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In the non-relativistic limit, a Dirac particle (one with spin 1/2) is well described by the
Pauli equation with a two component wave function. In the non-relativistic limit, the particles
and antiparticles are separate. In order to understand how to find a representation in which we
can eliminate two components of the wavefunction it is necessary to understand why the Dirac
equation requires a four-componnet wave function in the first place. The reason is in the o-
matrices. They are odd matrices. Thus the term Ca - p in the Hamiltonian connects particle and

antiparticle parts of the wavefunction. Foldy and Wouthuysen (1950) have shown that the
transformation is possible in which the particles and antiparticles are separated for any value of
the momentum.

1. Foldy—Wouthuysen transform (I)

The Foldy—Wouthuysen transform is widely used in high energy physics. It was historically
formulated by Leslie Lawrance Foldy and Siegfried Adolf Wouthuysen in 1949 to understand
the nonrelativistic limit of the Dirac equation, the equation for spin-1/2 particles. A detailed
general discussion of the Foldy—Wouthuysen-type transformations in particle interpretation of
relativistic wave equations is in Acharya and Sudarshan (1960).
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Clear["Global *"];

ox = PauliMatrix[1];

oy = PauliMatrix[2];

oz = PauliMatrix[3];

I2 = IdentityMatrix[2];
I4 = IdentityMatrix[4];

ax = KroneckerProduct[ox, ox];
ay = KroneckerProduct[ox, oy];
az = KroneckerProduct[ox, oz];

B = KroneckerProduct[oz, I2];
rulel = {px -» pSin[61] Cos[¢1l], py - pSin[61] Sin[¢1],
pz » pCos[61] };

hl =

. ((B.ax) px 6+ (B.ay) py 6+ (B.az) pz ©) // Simplify;
mc

hil = hl /. rulel // Simplify;

h12 = MatrixExp[h11] // Simplify;

k1l =

(B.ax) px Sin[p] + (B.ay) py Sin[p] + (B.az) pz Sin[p]
Cos[p] I4 + 5

p

ki2=k11/.p -

/. rulel // Simplify;
2cm

h12 - k12 // Simplify

{{e, 9, 09,0}, {0,0,0,0}, {0,0,0,0}, {0,0,0, 0}}

The Hamiltonian H

H =c(a- p)+ pmc’
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We choose @ such that
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So we get
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Using this value of o =—, we get the value of f as
mc

f =c[mccos(a) + psin(a)]
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Finally we get
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Clear["Global +"]; ox = PauliMatrix[1]; oy = PauliMatrix[2] ;

oz = PauliMatrix[3]; 12 = ldentityMatrix[2]; 14 = IdentityMatrix[4];
ax = KroneckerProduct[ox, oX]; ay = KroneckerProduct[oX, oy];

az = KroneckerProduct[ox, oz]; B = KroneckerProduct[oz, 12];

rulel = {px-» pSin[el] Cos[¢l]l, py - pSin[el] Sin[¢l], pz-> pCos[el]};

hl = _1 ((B.ax) px 6+ (B.ay) py 6+ (B.az) pz e) // Simplify;

2mc
hl1l=hl /. rulel // Simplify; hl2 = MatrixExp[hll] // Simplify;
(B-ax) px Sin[p] + (B-ay) py Sin[pe] + (B.az) pzSin[p] .
p 7

k12 = k11 /. p - % /. rulel // Simplify;

h12 - k12 7/ Simplify

k1l = Cos[p] 14 +

{{o, o0, 0, 0}, {0,0,0, 0}, {0, 0, 0,0}, {O,0,0,0}}

axH = ConjugateTranspose[ax] ; ayH = ConjugateTranspose[ay] ;
azH = ConjugateTranspose[az] ;
BH = ConjugateTranspose[f] ;

hl =

Sme ((B.ax) pXx 6+ (B.ay) py 6+ (B.az) pz e) // Simplify;

(axH.BH) px Sin[p] + (ayH.BH) py Sin[p] + (azH.BH) pz Sin[p] _

k11H = Cos[p] 14 + 5
e

K12H = K11H /. p = ch—m /. rulel // Simplify:



k12.k12H 7/ Simplify
{{1, 0, 0,0}, {0,1,0,0}, {0,0,1,0}, {0,0,0, 1}}
H=c (ax px+aypy+azpz) +Bmc?; HL=H /. rulel // Simplify;
s1=k12_H1.k12H /. rulel // FullSimplify;
sll =
sl//. {(pCos[p ] -cmSin sz]) -0, (—pCos[E—:] +cmSin[E—:]) - -0,

(pSin[%] +cmCos[%]) ->f} /7 Simplify;

s1l // MatrixForm

cf 0 cgCos[©o1] ce 'l gSin[ol]
0 cf cel® gsSin[el] -cgCos[ol]
cgCos[o1] ce ' gSin[ol] -cf 0
ce'? gsSin[el] -cgCos[ol] 0 -cf
2. Derivation of FW transformation without Mathematica

(a) Formula-1

U= exp[L,B(a - p)@] = cos| |p|¢9 ]i + fla-p) sm[ |p| ]
2me 2mce p| 2me

((Proof))
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Using the formula
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pip(a-p);=—if(a-p)ifp

with

{ai’aj}:25ijl4’ e, B} =0, ﬁ2:|4

where i =X, Y, and z, and the curly bracket denotes an anti-commutator, we get
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(b) Formula-I1
[H,S], =HS +SH =0
((Proof))

S=— pa pp, H =c(a - p)+ fnc’
2mc

[c(a- p)+ pmc*]B(a- p)+ f(a- p)c(a- p)+ Amc’]

=c(a- p)B(a- p)+mc’B(a- p)+cBh(a- p)’ +mc’B(a- p)f
=—cf(a- p)’ +mc*(a- p)+cBh(a- p)’ —mc*(a- p)

=0

(c) Formula III

H exp(—i§) = exp(i§)l:|



((Proof))
H exp(—i$) = F[1+ - (=iS) -~ (<iS)? +(<iS)’ +..]
T 2 3!
=H +ll:|(—i§)+lFl(—i§)2 +1H(—i§)3 +
T 2! 3|
“H 16 + L6y H + Las)yH
T 2! 3|
=H exp(ié)
(d) Formula IV
U :exp(i§)

H'=UHU"*
= exp(iS)H exp(i$)
= exp(iSA)exp(iSA)I-]
= exp(2i$)H

(e)

exp(2i§)I:| :[cos(|p|9)i+ ﬂ(a r) s1n(| | )][C(a-p)+ﬁmcz]

—C[cos(| | )(a p)+ﬂ(| |p) sm(| | )]

Sla- p)ﬂ Ipl

= C[(a- p)cos(| g )+ ﬂ|p|sm(| |

+mc’[p cos(|p| )M+

sm(
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or



exp(2|S)H Blmc? cos(| | )1+C|p|s1n(| | )]

(a p)
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where

exp(2i$) = exp[ima - p)é]
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We want the term containing (Oi : |p ) to vanish. The necessary condition is
p
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(mc) mc’
0 ? 6. ¢
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So that
H'= exp(2iS)H
= p[mc® cos(| | )1+C|p|sm(| | )]
= ﬁ(mzc“ +¢?p)
ER
= PEg
4. Separation between particle and antiparticle components
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There are 4 independent states.
[y)=U"ly) = exp(-iS)|y)

and

(degenerate state)

U* = exp(-iS)
—cos[| | ]1+(a p)ﬂs1n[|p|
p| 2me
~mc
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U0* = () -1

BH =cf(a- p)+mc?, Hp =c(a- p)B +mc’

PHHB =[cp(a- p)+mc’][c(a- p)S+mc’]
=m’c* +cB(a- p)c(a- p)+mc’(a- p)B+mc’B(a- p)
—m2c? +Czﬂ2(a-p)2
=m’c* +¢?|p]

— ER2

T

y'=UHU "y'= E. Sy’

We note that H' is the diagonal matrix.

y'=y' 4y,
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Note that y,' (") is now essentially a two-component wave function, since its lower (upper)

components are identically zero.
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The eigenket for the helicity h=1
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5. Foldy—Wouthuysen transform (II)

Here we define iS as
| 1
IS=—p(a-p)0=—p(a- p)d
p| p

The unitary operator:

U= exp(i§)
- exp[ipﬂ(a )]

=cosf |, +%,6’(a-p)sin0

U* =cosd |4—lpﬂ(a~p)sin9
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where

P = p(sing, cosd,,sin G, sing,cosb,)

f =c[mccos(268) + psin(26)], g =c[pcos(28) —mcsin(26)]
We choose € such that

g=0
So we get

pcos(26) = mcsin(26)

or
1-tan°@d mc
or
tan’ 0+ﬂtan9—l =0
p
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c’p? +(E; +mc?)? =c’p* + E;” + m*c* + 2mc’E
p R R R
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f =c[mccos(26) + psin(20)]
=mc*(cos” @ —sin® @) + 2 pcsin Hcos b
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6. FW transformation of operators
We note that
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Using this relation, we have
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(a-p)a—p=i(Zxp)

((Proof))
( ) (0 ep)0 o p 0
e pE c-p 0 \e O 0 p
:((a'p)a—p 0 J
0 (6-p)o—p
(a‘p)a —p :((O—'p)ax_px 0 ]
” " 0 (O-'p)o-x_ Py
(- p) P, p,—ip, 0 1 1 0
c-po,—p, = . _
P pX px+|py - pz 1 0 pX 0 1
. px_ipy 1 0
- - P, px+ipy P 0 1
_ _ipy P,
- P, Ipy
=io,p, —io,p,
:i(O'Xp)X
( ) P, p,—ip, }(0 —i 1 0
G-p)O, — = A —
P Y py px+|py - pz i 0 py 0 1
_ I(px_lpy) _ipz —p 1 0
—ip,  —i(p,+ip)) (0 1
_ Ipx _ipz
- _ipz _ipx

= I(O-z Py — Oy pz)

=i(ex p),



& p) P, p—ip, {1 0 1 0
c-po,—pP, = . _
p)o, — P, p,+ip, -p, O -1 IOZOl
(P —(p—ipy) ol 0
P, +ip, P, 0 1
(0 —=(p,—ipy)
~{ p+ip, 0
=i(0xpy_0ypx)
=i(a x p),
Then we have
_((exp)
(a-p)a p—l( 0 (axp)j
=i(Zxp)
where
c 0
2:
o
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c’p c’

Ve =UvU " =ca + )4

ER
(b) Angular momentum:

L., =U(rxpU*

=r'xp
(©) Spin:

~h(axa
Sew =U (4i :
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APPENDIX-I
Formula

One further very useful property of both « -matrices and o -matrices also arises from
being able to write them in terms of the Pauli matrices. If A and B are arbitrary vectors, then

(a-A)a-B)= 0 a-AJ(O G_Bj

ccA 0 Ne-B O
(6-A)o-B) 0
0 (a-A)(mB)]
A-B+ic-(AxB) 0
B 0 A-B+io--(A><B)J
=[A4-B+ie-(AxB)]I,

(axa)=2i%
0 azj(o og} (0 0'3][0 azJ
A0 — 00, = -
o, 0o, O o, 0o, O
0,0, — 0,0, 0
- 0 0,0, — 0302j
2ic;, 0
Lo ZiJJ
=2i%,

(b) Odd matrix and even matrix

Odd matrix (example, matrix @)

[z 3



Even matrix (example 2)

c 0
Y=
0 0']
¢J
(// =
X
@:  large component
x:  small component
APPENDIX-II Application of FW transformation

(a) Energy eigenkets

Hamiltonian: H =c¢(a- p) + Afmc’

—_

[
%)

Using the FW transformation, we have the new eigenket

Yew =le//,

with




G- 1
J2ER(Eq +mc?)

(Ex +Hp)

(a) For the energy eigenvalue + E, (particle)

‘//FW(+):U‘//
- (Bt
J2Eq(Eq +mc?)
-+ p
J2Eq(E, +mc?)
2 0 0 0)y,
B E, 020 0fu,
 J2E (B +me?) [0 0 0 0]y,
00 0 o0)u,
u1
2k W
E.+mc*| 0
0

with the normalization condition

F - E +mc’

|u1|2 +u,| =
2E,

(b) For the energy eigenvalue — E;  (anti-particle)



‘//FWH :U‘//

1

= > (Eg +H)y
J2Eq(Eq +mc?)
E
= —— (- By
J2ER(E, +mc?)
0000
~ E, 0000
J2Eq(Ep+mc?) |0 0 2 0
000 2
0
_ 2ER 0
E +mc’| u,
u

From the normalization condition, we have

E, +mc?
|u3|2 +|u4|2 = F}TR
Helicity:
0'~£ 0
s p_| vl
[p) e L
Is
U, a-ﬁ 0 U
2.£ U | _ |p| U,
|p| Us 0 0'-£ Us
u, [P\

with



with the eigenvalues %1 since (¢ - 2)’ =1. When we define £ =
I A
a-n|in> :i|in>
g i9/2

u
[ lj = for the helicity 1

u, sin—= e|¢/2

u sin— e e
( lj = for the helicity -1

u, |¢/2

-~ 1
U= (Er +Hp)

J2ER(Eq +mc?)
mc*  c(o-
H =c(a: p)+ pmc’ = (o IZ)
c(6-p) —-mc
E, O me>  ce-p)|l O
(Ex +Hp)=| Ej+ 2
R c(e-p) —-mc” \0O -1
Eq j

N mc> —c(o-p)
c(e-p) mc’

(a)



<
<

1+ u2 1 uz
gl 2= (Eq +Hp)
0| \2Eq(E, +mc?) 0
0 0
ul
_ 1 E.+mc® —c(o- p)j u,
J2EL(E, +mc)\ C(e-p)  Eg+mc?) 0
0
u
E.+mc?)
[y
- : )
J2E.(E, +mc?) C(g_p)£ 1j
u2
u
E.+mc?)|
) . (Eq )(Uz]
V2Eq(Eq +mc?) epl
top)
or
ul ul
U+ u2 — (ER+mC2) u2
0| \2Eu(Eq+mc)|, o (U
0 ~ E,+mc?\u,

This leads to

Uy _ 4 ©p U,
u,)  Eg+mc’u,

The normalization condition is satisfied,



(E, +mc?)
2Ex(Eg + mc

(E, +mc?)
2E,(E, +mc?)

C22
P ]

2 2 2 2
(un | [ +u ] +|u,[H = (E.+me)

5 (|u1|2 +|u2|2)[1 T

E. +mc’ E, +mc*)’ +c’p’
“ 3t e s eyl D S T
2EL(E; + mc”) (Eg + mc”)
_ ER+mcz[2ER(ER+mcz)

2E, (E, +mc?)’

=1

O Eg +mc? A

(b)



0 0
|0 1 0
U - — (Eq +Hp)
Uy | [2Eq(E, +mc?) Uy
u, u,
1 E.+mc*> —c(a-p)

_\/2ER(ER+mc2) C(o-p) Eg+mc’

Us
—C(a-p)( j
1 u,

2B (Ep+me?) (ER+mcz)(33J

2 2
Egx +mc Eg +mc”\u,

" 2EL(E, +mc) (Usj

This leads to

u, E; +mc”(u,

where

cos—e "’
u3 _ 2 . .
= for the helicity +1
Us sin—e'’?

—ig/2
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In summary we have the solution of Dirac equation
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