. 

 
______________________________________________________________________________ 
8. Shankar p. 41 Exercise 1.8.3 (Non-degenerate case) 

 



















310

130

002

2

1ˆ  

 
((Solution)) 
 



















310

130

002

2

1ˆ  

 
Note that 
 



11ˆ  , 3
2

1
2

2

3
2ˆ  , 3323ˆ   

 
So we have 
 


















0

0

1

11    with the eigenvalue 0. 

 
We also have 
 

3
2

1
2

2

3
2ˆ  , 3

2

3
2

2

1
3ˆ   

 

The matrix of Â  under the basis { 2 , 3 } can be rewritten as 

 

2

ˆ31

31

13

2

1ˆ x
sub














  

 
using the Pauli spin operators (2x2). Then we have 
 

xxx xsub  )ˆ31(
2

1ˆ   

 

xxx xsub  2)ˆ31(
2

1ˆ   

 


















1

1

0

2

1
2x    with the eigenvalue 1. 

 




















1

1

0

2

1
3x   with the eigenvalue 2. 

 
______________________________________________________________________________ 
9. Shankar p.46  1.8.10  Simultaneous eigenstates 



 
 
((Solution)) 
 


















101

000

101
ˆˆ A , 



















211

101

112
ˆˆ B  

 






















































303

000

303

211

101

112

101

000

101
ˆˆBA  

 





















































303

000

303

101

000

101

211

101

112
ˆˆAB  

 
Then we have 
 

ABBA ˆˆˆˆ   
 

So we have simultaneous eigenkets of both Â  and B̂ . 
 

The eigenkets of B̂  (non-degenerate case) are obtained as 
 


















1

0

1

2

1
1   with the eigenvalue 3 



 




















1

1

1

3

1
2   with the eigenvalue 2 

 




















1

2

1

6

1
3   with the eigenvalue -1 

 

The eigenkets of Â  (degenerate case) are obtained as 
 

11

1

0

1

2

1  















   with the eigenvalue 2 

 


















0

1

0

2    with the eigenvalue 0 

 




















1

0

1

2

1
3   with the eigenvalue 0 

 
Note that 
 

11

1

0

1

2

1  















  

 

)2(
3

1
322    

 

)22(
6

1
323    

 

Thus 1 , 2 , and 3  are the simultaneous eigenkets of both Â  and B̂ . 



 

Â

 

Â

 

Â

 
________
10. G
 

 
((Solutio
 

Â

 

d
 

11 2ˆ  A

0ˆ
2 A , 

0ˆ
3 A  

__________
Griffiths p.4

on)) 









1

2
ˆˆ iTA

et[ Â ]=0, 

,  ˆB

 ˆB

 ˆB

___________
57 A-26  









 2

2

1

i

i

i

 

Tr[ Â ]=6. 

11 3 

22 2 

33  

__________
(degen

___________
erate case, 3

__________
3 x 3 matrix

___________
x) 

_______________ 

 




















1

0

1

2

1
1 ,  eigenvalue (3) 

 




















1

2

1

6

1
2 i ,  eigenvalue (3) 

 




















1

1

3

1
2 i   eigenvalue (0) 

 



























3

1

6

1

2

1
36

2
0

3

1

6

1

2

1

ˆˆ ii
SU  

 


















000

030

003
ˆˆˆ UAU  

 
______________________________________________________________________________ 
11. Sakurai 1-23  (simultaneous eigenkets, degenerate cases) 



 
 
((Solution)) 
 




















a

a

a

A

00

00

00
ˆ ,  


















00

00

00
ˆ

ib

ib

b

B  

 
























































00

00

00

00

00

00

00

00

00
ˆˆ

iab

iab

ab

ib

ib

b

a

a

a

BA  

 
























































30

00

00

00

00

00

00

00

00
ˆˆ

iab

iab

ab

a

a

a

ib

ib

b

AB  

 
Then we have 
 

ABBA ˆˆˆˆ   
 

So we have simultaneous eigenkets of both Â  and B̂ . The eigenkets of Â  (degenerate case) are 
obtained as 
 




















0

0

1

1   with the eigenvalue a 

 


















0

1

0

2   with the eigenvalue -a 

 


















1

0

0

3   with the eigenvalue -a 

 

The eigenkets of B̂  (degenerate case) are obtained as 
 


















0

0

1

1   with the eigenvalue b 

 

The submatrix of B̂  under the basis { 2 , 3 } can be written as 

 

ysub b
ib

ib
B ̂

0

0ˆ 






 
  

 


















i

1

0

2

1
2    with the eigenvalue b 

 




















i

1

0

2

1
3   with the eigenvalue -b 

 
Then we have 
 

11    

 



][
2

1
322  i  

 

][
2

1
323  i  

 

Thus 1 , 2 , and 3  are the simultaneous eigenkets of both Â  and B̂ . 

 

11
ˆ  aA  ,   11

ˆ  bB   

 

22
ˆ  aA  ,  22

ˆ  bB   

 

33
ˆ  aA    33

ˆ  bB   

 
_________________________________________________________________________ 
12. Rogalski p.134 3-3-1 

Solve the eigenvalue problem for the matrix 
 


















300

001

010

Â  

 
((Solution)) 
 

21ˆ A , 12ˆ A , 333ˆ A  

 


















1

0

0

33 ,  with the eigenvalue 3 

 

The matrix of Â  (subsystem) under the basis { 1 , 2 } can be rewritten as 

 

xsubA ̂
01

10ˆ 







 . 

 



xxxA xsub  ̂ˆ ,  xxxA xsub  ̂ˆ  

 


















0

1

1

2

1
1 x ,  with the eigenvalue (1) 

 


















0

1

1

2

1
2 x ,  with the eigenvalue (-1) 

 
______________________________________________________________________________ 
13. Rogalski p.136 (degenerate case) 

Solve the eigenvalue problem for the matrix 
 


















011

101

110

Â  

 
((Solution)) 
 


















1

1

1

3

1
1   with the eigenvalue 2 

 




















1

0

1

2

1
2   with the eigenvalue -1 

 

















1

2

1

6

1
3  with the eigenvalue -1 

 
The unitary operator 
 





























6

1

2

1

3

1
6

2
0

3

1
6

1

2

1

3

1

Û  

 




















100

010

002
ˆˆˆ UAU  

 
((Mathematica)) 
 



 

Clear "Global` " ;

exp :

exp . Complex re , im Complex re, im ;

A
0 1 1
1 0 1
1 1 0

;

eq1 Eigensystem A

2, 1, 1 , 1, 1, 1 , 1, 0, 1 , 1, 1, 0

1 Normalize eq1 2, 1

1

3
,

1

3
,

1

3

2 Normalize eq1 2, 2

1

2
, 0,

1

2

3 Normalize eq1 2, 3

1

2
,

1

2
, 0

1 . 2, 2 . 3, 3 . 1

0,
1
2

, 0



 

eq2 Orthogonalize 1, 2, 3 ;

1 eq2 1 ; 2 eq2 2 ; 3 eq2 3 ;

1 MatrixForm

1
3

1
3

1
3

2 MatrixForm

1
2

0
1
2

3 MatrixForm

1
6

2
3

1
6



 
_____________________________________________________________________________ 
14. Zettili  P.158  2-24  (simultaneous eigenkets, degenerate case) 

UT 1, 2, 3

1

3
,

1

3
,

1

3
,

1

2
, 0,

1

2
,

1

6
,

2
3

,
1

6

UH UT

1

3
,

1

3
,

1

3
,

1

2
, 0,

1

2
,

1

6
,

2
3

,
1

6

U Transpose UT ; U MatrixForm

1
3

1
2

1
6

1
3

0 2
3

1
3

1
2

1
6

UH.U

1, 0, 0 , 0, 1, 0 , 0, 0, 1

UH.A.U Simplify MatrixForm

2 0 0
0 1 0
0 0 1



 
((Solutio
 








Â

 

(a) Â

(b) [A

 

Â

 
(c) 

The eigen
 



 



on)) 













 110

101

031

Â  is not Herm

0]ˆ,ˆ BA  








 ˆˆˆˆ ABBA

nvectors of 












3

11

1
1










 0

1

2

1
2

,  B̂

mitian, but B








0100

201

050

Â  (no Herm









1

1

3

 eig









1

0

1

 eig












02

00

01

B̂  is Hermiti








 

mitian) 

genvalue (2)

genvalue (1)









4

0

2

 

ian. 

 

 



 




















1

2

3

14

1
3  eigenvalue (-1) 

 

The eigenvector of B̂  (degenerate case) 
 




















2

0

1

5

1
1  eigenvalue (5) 

 


















1

0

2

5

1
2   eigenvalue (0) 

 


















0

1

0

3   eigenvalue (0) 

 
The unitary operator: 
 

























0
5

1

5

2
100

0
5

2

5

1

Û  

 

1̂ˆˆ UU  
 


















000

000

005
ˆˆˆ UBU  

 
__________________________________________________________________________ 
15. Das p.31 (non-degenerate case) 
 

Solve the eigenvalue problem for the matrix 



 

















010

100

001

Â  

 
((Solution)) 
 

11ˆ A ,  32ˆ A ,  23ˆ A  

 

1  is the eigenket of Â  with the eigenvalue 1. 

 

The matrix of Â  under the basis { 2 , 3 } can be written as 

 

ysub i
i

i
iA ̂

0

0

01

10ˆ 






 








 
  

 

yiyiyA ysub  ̂ˆ  

 

yiyiyA ysub  ̂ˆ  

 
Then we have 
 


















0

0

1

11   with the eigenvalue 1 

 


















i

1

0

2

1
2   with the eigenvalue (-i) 

 




















i

1

0

2

1
3  with the eigenvalue (i). 

 
______________________________________________________________________________ 



16. Das p.32 (degenerate case) 
Solve the eigenvalue problem for the matrix 

 


















101

020

101

Â  

 
((Solution)) 
 

311ˆ A ,  222ˆ A ,  313ˆ A  

 

2  is the eigenket of Â  with the eigenvalue 2. 

 

The matrix of Â  under the basis { 1 , 3 } can be written as 

 

xsubA ̂1̂
01

10

10

01

11

11ˆ 

























  

 

xxxA xsub  2)ˆ1̂(ˆ   

 

xxxA xsub  0)ˆ1̂(ˆ   

 
Then we have 
 


















1

0

1

2

1
1   with the eigenvalue 2 

 


















0

1

0

22   with the eigenvalue 2 

 




















1

0

1

2

1
3  with the eigenvalue 0 



 
17. Gasiorowicz p.156 Chapter 9 Problem 9  (non-degenerate) 
 

 
 
((Solution)) 
 





















1111

1111

1111

1111

Â  

 





















1

1

1

1

2

1
1 ,  eigenvalue (4) 

 























1

0

0

1

2

1
2  eigenvalue (0) 

 






















1

2

0

1

6

1
3  eigenvalue (0) 

 






















1

1

3

1

32

1
4  eigenvalue (0) 



 
The unitary operator: 
 




































32

1

6

1

2

1

2

1
32

1

6

2
0

2

1
32

3
00

2

1
32

1

6

1

2

1

2

1

Û  

 





















0000

0000

0000

0004

ˆˆˆ UAU  

 
____________________________________________________________________________ 
18. 4 x 4 matrix (degenerate case) 

Solve the eigenvalue problem for the matrix 
 





















0101

1011

0101

1110

Â  

 
((Mathematica)) 
 



 

Clear "Global` " ;

exp :

exp . Complex re , im Complex re, im ;

A

0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0

;

HermitianMatrixQ A

True

eq1 Eigensystem A Simplify

1
2

1 17 ,
1
2

1 17 , 1, 0 ,

1
4

1 17 , 1,
1
4

1 17 , 1 ,

1
4

1 17 , 1,
1
4

1 17 , 1 ,

1, 0, 1, 0 , 0, 1, 0, 1

1 Normalize eq1 2, 1 Simplify;

2 Normalize eq1 2, 4 Simplify;

3 Normalize eq1 2, 3 Simplify;

4 Normalize eq1 2, 2 Simplify;



 
 
19. 4 x 4 matrix (degenerate case) 

Solve the eigenvalue problem for the matrix 
 



























00

00

00

00

ˆ

ii

ii

ii

ii

A  

 
Eigenkets and eigenvalues: 
 

1 . 2, 2 . 3, 3 . 4, 4 . 1 , 4 . 2

Simplify

0, 0, 0, 0, 0

UT 1, 2, 3, 4 ; UH UT ; U Transpose UT ;

U MatrixForm

1 17

2 17 17
0 1

2
1 17

2 17 17

2

17 17

1
2

0 2

17 17

1 17

2 17 17
0 1

2
1 17

2 17 17

2

17 17

1
2

0 2

17 17

UH.U Simplify

1, 0, 0, 0 , 0, 1, 0, 0 , 0, 0, 1, 0 , 0, 0, 0, 1

UH.A.U Simplify MatrixForm

1
2

1 17 0 0 0

0 0 0 0
0 0 1 0

0 0 0 1
2

1 17


























i

i

1

1

2

1
1 .  eigenvalue (2) 

 





















1

0

1

0

2

1
2   eigenvalue (0) 

 





















0

1

0

1

2

1
3   eigenvalue (0) 

 
























i

i

1

1

2

1
4   eigenvalue (-2) 

 
((Mathematica)) 



 

Clear "Global` " ;

exp :

exp . Complex re , im Complex re, im ;

A

0 0
0 0

0 0
0 0

;

HermitianMatrixQ A

True

eq1 Eigensystem A

2, 2, 0, 0 , , 1, , 1 ,

, 1, , 1 , 0, 1, 0, 1 , 1, 0, 1, 0

1 Normalize eq1 2, 2

1
2

,
2

,
1
2

,
2

2 Normalize eq1 2, 3

0,
1

2
, 0,

1

2



 

3 Normalize eq1 2, 4

1

2
, 0,

1

2
, 0

4 Normalize eq1 2, 1

1
2

,
2

,
1
2

,
2

1 . 2, 2 . 3, 3 . 4, 4 . 1 , 4 . 2

0, 0, 0, 0, 0

UT 1, 2, 3, 4 ;

UH UT ;

U Transpose UT ; U MatrixForm

1
2

0 1
2

1
2

2
1
2

0
2

1
2

0 1
2

1
2

2
1
2

0
2

UH.U

1, 0, 0, 0 , 0, 1, 0, 0 , 0, 0, 1, 0 , 0, 0, 0, 1

UH.A.U MatrixForm

2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 2
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