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The quantum mechanics is used to understand the essential points for the spin echo method of
nuclear magnetic resonance (NMR). A static magnetic field is applied along a nuclear spin with

angular momentum nl and the magnetic moment yhf , Where y is the gyromagnetic ratio. The

static magnetic field is applied along the z axis. The radio frequency (r.f.) field magnetic field is
applied along the plane perpendicular to the z axis. Here we consider the case of spin 1/2 system.

1. Gyromagnetic ratio of nuclear spin
(a) Electron
Orbital angular momentum and orbital magnetic moment
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where g =2.0023193043617(15).
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where 7l is the angular momentum.

Table-1: Gyromagnetic ratio



Nucleus (106rad s71 T 1) (MHz T 1)
H 267.513 42.577 478 92(29)
’H 41.065 6.536
SHe —203.789 —32.434
1 103.962 16.546
13C 67.262 10.705
4N 19.331 3.077
BN —27.116 —4.316
e —36.264 —=35.772
19F 251.662 40.052
23Na 70.761 11.262
2TAl 69.763 11.103
2981 —53.190 —8.465
31p 108.291 17.235
YFe 8.681 1.382
3Cu 71.118 11.319
577n 16.767 2.669
129% e —73.997 —11.777

2. Spin recession

(a) Classical treatment
The magnetic moment of nuclear spin with angular momentum #l, -s given by

wy =l

When a static magnetic field is applied along the z axis, the Hamiltonian has the form of the
Zeeman energy, given by



H =—u, B:—}/hIB

We consider the equation of motion for the angular momentum

hd—Lz‘r:yszthxB
dt

dr

—=y(IxB

a B

When the magnetic field is applied along the +7 axis,

leading to the equation
d . . : .
a(lX +il,) =Bl —iyBl, =-i)B(l, +il )
or
l +il, = 1 exp(-iyBt) = 1,
where
@, =78

(clockwise for » > 0 and counter clockwise for y <0).
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Fig. Precession of nuclear spin. @’ =—jB >0 for y <0. (Counter-clockwise direction). The

r.f. field BT (t) with o, >0.
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Fig. Precession of nuclear spin. @’ =—B <0 for > 0. (Clockwise direction). The r.f. foeld
B (t) with o, <0

res ref

(b) Spin precession using quantum mechanics

The time evolution operator is defined by T = exp(—% Ht). When a static magnetic field is

applied along the z axis (in the absence of the r.f. field), the Hamiltonian is given by



H = -yl ,B = ha,l

1, . .
where w, =—)B and | =EJZ. The state vector at the time t, is related to the

z

state vector at the time t; through the time evolution operator as

y(t,) = exp(—% oy )

= exp(—%h(t)o rzT)| V/(tl )>
= exp(—ia)odAz)|V/(t1)>

— exp(~i %&z)w/(tl»

Here we define the rotation operator as

exp(— %) 0
ig
0 exp(?)

R(9) = expi—146,) =

This means that spin rotates around the z axis through the angle ¢ = o,z .

We note that
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3. r.f. magnetic field
The r.f. coil generates a field By along the tilted axis in Fig. During an r.f. pulse on a single
spectrometer channel, the magnitude of this field oscillates at the spectrometer reference angular

frequency w,, . Between pulses, the r.f. field is equal to zeo. If the pulse is perfectly rectangular,

ref

then the r.f. field has the form:



d u Time

The r.f. field is given by

Bge (t) = Bee (os Oee, +sin O, ) cos(w 1+ ;)

=B () + By () + B (1)

res non-res



during an r.f. pulse. The r.f. field consists of a longitudinal component proportional to cos6&xe
plus a transverse component proportional to sin &y . It turns out to be useful to imagine that the

transverse oscillating field is actually a sum of two rating components. Both components rotae in
the Xy-plane, at the same frequency, but in opposite directions. Note that

res

B ()= % Bge sin Oqe e, cos(@t + 4,) + e, sin(@t + )]

BRF

non-res

(t) = % BRF sin HRF [ex Cos(a)reft + ¢p) - ey Sin(a)reft + ¢p )]

BRF

long

(t) = BRF Cos eRFez Cos(a)reft + ¢p)
where
w, =—)B

For positive y, the angular frequency @, is negative (clockwise), and for negative y, the angular
frequency @, 1s positive (counter-clock wise). The transverse part of the spin Hamiltonian is

approximated as

H_ =yl - B (t)

res

1 . - £
= _EmBRF sin Gpe[1, cos(w et +¢,) + |, sin(@,t + ¢,)]

Note that

1 :
Onye = ‘E?’hBRF sin Gpe

is the nutation angular frequency.
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State vector in the rotation frame and Laboratory frame

|+ X') =R, (®@)|+ X)



|+X) =R, (-®)[+ ')
Here we use the notations
[+ x) =]+ x), Rotating frame
[+ x) =|+x), Laboratory frame
Then we have
[+ X)q =R,(~®)+x),

This relationship may be generalized. Any spin state, viewed from the rotating frame, is related
to the spin state, viewed from the fixed frame through

W), =R.-O)w), ) =R, (@)|y),

Now we consider the Schrodinger equation in the laboratory frame,

0 .
maw/)_ H

v)

.. 0 .. 0 &

'ha|V’>R = |haRz(—<I))|1//>

.0 a A .. 0
- Ih[aRz(_(D)]|l//>+Rz(_q))lha|l//>

Here we note that

F}iz(_q)) = eXp(;/_l_jch) = eXp(ICDlAz)
where

j=ni,="s i-Ls
2 2

The derivative of IQZ(—CI)) with respect to t;



LR,(-0) =2 explio],)

ot
.~ dD e
=il —exp(iDI
2 dt p(i®l,)
- ref z z( CD)
where
do
dt a)ref ’ D= a)reft + ¢ref

Thus we have

121}, =~ TR Oy +R,(0)in < |y)

__ha)ref z z( (I))|'//>+R( CD)H |‘//>
ref z|l//> +R( CD)H R (CD)|(//>

[~hag§, +R,(-®)H, R,(D)]w),

K

ref z

R l//>R

The Schrédinger equation in the rotating frame is given by

i 21}, = Flw),

with the Hamiltonian in the rotating frame,

H, = —ho |, +R,(-P)H R, (D)

ref z

5. Precession in the rotating frame
The spin Hamiltonian in the static field is

I-AIL :ha)of

7

So the rotating-frame Hamiltonian is



H % = —haw [, +R,(-®)ha, IR, (D)

reflz
= h(a)o — Wt )Iz

= QI
where
Q, =(v, — B )
Note that
R,(-D)I,R,(®)=I,R,(—D)R, (D) =1,

6. Rotating-frame Hamiltonian
In the presence of a static field along the z axis, the Hamiltonian is given by

H, = ho'i, =19 6.
2
with
I, =6,
2
@, =-)B

The Hamiltonian due to the r.f. field in the X-y plane is

|:|RF :_ﬁi'BRF(t)

res

1 . - no
= —EWBRF sin O [ 1, cos(wt + @) + 1 sin(@, 1+ ¢,)]

where
Cp = ot + g,

Then the resulting Hamiltonian is



A

I—A|L=H0+I-AIRF

= hwof — %yhBRF sin Gqe [ fx cos(®,) + fy sin(® )]

The Hamiltonian in the rotating frame is
l:IR = _ha)ref IAZ +F’éz(_q))|:|LF’iz(q))
= —hwyl, +ha)OFEZ(—oD)sziz(op)—%mBRF sin Gge R, (—0)[ [, cos @, + [, sin®,, R, (®)
= 1w, — o), —%yhBRF $in Gpe R, (-0 + @, )R, (D, )[ [, cos @, + [, sin @, IR, (@R, (@ - D,)

= (w, _a)ref)rz _%mBRF SinHRFFAaz(_(D +q)P)IAX§Z((D - D)

where
R,(-® [, cos® +I,sin® JR,(® ) =1,
R,(-® + ®,)R,(-®,) =R, (-D)
R,(D,)R, (D -D,) =R, (D)
((Formula))
R,(®,)[\R,(-®,) = cos(®,)I, +sin(® ),
R,(®,)I,R,(-®,) = —sin(® ), +cos(® )T,
or

~
IX

R, (=@ )[cos(®@ )T, +sin(®@ )I, IR, (D)

A

R, (-® ,)[-sin(® ), +cos(®@ )I, IR, (@)

Iy

Thus we have



n | ) . A A
H, =l —EmBRF SinOpe R, (=@t + ) LR, (Drer — )

Note that
QO = Wy — Wy
(D:a)reft+¢ref= (Dp:wrft+¢p

Q, is the resonance offset. Note that the time dependence has vanished from this expression.

This is the point of the rotating frame. It transforms a time-dependent quantum-mechanical

problem into a time-independent one.
((Note))

For y <0, G =0 (definition)

. .1 _ . -
H, =nQ°l, _EmBRF sin O R, (4,) 1R, (=95)

A1 . £
=nQ°l, _EVhBRF sin Gge (cos @I, +sing, 1)

For y <0, G =7 (definition)

l:IR :hQsz _%7hBRF SineRFIQz(_ﬂ--i_¢p)rx§z(7[—¢P)
= hQ°l, +%7hBRF Sin O (cos @, [, +sing, 1)

where

A

R,(#,)I,R,(~4,) = cos@, [, +sing, [,

and



R,(-7+ )[R, (7 — @) = cos(¢, — ), +sin(g, — 7)I,

=—(cosg,l, +sing,l,)

Combining these two equations, we get the final result

A

Hg = hQ"l, + heo,, (cos gy, +sing, 1)

where

1 .
Onye = ‘E Bgg sin e

For y >0

B B
A A
Right
6 hand
y Y ;’ s _ Figure 2.13
/( @ by e Using one’s right hand
L R to determine the sense

of precession.

((Note))
Gt =7 for y >0
Gt =0 for y <0
7 x-pulse

We Consider a strong pulse of frequency @, , duration 7, and phase ¢, =0 (an ‘x-pulse’, in

the usual NMR jargon). The amplitude of the pulse is specified through the nutation frequency

wnut °
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The Hamiltonian in the rotation-frame is

H, = nQ, I, + ha,,(cosg, I, +sin Py fy)

For ¢, =0 and Q) = ®, — w4 =0 (resonance), the rotating-frame Hamiltonian during the time

7, =t,-t,

A

H, =hao,,I

nut * x

W (1)), =R (B, w(t)),
with
T, =1, -1,
and
N i A . ~ ..oon
Rx (ﬂp) = eXp(_ghéonutrp I x) = exp(_lwnutrp I x) = exp(_lﬂp I x)

or

where



ﬂ p = a)nutTp
Now we start with

w(t)), = RIOE)wt))

(1)), =R,[O1)]w(t,))

T,=t4 -1,
where

D =aw,t,
Thus we get

v (), =R.(Blw (1)),

or
R[-@(t,)]w(t)) = R,(B,)R,[®M)]w ()
or
v (t,)) = RIPML)IR,(B,)R,[-O(t)]|w (t))
Note that

ﬁz(®(t)) = exp(—id)fz) =exp(—io,

ref

th))

Using the Mathematica, we get the expression



1

. 1.
Ty O i —E|(2t1+rp)a)ref . ﬂp

X X i e ? cos—  —ie sin—>
RIPML)IR (B )R [-O(t)]=| L
_jg2 e sin& g2 cos&
8. Pulse of general phase
Z
A
Pp
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X

In general, the Hamiltonian in the rotating frame is
He =1Ql, + haw,,(cosg,l, +sing, 1)

with ¢, #0 For Q, =@, — o,

.t =0 (resonance condition), the rotating-frame Hamiltonian during

the time 7, =t, —t,, is given by

A

H; =ha,,(cosg,l, +sing,l )

(1)), =R, (Blw(t)),

with



and

where

ﬂp = a)nutTp

Now we start with
(), =RIDM)]w (L))

v (1), = RIOM)]w (L))

O(t) =t 7, =t -1,

W (), =Ry, (Blw 1)y

R[-0(t)]w (L)) = R, (B)R[PM)]w ()
or

v (1)) = RIOML)IR, (B,)R,[-Ot)]w(t))
Note that

R,(®(1)) = exp(-iD(t)1,) = exp(-im i)



Thus we have

RIP(t)IR, (B,)R,[-0(t)]

1.
_EI(¢p +prref )

1.
. . . _7|(¢p+rpwref) .
[cos(ﬂp)cosﬁ+ i s1n%] —ie ? cos%sm(ﬂp)

2
1. 1
. 7|(¢p +prref ) ¢ . 7i(¢p 'H"pwref ) ¢ - . ¢
-V P 2 P P
ie cos 5 sin(f3,) e [cos(B,)cos 5 Isin 5

]

9. Off-Resonance effect
For Q) = w, — w,; # 0 (resonance condition), the rotating-frame Hamiltonian during the time

t, =t, -t is given by
Hg = Q[ + ha,, (cosg,l, +sing, i)
with ¢, # 0

(), =R, (Bw(t)),

with

and

where

Q)

nut



By = T,

Now we start with
v (), = RIOE)]w ()
v (t,), = RI®M®)]w(t,))

7,=t4 -t

W (), =Ry, (Blw (),

R[-®(t,)]y(t,)) = R, (B)R,[OE)]w(t))
or

v (1)) = RIOM)IR, (B,)R[-Ot)]w(t)
Note that

R,(®) = exp(—idf,)

where




10. Rabi formula
Suppose that

t=0,and t, =t, T, =t

y)=|+2

lw (®) = RIDPOIR, (B,)R,[-(0)]y(0))

St . gt ot L 0gt g rent
e 2 " [-iQ° sin(—) + @, cos( ezﬁ )] —i, sin( esz ez oo
— a)eff ta)eff
. oLt 24 et L o owgt ..t
—if3, sin( ezﬁ 2 e2 " [iQ° sm(eTﬁ)nLa)eff cos(eTﬁ)]
ta)eﬁ Dyt
At @t W, t
e 2" [—iQ sin(—) + w4 cos(—)]
2 2
- . a, fft l[2¢p+a)ref’(]
—if3, sin( e2 )e2
tog

with

= Wyt

By

0
The probability of finding the system in the state |— Z> = (lj ,

i
_Ewref Tp

. OT O T
[-iQ° sm(%) + Oy cos(%)]

ey ), =01

a)eff

T
—-ip, sin(%)ez

[2¢p+ayer7p]

L ®T, 4o,
—I,Bpsm(%)e2 P

Tpa)eﬁ

T, Dy




i 2
7[2¢p+wref Tp]

L 04T
5 ‘—Iﬂp sm(%)e2

(~2lw ),

‘ taw ‘

2
[0} . a)ﬁf
— 2r1u'[ 02811’12 e " p
o, +(Q°) 2

nut

where
_ 2 0
a)eﬁ - a)nut + (Q )2

11. Density operator:

cosg - ising
R.(B) =
—isinﬁ cosﬁ
2 2

ol ol

The density operator is defined by

(s {6 5

P Pn) \C,C, C,C,
p=p pZI* = P
Trip]l=1, Pt oy =1

Piis P’ Populations of states |1> and |2>
Piis Pus Coherences of states |l> and |2>

Note that



p11:<1,bl>a p12:<1/32>
p21:<2151>: p22:<2,52>
¢ A ™ 7 ™
CLCOCO o= o= | = |oe >
AN AN A A J
(1)=Trli,p]
lel’[(l 0 ](pn plzj]
2 0 —1Apy P
:lTr( P P2 ]
2 \=-py —P»
1
:E(pn ~ P2)
B Net polarization
A
L o
SLEE. | B>
ti ?]; A o
oo o>
/d }{ ﬁ o, !i Figure11.3
¢ Net spin polarization

along the field.
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(1) =Tr[I,p]

:lTr[(O lj(pn plzj]
2 L OApy Pu

_ lTI’(pZI pzzj

2 P P
1
=—(p, +
5 (P2 + P1)
= |p21|COS ¢
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Figure 11.4
Net spin polarization
against the field.

Figure 11.7

Phase of the
(—1)-quantum
coherence and the
direction of the
transverse polarization.



(1,)=Trli,p]
:l.l.r[((-) _ij(/?n plzj]
2 0O NpPy P
_ lTr[_, ip21 _ ipzz]
2 Ulpn gy

1 . .
= 5("/721 +ip),)

= |p21|Sin¢
where
P = |,021|ei¢

12. The density operator in thermal equilibrium

. 1 A
peq = exp(—ﬂH )

2
_ {pn 0 j
0 p,
,
| exp(- L)
exp(’Bh %) + exp( A ) 0
where

®, =—)B,
H = -yl B, = ho,f, = hg’o 6,

with
tole
2

7

y/hfz is the magnetic moment of nuclear spin.



with

From the condition that Tr[p] =1
Pt Py =1

((Approximation))

n 1 n
peq = zexp(_ﬂH )

1=

2

2 0 1+ﬂha)0
2

_Lj_ o,

2 4

Here we note that

— pho, =—ph(-B) = ph)B

Thus we have

P =%i+ 47% =%i+ﬁ"’278 i =%i+%§rz
where

B=pmB.
13.  The density operator in the rotating frame

The rotating frame density operator is defined by



Using the relations

). =R,(-®)|y) . v |=. (w|R,(®)

The density operator in the rotating frame is related to that in the laboratory frame as

Pr = R(-D)w v [R,(®)
=R, (-®)|y)(w R, (®)

= R,(-®) R, (D)

or
p =R, (@) R, (~D)
We have

Tr[pr]=Tr[R, (—®) AR, (®)] = Tr[p] = 1

from the property of Tr. Note that
. (pn pu]
p =
p21 p22
A i - i . e 2
Rz(q)):eXp(—Eq)IZ):GXp(—ECDO'Z): i

R,(-®) = exp(— i) = exp(- ®5,) = © i
h 2 0 e ?

Thus we get



Pr = i i
0 e2 \NPu Pn 0 e2
i A i
_|e? 0 | pe®  pne
e i i
0 e? hpue? ppe’
_| Pu p12eiq)j
pzle_@ P

The thermal equilibrium density operator contains only populations, and is the same in both
frames

(beq)R = ﬁeq H

since

is diagonal.

14.  Free particle without relaxation
Suppose that there is no r.f. field between t; and t,. We note that

lw(®), =|w®)

We still assume that @, remains unchanged. For t, —t, =7,

H =1Q,l,

Then we have



|l//(t2 =4+ T)> = eXp(_% H T)|l//(t1)>

= exp(—%hQO fZT)|V/(t1 )>
= exp(—iQ, fZT)|l//(t1 )>
=R, (Q,0)w(t))

Density operator

pt,) = |W(t2)><W(tz)|
= R, (Q,D)|w (t))w (t)R, (-Q7)
= R, (Q,0) A(4)R, (~Q27)

where
i —;QOT
R, (1) = exp(— Qy6,) = © 0
0 e’
i %Qnr
R,(-Qun) =exp(C Q)= D
0 e?’
Suppose that

pt) = pr(t) =—1+=BI,

Thus we have



A(,) = R,(Q,7)A(t)R, (-0 7)

“R, (Qm(%i%ﬁ (R, (-0,0)

(oshi
>

z (QOT) IAz F,éz (_QOT)

—>
+

—>
+
o]
0>

—
[®)

5
(ﬁ

N

N;U

—
@)

5
)

-~

o

f— >
+
= = |~

N = = =

~
—

£

p—g

Pr(ty) = R, (—Q,7) p (1R, (Q7)

_R, (—Qm(%i%ﬁf DR,(Q,0)

0
20>

z (_QOT) IAZ liz (QOT)

—>
+

Il
—>
0

IR, (—Q,7)R, (Q7)

0
-

N

i >
+ +
~ N|—= N= =

>N = = =

P
~
o+

15. The magnetization vector using the density operator

i

M, = #Tr[l, 5] =P+ o) = R[]

M y = 7Tr| IAy/A)] = %i(pu - pyy) =—yilm[p,, ]
M, =mTr[fzﬁ]=%(p“ )

where

Trip]=1, (P +pPn=1

A+

p=p (/021:/012*)



Thus we have

1 2 1 2
p1125(1+%Mz)7 Pzz=5(l—%Mz)

1 ; 1 )
p12:%(Mx_lMy)7 pZIZ%(Mx+IMy)

leading to the density matrix as

,azli+i(|v|x&x+|v|z&z+MZ&Z)=li+iM-&.
2 2 m

16. Magnetization vector (II) in general case

> N




M, (t;) = 7 Re[p,(1;)]
=mRe[p, (1, )]
= mRe{[(Re p,(1,) +11m p, (t,)][cos(e,7) — i sin(w,7)]
= 1[Re p;, (t,) cos(wy7) + Im py, (1, ) sin(w,7)]
=M, (t,)cos(@,7) - M (t,) sin(w,7)

M, (t;) = = Im[p;, (t;)]
=—yhIm[p, (t,)e "]
=—yIm{[(Re p,,(t,)+iIm p,,(t,)][cos(@w,r) —isin(@,7)]
= —i[Im p, (t,) cos(w,7) —Re p,, (t, ) sin(@,7)]
=M, t,)sin(w,7)+ M, (t,) cos(@,7)

Mz(t3>:%[p”m—pn(tg)]

= %[101 (&) = o5 (8]

= Mz(tz)

17. Strong radio-frequency pulse



- >

mnut
Phase

ST
By,

(), =R, (Bylw (L)),

Pr(t) =R, (B,)Pe ()R, (=5,
where

Pr(t) = R,[-DD)]A(DR,[D(1)]

_ egq)(t) 0 (pn(t) Pz (t)j e_E(Dm 0
O e_E(D(t) p21 (t) p22 (t) 0 eE(D(t)
Pu(®) e‘“‘“)pu(t)J
eV, (1) P (1)

or

(a0,
'DR(t)_(e_i@(t)le(t) P (V) ]

where



_lq)(t)

R [D()] = exp[—%cb(t)hf 1= exp[—%@(t)&z] _je’

0 %d‘)(t)
and
A1) = R,[D(1)] 5 (DR, [-P(1)]
={ . Prn (D) e_iqj(t)pmz(t)]
e@(t)pRm(t) Pran(®
((Diagram))
A o 1~ 1~n
P peq_§1+EB|z
LB,
. lr 1A «
po=21+2BR (B)IR, (-5,)
where
A - 1{e""(cosg, +icos B, sing,) sin f_ sin ¢
R IR, (- — p p p . p p
4, (B, ¢p( Py 2( sin /3, sin @, e (=cosg, +icos B, sin ¢p)]

= (cos’ ¢, +cos B, sin” @, )[, +isin g, cos g, (—1+ cos ,Bp)i +sin S, sin B, 1,

18.  Example: (gj pulse with ¢, =0

X

For the (7/2), with ¢, =0. we have

Ry-0(By) = R(B,) = exp(=if,I,)

with



T
ﬂp = Wy, T :5

Att=t,

plt) = Prlt) = g =1+

5 gfz (in thermal equilibrium)

NI»—

A /2 T A
R =—)=exp(—1—I
(B =) =exp(i 7 1)
The density operator in the rotating frame is

Prty) = Ry(2) (toﬁx(—%)

2
N A 1 V2
“R & =1+-BI R (X
(2)(2 5 BI,) (2)
lr lgn 7opna, 7
=—1+=BR ()R, (——
S5 (2) o 2)
~Li-Lap
2 2
or
. Ir 15»
PR(tz)Zzl—EBH
where
IQX (%) fz IQX (- %) =— fy (using Mathematica)

We note that



A(t,) = R[O(,)]5: (t,)R,[-D(t,)]
RIG()IG T2 BI)R[-0()]

lr 154 A
=~ 1- BR[O R,[-0(1,)]
2 2
I~ 15 . - -
= 51 + 5 Blsin(@4t,))1, —cos(@,41,)1 y]
where
5 0 —ie ) . 5
Rz [q)(t)]O' [ CD(t)] ”Ureft 0 - _SIH(a)reft)O-x + 'Cos(a)reft)o-y
19. Example: (%j pulse, followed by a free precession interval

vy
>{ ¥
~
¥

N
p
@

e

L€ \&

From the above discussion,
1 1 50
t,)=—1-—BI
pR ( ) 2 2 y
We note that

B,

N | —

Pt = plt) = 1

since there is no r.f. field in the period between t, and t3,



O=w t=0.

ref

lw ). =R,[@O]w 1) =|w®))

Then we have

pty) = Iiz (Q,7,)p(t,) |§z (—Q753)

1~ 134 -
=-1=2BR,(Q,7)1,R,(-27,,)

(0 —jet
g
le' 0723 0

+ 1 B[sin(Q,7,,)6, — cos(€£27,3)0, ]

\S}
[\

Il
p—>

AN

Il
p—>

+ 1 I§[sin(§20r23) fx —c0s(£2,7,3) fy]

Il
— >

N[~ N~ N~
N

[\

or

A I~ 15 . - -
pty) = 51 + B Blsin(e,73)1, —cos(@y7,:)1, ]

((Diagram))

A

p; = I§[— fy cos(€2,7) + fx sin(€2,7)].

N | =



where

20>
—
)
~
-
N
)
~
Il
|
-
a.
=]
N
+
o
(@)
=]
9]
N

In the case of the presence of transverse relaxation and longitudinal relaxation,

() = %i + % B(l—e''™I, + % Blsin(@,z,)1, —cos(amr;)l, 1o ™"
((Diagram))
I~ 1x»

0, = Py, =—1+—BI
pl peq 2 2 z

1 z

S
~ 1r 1 e
=—1-—Bl

P> Ty

\2 r
A 1" 1 ~ /TN 1 ~ ~ . r _TL
s —51+EB(I—e I, —EB[COS(QOT)|y —sin(Q,7)l, Je

where

R, (Q,0)[,R,(-Q,7) = —sin(Q,7)[, +cos(Q,0),

20. Example: ¢, =0. (7), pulse



For the (7), with ¢, =0. we have

Ry,-0(By) =R, () = exp(~iA,)
The density operator in the rotation frame is

A N U PO
pR(tz):Rx(”)(al"_EBlz)Rx(_”)

where

(using Mathematica).

21.  Transverse relaxation time T,

The phenomological equation for the polulation is given by

P () = por (8 expliQ, —Ti)r]

2

p12(t2) = plz(tl)exp[(_iQo _TL)T]

2

We consider the following case. Att =1, p=p,,. the [%J pulse is applied between t; and t,.

After that the r.f. pulse is turned off.



L4

Ib(tz) =

So we get

Pt =t +17)= i B exp[(—1Q, — Ti)r] = i §e_i[COS(QOT) —1sin(Q,7)]

2

ot =t +7) = —i B exp[(iQ, — Ti)r] - —i Be ™ [cos(Q,7) +isin(Q,7)]
2

1 1
p”(t3=t2+z')=§, ,022(I3=t2+2')=§

or



% i Be " [i cos(Qy7) +sin(Q7)]
/3(t3 =L +7)= ‘

i I§e_i[—i cos(Q,7) +sin(Q,7)] %

or

) 1» st N -
plty=t,+7) :51+§Be " [—cos(Q,7)1, +sin(Q,7)1, ]

22.  Longitudinal relaxation time T,

The phenomological equation for the population is given by

e T
o) =1p, ) - py, q]exp(_?) + plleq
1

e T e
P (L) =[5 ) — pry ‘ ] exp(—?) + 0 !

1

We consider the following case. Att =1, p=p,,. the (7Z')X pulse is applied between t; and t,.
After that the r.f. pulse is turned off.

Tx

f
Ao P

1 . 1] ! (]
“2—+EB | /

1]

I Y VI N
h_ 3 |
LR
2 4 L P




Using the above equations

1 1) (1 1) 7 (1 1=
t,=t,+7)={{—-———B|-|=—+—-Ble "+|=—+—-B
oty =t,+7) {(2 4 j (2 ) j} (2 4 j

T

1 1~ T
=—+-—-B(1-2e "
2 4 ( )

Similarly, we have p,,(t;) as

(L) (1 1) (1 1g
pzz(t3>—{(2+48) (2 4Bj}e +[2 45]

1 1=~ -
———~B1-2eT"
2 4 ( )

where
T=1-1

In summary we get the expression
5(t )—li+ll§(l—2e_%)f
P ' 5 2

23. rf spin echo method for determination of T1



NMR signal

R P
plzpeq_al—l_EBlz
\} T,
=R (7)pR,(-7) = i Lgp
Py S1-5Bl,
\’ T
L1 1s T
=—1+=B(1-2e ™I
p3 2 2 ( )z
l i
S

R n T nd T ~ ]l o
=R (D)AR (-2)=—1-—B(1-2e "I
p4 x(2)p3 x( 2) 2 ( )

1
2

where



24.

r.f. spin echo for determination of 7,

(n/2), T

7/2 /2

)/ \

oA RS @/ N 6

o 1~ 1 ~n
P1 = Peq 2 9 ¢
l z
2),
) 1~ 1 ~n
=—1-—BI
102 2 2 y
d 1,

T

. 1~ =« 1 ~ 1] ToT,
Py =5 Bl cosC Q) + I sinC Qo)

Yoooa),

T

R « 1 fo o1,
Py = 5 B[—I y COS(E QOT) - Ix Sln(E QOT)]e i



QO Q072

M
/2
y y

X X
Z Z
M
Ty
—
M
Yy y
X 8 X
where
/A T A
R (LR (——)=-I
x(2) Ry ( 2) y
Ry(7r)IXRy(—7r):—IX
Ry(ﬂ')|yRy(—7Z')= y
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APPENDIX



Mathematica



Clear[""Global "] ;
ox = PauliMatrix[1];
oy = PauliMatrix[2];
oz = PauliMatrix[3];
i

Rx[6_] := MatrixExp| = ox:;

Ry[& ] := MatrixExp:_ize 4k

Rz[& ] := MatrixExp:_ize oz|;

RZ[6]

({e2.0]. [0, e7}]

RX[6]

{cos[5]. -isin[5]}. {-isin[3]. cos[F]}]
Ry[é]

{{cos[5]. -sin[3]}. {sin[3]. cos[3]}]

Cos[é&] ox + SIn[&]

Rxy[& ] := MatrixExp[—i Bp ( > 5

oy)];



k1l = Rxy[¢p] // ExpToTrig // FullSimplify;
k1l // MatrixForm

2

Sin[ﬁ’z—p] (-1 Cos[ép] + Sin[ép]) Cos|

k1l = Rxy[n /2] // ExpToTrig // FullSimplify;
k11 // MatrixForm
Cos| 2| Sin[BZp]]

Sin[g—p] COS[B—ZD

k12 = Rxy[0] // ExpToTrig // FullSimplify;
k12 // MatrixForm

2

Cos[2] -isSin[2]
—JiSin[Bz—p] Cos|~

k13 = Rxy[n] // ExpToTrig // FullSimplify;
k13 // MatrixForm

B o= B
Cos[;p} lsln[zp}J
S T B
JLSIn[—ZE] Cos[—29]

Cos| 2P| Sin[%ﬂ (-1 Cos[op



ROff[e_] o=

MatrixExp[—i BPp (M oX + M oy) -

2 2
. Q0 Tp _
T2 "Z]’
ROff[@_] -=
MatrixExp[—i Bp (COS% oX + Sm% oy) -
. Q0 Tp _
T2 "Z]’

sl =

RoFF[¢p] /.- {\/sz + Tp? Q0% - TP Wetr ,
1 1
_)
\/sz . 1:pz 00?2 TP weff

sl // MatrixForm

} 77 Funisimplify;

COS{ P weff } i Q0 Sin[ww pp (-1 Cos[¢p]-Sin[¢p]) Sin[tpreff]
2 ) weff T ootr
Bp (i Cos[ap]+Sin(op)) Sin[ T FT ] Cos[ PLeff ] . i 00 Sin [ 2YeTT |
P weff 2 weff

((From Lecture Note on rf spin echo method))


















