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The quantum mechanics is used to understand the essential points for the spin echo method of 
nuclear magnetic resonance (NMR). A static magnetic field is applied along a nuclear spin with 

angular momentum Î  and the magnetic moment Î , where  is the gyromagnetic ratio. The 

static magnetic field is applied along the z axis. The radio frequency (r.f.) field magnetic field is 
applied along the plane perpendicular to the z axis. Here we consider the case of spin 1/2 system. 
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(b) Proton (neutron); nuclear spin 
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2. Spin recession 
(a) Classical treatment 

The magnetic moment of nuclear spin with angular momentum zI -s given by 

 

zI I   

 
When a static magnetic field is applied along the z axis, the Hamiltonian has the form of the 
Zeeman energy, given by 
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We consider the equation of motion for the angular momentum 
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When the magnetic field is applied along the +z axis, 
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where  B 0  and zzI ̂
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1ˆ  . The state vector at the time 2t  is related to the 

state vector at the time t1 through the time evolution operator as 
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Here we define the rotation operator as 
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This means that spin rotates around the z axis through the angle  0 . 

 
We note that 
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3. r.f. magnetic field 

The r.f. coil generates a field RFB  along the tilted axis in Fig. During an r.f. pulse on a single 

spectrometer channel, the magnitude of this field oscillates at the spectrometer reference angular 
frequency ref . Between pulses, the r.f. field is equal to zeo. If the pulse is perfectly rectangular, 

then the r.f. field has the form: 
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during an r.f. pulse. The r.f. field consists of a longitudinal component proportional to RFcos  

plus a transverse component proportional to RFsin . It turns out to be useful to imagine that the 

transverse oscillating field is actually a sum of two rating components. Both components rotae in 
the xy-plane, at the same frequency, but in opposite directions. Note that 
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For positive , the angular frequency ref  is negative (clockwise), and for negative , the angular 

frequency ref  is positive (counter-clock wise). The transverse part of the spin Hamiltonian is 

approximated as 
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is the nutation angular frequency. 
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Here we use the notations 
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This relationship may be generalized. Any spin state, viewed from the rotating frame, is related 
to the spin state, viewed from the fixed frame through 
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Now we consider the Schrödinger equation in the laboratory frame, 
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The Schrödinger equation in the rotating frame is given by 
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5. Precession in the rotating frame 

The spin Hamiltonian in the static field is 
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6. Rotating-frame Hamiltonian 

In the presence of a static field along the z axis, the Hamiltonian is given by 
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The Hamiltonian due to the r.f. field in the x-y plane is 
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Then the resulting Hamiltonian is 
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The Hamiltonian in the rotating frame is 
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0  is the resonance offset. Note that the time dependence has vanished from this expression. 

This is the point of the rotating frame. It transforms a time-dependent quantum-mechanical 
problem into a time-independent one. 
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Combining these two equations, we get the final result 
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7. x-pulse 

We Consider a strong pulse of frequency ref , duration p  and phase 0p  (an ‘x-pulse’, in 

the usual NMR jargon). The amplitude of the pulse is specified through the nutation frequency

nut . 
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9. Off-Resonance effect 

For 000  ref  (resonance condition), the rotating-frame Hamiltonian during the time 
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11. Density operator: 
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The density operator is defined by 
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12. The density operator in thermal equilibrium 
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13. The density operator in the rotating frame 

The rotating frame density operator is defined by 



 

RRR  ˆ  

 
Using the relations 
 

LzR
R  )(ˆ  ,  )(ˆ  zLR R  

 
The density operator in the rotating frame is related to that in the laboratory frame as 
 

)(ˆˆ)(ˆ

)(ˆ)(ˆ

)(ˆ)(ˆˆ







zz

zz

zzR

RR

RR

RR







 

 
or 
 

)(ˆˆ)(ˆˆ  zRz RR   

 
We have 
 

1]ˆ[)](ˆˆ)(ˆ[]ˆ[   TrRRTrTr zzR  

 
from the property of Tr. Note that 
 











2221

1211ˆ



  

 




















2

2

0

0)ˆ
2

exp()ˆexp()(ˆ
i

i

zzz

e

ei
I

i
R 


 

 




















2

2

0

0)ˆ
2

exp()ˆexp()(ˆ
i

i

zzz

e

ei
I

i
R 


 

 
Thus we get 
 






































































































2221

1211

2
22

2
21

2
12

2
11

2

2

2

2

2221

1211

2

2

0

0

0

0

0

0ˆ













i

i

ii

ii

i

i

i

i

i

i

R

e

e

ee

ee

e

e

e

e

e

e

 

 
The thermal equilibrium density operator contains only populations, and is the same in both 
frames 
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14. Free particle without relaxation 

Suppose that there is no r.f. field between t1 and t2. We note that 
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15. The magnetization vector using the density operator 
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16. Magnetization vector (II) in general case 
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23. rf spin echo method for determination of T1 
 



 

̂

 

 

̂

 

 

̂

 

 

̂

 
where 
 

R̂

 

eq 1̂
2

1
ˆˆ1  

  

xR ˆ)(ˆˆ 12  

  

B
~

2

1
1̂

2

1
ˆ3 

  

xR ˆ)
2

(ˆˆ4  

xzx RIR (ˆˆ)(ˆ 

zIB ˆ~
2

1
1̂  

x  

xR
2

1
)(ˆ

1 

  

T IeB ˆ)21(
~

1






x)
2

(


 

xR )
2

(ˆˆ3
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