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Feynman-Hellman theorem 
Kramers method 
The virial theorem 
 
Here we calculate the average sr   for the hydrogen-like atom using the Feynman-Hellman 

theorem and Kramers method. 
 
1. Feynman-Hellmann theorem 
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The proof of the Feynman-Hellmann theorem requires that the wavefunction be an 

eigenfunction of the Hamiltonian under consideration; however, one can also prove more 
generally that the theorem holds for non-eigenfunction wavefunctions which are stationary 
(partial derivative is zero) for all relevant variables (such as orbital rotations). The Hartree-Fock 
wavefunction is an important example of an approximate eigenfunction that still satisfies the 
Feynman-Hellmann theorem. Notable example of where the Feynman-Hellmann theorem is not 
applicable is for example finite-order Møller–Plesset perturbation theory, which is not variational.  

The proof also employs an identity of normalized wavefunctions– that derivatives of the 
overlap of a wavefunction with itself must be zero. Using Dirac's bra-ket notation these two 
conditions are written as 
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with the normalization condition that 
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This average value is regarded as a function of . 
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2. Example of the Feynman-Hellmann in the simple harmonics 

The Hamiltonian of the simple harmonics is given by 
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with the energy eigenvalue as 
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We apply the Feynman-Hellmann theorem to this system, 
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which is also derived from the virial theorem. 
 
((Note)) The word virial: 

The word virial derives from vis, the Latin word for "force" or "energy", and was given 
its technical definition by Rudolf Clausius in 1870. 

 

3. Calculation of the average 2r  and 1r  using the Feynman-Hellmann theorem 

(i) 
The Hamiltonian of the hydrogen-like atom is given by 
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with 
 

n = l + 1 + nr, 

 
where nr is a positive integer. For n = 3, we have l = 0 (s) and nr = 2, l = 1(p) and nr = 1, l = 2 (d) 
and nr = 0. 

An alternative approach for applying the Feynman-Hellmann is to promote a fixed or discrete 
parameter which appears in a Hamiltonian to be a continuous variable solely for the 
mathematical purpose of taking a derivative. Possible parameters are physical constants or 
discrete numbers. In the Hamiltonian for the hydrogen atom, l  is a parameter in the 
Feynman-Hellmann theorem, 
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(ii) 

Suppose that the charge e is a parameter e  in the Feynman-Hellmann theorem. Note that e>0 
in this case. 
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(iii) Suppose that Z is a parameter Z in the Feynman-Hellmann theorem.  
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4. Application to the Coulomb potential 
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This implies that the average of the potential energy is a half of the total energy 
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Thus the average kinetic energy is also a half of the total energy (virial theorem). 
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where  is the structure fine constant (the definition is given below) and m is the mass of 
electron. 
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2mc = 0.510997 MeV. (electron rest mass) 
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5. Virial theorem 

A proof of the virial theorem in quantum mechanics can be given in analogy with the 
corresponding proof in classical mechanics. In the latter, The starting point is the time average of 

the operator pr ˆˆ  , which is zero for a periodic system. The analogous quantity in quantum 

mechanics is the time derivative of the expectation value pr ˆˆ   is also zero. 
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((Note)) 
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Then we have the virial theorem as 
 

z

V
z

y

V
y

x

V
xK

ˆ
ˆ

ˆ
ˆ

ˆ
ˆˆ2












 , 

 
or 
 

VK  r2 . 



 

8 
 

 
If )(rV  is of degree n, that is  
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(i) Simple harmonics, n = 2 
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(ii) Hydrogen atoms where the Coulomb potential has n = -1, 
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Proof of the commutation relation 
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6.  Kramers method for the expression of sr  
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Then the average sr  is defined as 
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6. Derivation of the Kramers’ relation 

We derive the Kramers’ relation. It is the relation between <rs+1>, <rs>, and <rs-1>. 
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and c is a constant to be determined (adjust c to cancel terms that do not yield expectation 
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We calculate four terms separately defined by I1, I2, I3, and I4. 
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I4  c ds 1(
1

4


n




l(l 1)

2 )2

0



  

 
Then we have 
 

I  I1  I2  I3  I4 . 
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We choose c  
1

2
(s  2). Then we get 

 

1

4
(s  2) d s12

0



 
n(2s  3)

2
ds2

0



 
(s 1)

4
[(2l 1)2  (s 1)2 ] ds 12

0



  0  

 
Using 
 

320

2

)
2

( 




s

nl

s

s

Z
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A

r
d , 

 
we find the Kramers’ relation 
 

0])1()12[(
4

1
)32(

2 1
2
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2
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

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
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a
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n

s
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For s = 0, 
 

0)1(3
2 1

2
01

2
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




 r

Z

a
llr

Z

a
r

n
. 



 

14 
 

 
For s = -1, 
 

0
1 10

2  r
Z

a
r

n
 

 
For s = -2 
 

0)1( 3
2

2 





  r

Z

a
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Z

a
. 

 
For s = -3 
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2

1
3
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2
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2
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Z

a
lr

Z

a
r

n
 

 
 

7. Determination of sr  

We note that 
 

10 r . 

 

We apply the Kramers’ relation to calculate 1r , 1r , 2r , and so on. 

 
(i) The Kramer’s relation with s = -1: 
 

0
1 10

2
 r

Z

a
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n
, 

 
or 
 

an

Z
r

2
1  . 

 
(ii) The Kramers’ relation with s = 0: 
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
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Then we get 
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or 
 

)]1(3[
2

21  lln
Z

a
r . 

 
(iii) The Kramers’ relation with s = 1: 
 

0]4)12[(
2
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2
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2
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




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or 
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2

2
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2  lln

Z
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r . 

 
(iv) What happens to the Kramers’ relation with s = -2. 
 

0)1( 3
2

2
2   rll

Z

a
r

Z

a
. 

 

So we cannot determine 2r  from the Kramers’ relation. As is previously described, this can be 

calculated using the Feynman-Hillman theorem as 
 

)2/1(23
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
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Z
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Using the Kramers’ relation with the expression of 2r , we get 

 

)1)(2/1()1( 33

3
23





 

lllan

Z
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Z
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(v) The Kramers’ relation with s = -3: 
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2
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2

2
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2
  rl

Z

a
r

Z

a
r

n
. 

 
From this we get 
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8. The uncertainty of the radius 

The uncertainty of the radius is defined by 
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and 
 

)1(3
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2

2222





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lln
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r

r
 

 

The value of rr /  is calculated for each pair of n and l and is listed in Table below 

 
Table 

n l 
r

r
 

 
1 0 (s) 0.57735 
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2 0 (s) 0.408248 
2 1 (p) 0.447214 
3 0 (s) 0.368514 
3 1 (p) 0.389872 
3 2 (d) 0.377964 
4 0 (s) 0.353553 
4 1 (p) 0.366354 
4 2 (d) 0.377964 
4 3 (f) 0.333333 

 
((Mathematica)) 
Here we use N instead of n. 
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Kramer' s relation

Clear"Global`";

eq1 
s  2

N2
Fs  1  2 s  3 a

Z
Fs 

s  1

4
2 {  12  s  12 a2

Z2
Fs  1;

eq11  eq1 . s  n;

eq2  RSolveeq11  0, F0  a0, F1  a1, Fn, n;

rule1  a0  1, a1 
a

2 Z
3 N2  {  {  1;

Fn_  Fn . eq21 . rule1;

F0
1

F1
a 3 N2  { 1  {

2 Z

F2  Simplify

a2 N2 1  5 N2  3 {  3 {2
2 Z2
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______________________________________________________________________ 
9. Summary 
 

]2/3)1(2)[1)(2/1(

)]1(3[
45

24
4






lllllan

llnZ
r , 

 

)1)(2/1(33

3
3




lllan
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r , 

 

)2/1(23

2
2




lan

Z
r , 

 

an

Z
r

2

1  , 

 

10 r , 

 

)]1(3[
2

2  lln
Z

a
r , 

 

F3  Simplify

a3 N2 35 N4  5 N2 5  6 {  6 {2  3 { 2  {  2 {2  {3
8 Z3

F4  Simplify

a4 N4 12  63 N4  50 {  35 {2  30 {3  15 {4  35 N2 3  2 {  2 {2
8 Z4

F5  Simplify

1

16 Z5 a5 N4 231 N6  105 N4 7  3 {  3 {2 
21 N2 14  25 {  20 {2  10 {3  5 {4  5 { 12  4 {  15 {2  5 {3  3 {4  {5

F6  Simplify

1

16 Z6 a6 N6 180  429 N6  882 {  497 {2  735 {3  280 {4  105 {5 

35 {6  231 N4 10  3 {  3 {2  21 N2 101  105 {  90 {2  30 {3  15 {4
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)]2)(1()1(3)5)1(6(535[
8

242
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3
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)]1241553(5

)142520105(21)733(105231[
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

llllll

llllnllnn
Z

na
r

 

 
10. Quantum mechanical analog of the virial theorem 
The average of the kinetic energy is given by 
 

V
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eZ

an

eZ

an
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VEK n 2
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22 2
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2
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22
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where 
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ZeV 2
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with 
 

an

Z
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2
1  . 
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APPENDIX 
Wavefunction of hydrogen-like atom 
 
Normalization of the wavefunction; 
 

rr d
2

)(1  , 

 
with 
 

),()()(  m
lnl YrRr . 

 
Then we get 
 

  22222 )(),()(1 rRdrrYdrRdrr nl
m

lnl  . 

 
We define Prdr as 

 

drrRrdrP nlr

22 )(  

 
or 
 

22 )(rRrP nlr  . 

 
We define  
 

unl (r)  rRnl (r) . 

 
Pr is described as 

 
2

)(ruP nlr  . 
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We note that 
 

Rnl (r)  Anle
 / 2 lLn l1

2l1 () , 

 
where 
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Ln l1
2l1 () : associated Laguerrel polynomial 

 

  2r  with  
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We define a new function given by 
 

 p
q ()  e / 2(q 1) / 2 Lp
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