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We solve the eigenvalue problem for the exchange interaction between two spins using
the KroneckerProduct in Mathematica.
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The exchange interaction between the electron and the proton (the hyperfine interaction)
is given by
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We solve the eigenvalue problem.
Eigensystem[ J :
Eigenvalues and eigenkets

Triplet state:
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The unitary operator:
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We also have
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U'Ju = (diagonal matrix)
0 0 1
0 0 0 -3
((Mathematica))
Clear["Global "+"];
exp_* :=exp /. {Complex[re_, im_] = Complex[re, -im]}; ¢l = (é);t[rl: ((1))
1. 0. 0 1y. 0 -4y, 1 0.
wi=(g)iw2=(1)iox=(10)iv=(5 0 ):oz= (o -1);

12 = IdentityMatrix[2];

¢1 = KroneckerProduct[¢1l, ¢1]; ¢2 = KroneckerProduct[y1l, ¥2];
¢3 = KroneckerProduct[y2, y1];
¢4 = KroneckerProduct[y2, ¥2];

J1 = (KroneckerProduct[ox, ox] + KroneckerProduct[oy, oYy]
+ KroneckerProduct[oz, o02]);

J1 // MatrixForm

10 0O
0 -1 2 0
0 2 -10
0 0 0 1

eql = Eigensystem[J1]
{{(-3,1,1, 13, {{O, -1, 1, O}, {O, O, 0, 1}, {O,1,1,0}, {1, 0, 0, 0}}}

x1 = Normalize[eql[[2, 4]1]
{1, 0, 0, 0}

x2 = Normalize[eql[[2, 3]]]
1 1
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x3 = Normalize[eql[[2, 2]]1]
{0, 0, 0, 1}

x4 = -Normalize[eql[[2, 1]1]]
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UT = {x1, x2, x3, x4}; U=Transpose[UT]; UH = UT*;

U // MatrixForm
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UH // MatrixForm
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UH.U // Simplify
{{11 O’ Os O}, {Os l; Os 0}1 {Os 07 11 0}1 {O, Os O, 1}}

eq2 = UH.J1.U // FullSimplify; eq2 // MatrixForm

100 O
0100
001 O
000 -3
22 Dirac spin exchange operator
jV/1>:|V/1>a j;(1>:|)(1>
jl//3>:|'//3>= jl4>:|;(4>
jV/2>:|V/2>a j(|7(2>+|;(3>):|7(2>+|7(3>
j‘//4>:_3|‘//4>9 j(|/1’2>_|;(3>):_3|Zz>+3|;(3>)

Then we have
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In other words, we can define the Dirac spin exchange operator

S PN RN
Po=o(i+d)=2(0+6,-6,)

where for example,
|:’512|+ Z>1 ®|_ Z>2 - |+ Z>1 ®|_ Z>2
3. Spin angular momentum

The total spin angular momentum:

S A

S=8+8, =§(&1+&2)

Then we have
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and
~ ho . R i . A~ A R
S,=—(06,,+0,,)=—(6,,®1,+1,®07,,)
2 2
~ h o . R ho . A R
S, :E(O-lx +G5,) :E(le ®1,+1,®0,,)
~ ho. R o Aoa R
Sy:E(aly+02y):5(01y®12+11®02y)
We get
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0110 000 0
000 2 000 -1
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and the commutation relation
[82,5,]1=0

In summary
) =l=tm=1), ) =fi=Lm=0), |y)=li=Lm=-1)
) =li=0m=0)

We also note that the spins of electron and proton are expressed by

1 0 0 0 1 0 0 O
: A0 1 0 0 SA_EO—IOO
= 210 0 -1 0 210 0 1 0

00 0 -1 0 0 0 -1

respectively.

((Mathematica-2))
Simultaneous eigenkets of S? and §Z . The Mathematica program-2 is the sequence
of the Mmathematica program-1.



A
Sz E (KroneckerProduct[oz, 12] + KroneckerProduct[12, o0z]) ;

3 n? n?
ST = T KroneckerProduct[12, 12] + ? J1;

Sz // MatrixForm
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ST // MatrixForm

22 0 0 O
0 n2 n2 0
0 n2 n? O
0O 0 0 2nr?



Sz.ST-ST.Sz // Simplify
{{0, 0,0, 0, {0,0,0, 0}, {0,0,0, 0}, {0,0,0, 0}}

Sz.x1-naxl
{0, 0, 0, 0}

Sz.x2
{0, 0, 0, O}

Sz.x3 + A X3
{0, 0, 0, 0}

Sz.x4
{0, 0, 0, O}

ST.x1 - 2a% x1

{0, 0, 0, 0}
ST.x2 -2 1% x2

{0, 0, 0, O}

ST.x3 -2 7% x3
(0, 0, 0, 0}

ST.x4
{0, 0, 0, 0}
4. Zeeman energy

We consider the Hamiltonian consists of the exchange interaction and the Zeeman
energy is given by

A

H=J6,-6,-1B6,— 1B,
=3(6,,®6,,+6,,®6,,+6,,®5,,)- 1B(6,, ®1,) - 1,B(1, ®6,,)

This Hamiltonian can be described by the 4x4 matrix given by



J—uB—-uB 0 0 0

- 0 -J—u,B+u,B 2J 0
- 0 2J —J+14,B—1,B 0
0 0 0 J+uB+u,B

So we can solve the eigenvalue problems

Energy eigenvalue Eigenket

J—(u+1,)B

S O o =

0

[\/4"]2 + Bz(,ul _,Uz)z — (44, — 1,)B]/2J
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which corresponds to the state ﬁ i (=| j=1,m= O>)
0
0
0
J+ (i +14,)B 0
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[V437 +B* (1 = 14,)" + (s, = 1,)B]/23
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0
0
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which corresponds to the state ﬁ i (=| j=0,m= 0>)
0



Note that the eigenkets are not normalized.

((Mthaemtica))
Clear["Global "] ;
exp_* :=exp /. {Complex[re_, im_] :» Complex[re, -im]}; ¢yl = (é) wl = (é)

vi=(o)iw2= (1)iox= (1 o)iov= (5 0 )ioz= (o 1)
12 = IdentityMatrix[2];

¢1 = KroneckerProduct[¢1, ¢1]; ¢2 = KroneckerProduct[yl, ¥2];
¢3 = KroneckerProduct[¢2, y1];
¢4 = KroneckerProduct[¢2, ¥2];

K1 = J (KroneckerProduct[oX, oX] + KroneckerProduct[ocy, oYy]
+ KroneckerProduct[oz, o2]) ;

K2 = -1 B KroneckerProduct[oz, 12] - pu2 B KroneckerProduct[12, oz];
H1 = K1 +K2; H1 // MatrixForm

J-Bul-Bu2 0 0 0
0 -J-Bul+Bpu2 2J 0
0 2J -J+Bul-Bu2 0
0 0 0 J+Bul+Bpu2

eql = Eigensystem[H1] // Simplify

[[3-B(ul+u2), I+B (ul+u2), J-/432:B2 (u1-u2)2, 3+a32+8% (1 -1u2)% ],

7x/4J2+BZ (1l - p2)2 +B (-pl+pu2)

{{1,0,0,03, {0, 0,0, 1}, {0, >3

. 1,0},

o \/4J2+BZ (ul - u2)2 +B (-pl+pu2)

{ 2 .10}
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