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((Definition))

Hermite conjugate (definition): or Hermitian adjoint
(wlAo) =(plAlw)

1. Complex number
What is the Hermitian adjoint of the complex number?

(vldle) = (le|w)

or

c(wlo)] =c'(wo)
C<</7| )={olcw)

(wcle)

where C is the complex number. Then we have
(ole’lw) = (elew)

or

=c

When ¢ =i (pure imaginary),

Had

In the quantum mechanics, the expectation value is real, i.e.,

(wlAw) = (w|Aw) (1)

In this case A is called a Hermitian operator. From the definition, we have

(w|A

Hermitian operator satisfies the following condition:

) =(w|Ay). )

1



A A

A=A

2. Dirac notation (bra vector)
) = Hp) > {a|= (o] A
((Proof))
(w|No) =(olAy)

Then we have

(wlAo) =(wla) =(aly)=(o|Ay)
Then
(elw) = (ol A'lw)
or
(a|={olA
3. The momentum operator is a Hermitian operator
p=p
((Proof)

(wlplo) =(elp"w)
. . h o
(wlplo) = [ x)x|pleo)ax = [{w]x)=— (x|o)dx
« h O h o .
= [y 0072 p(0dx=—[ =y (9p(x)dx
Here we use the formula without proof

(x

R h o
P¢>=T&<X|¢’>

or



. * n o . « h 0
(wlplo) === w00 (0dx= [ 9" (0= (x)dx

—le X|Bly)dx = (| plw)
Thus we have
(@] 0°[w) = (o[Blw)

or

p'=p
4. Formula
(R8) =g A’
((Proof))

(wl(AB) |0} =(o|(AB)lw) = (| B) = (Bla) =y [B"A'lp)
where
(al=lplA and  |5)=Blw)

or

A

@)= A'lp) and  (B|=(y[B"
((Comments))
1. (A" =A

2. (cA)* =c’A*
3. (A+ é)+=A* +B*
4. If A"=A and B' =B,

(AB) =B°A" = BA



So AB is not Hermitian.

However,

1s Hermitian.

6.
(B) =(RA) = A"A" = AA= A

1s Hermitian.

7. p is Hermitian.
p=—inD  with D* =-D

p* =(—inD)" =—i"AD" =—irD = p

A

|a>:—A

a)
Hermitian conjugate
(o] = (a|A
Outer product of | ) and (/| is an operator
A=|p)a]
Az)=(B)allz)= (el 2)A)
A" =la)p]
((Proof))



5. Properties of Hermitian
Eigenvalue problem:

Ag,)=a,|o,)

where

A

A is the Hermitian: A" = A
|(pn> is the eigenket

a, is the eigenvalue

Since A is the Hermitian,

A~

(Pul A @) = (00| A% 0) = (0 |A 1) (1)

The matrix element
Ao,)
Am = A,

An = (o,

The matrix element of A* is the complex conjugate of the matrix element for the
transpose of the matrix A.

N x N matrix elements



Ar A Ay A,

A, A, Ay Lo LA,
Ay Ay Ay Lo LA,
A Ay A LA,

The diagonal elements are real.

From Eq.(1), we have

(nlnlen) =2, (o] on) = {2,
(1) Eigen value is real

m =n in Eq.(2),

(@, —a,)(¢,|¢,) =0

Thus a, is real.

(2) The eigenkets are orthogonal

In Eq.(2),
(@, —a,)(¢,|pn) =0
If a, # a, (non-degenerate case),
<(on |(pm> =0 (orthogonal)

(3) The eigenkets of A form a complete set.

For any |z//> ,

Apy)=2,(p,|on)

)



6. Closure relation:

v)=clo)=lo)elv)

Because |l//> is an arbitrary ket, we must have

3 lou)eal-1

For A with A|¢n>= a,]e.)

SIOYNCAES WENCAE LNEN T

n=1 n=1

7. Principle of measurement

For any |z//> ,

A —P—{a| >
Measurement of A P ——a,>
——P——3{a;>

Find dn > |
_pT'ITl_> an-1>
P > 3>

)= leioDlv) = oo )

=1



Probability of finding |¢,)

P@,) =)

8. Commuting observables
The product of Hermitian operators A and B

(AB) =B-A* = BA

If
[A, B]=0 (commutable)
(AB) = BA=AB

Thus AB is Hermitian.

9.  Simultaneous eigenkets
We may use |a,b) to characterize the simultaneous eigenket.
Ala,b)=ala,b)
B|a,b) =bla,b)
Then
AB|a,b) = bA a,b) = abla,b)
BAla,b) = aB|a,b) = abla,b)
or
[A,B]a,b)=0




