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We consider the inversion transformation, which consists in simultaneously changing the
sign of all the coordinates, i.e., a reversal of the direction of each coordinate axis; a right-handed
coordinate system then becomes left-handed, and vice versa. The invariance of the Hamiltonian
under this transformation expresses the symmetry of space under mirror reflections. In classical
mechanics, the invariance of Hamiltonian's function with respect to inversion does not lead to a
conservation law, but the situation is different in quantum mechanics.

((Landau and Lifshits, Quantum Mechanics, Pergamon Press).

1 Property of parity operator
4
RH new X
(right-handed) v
new y
4, ...........

(left-handed)

new z

7T . parity operator (unitary operator)

or

Definition: the average of X in the new state |t//'> is opposite to that in the old state |1//>

(w'[%y") =~ [%lw)

or
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or
#1RA =R (1)

The position vector is called a polar vector.
From the normalization condition

Wlv) =l 2ly) = (wly) =1
we have

A A=1 ()

We apply the ket vector |X> on this operator,

X7

X) = =7 X) = =X7| X) .

Thus 7%| X> is the eigenket of X with the eigenvalue (—X).

Since
#i]%) = - x) =)
we have
7t =1

Since 77 =1 and #% =1,

AT =7

or
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which means that 7 is the Hermite operator.

2% The linear momentum p

The average of p in the new state |l//'> is opposite to that in the old state |l//>

(W'[Bly) =—(w[Blw)

or
(i paly) =—(w|bly)
or
A pi=—p
or
p =P

Thus the linear momentum is called a polar vector.
Now we apply the ket vector | p> on this from the right side

pA|p)=—7p|p)=—p7|p).

Then 7%| p> is the eigenket of p with the eigenvalue (—p).
#p)=-p)

This relation can be also derived as follows.

#|p) = fzjdx'|x'><x'| p)= Idx‘;%

(B} = [ax|-x)x]p)

Tl ! ipx') 7 1 _pxy _
_J'dx| X>\/ﬁexp( h) J;OdX|X>\/%exp( h) de|x><x| p)

=[-p)
Note that X' = -X and dx' = —dXx.

A

7 p)=[-p)
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3. Polar vectors and pseudovectors

The vectors that are odd under parity, are called polar vectors. The vectors that are even
under parity, are called axial vectors, or pseudovectors.

(a) Position vector f (polar vector)
Atz =—f

(b) Linear momentum p (polar vector)
pi==p

(c) Orbital angular momentum L=fxp (axial vectors, or pseudovectors)

or

Similarly we have

Az=L, ad Az=L

X X *

(d) Infinitesimal translation operator: f(&x) =1 —% P, X

We have the relation for the infinitesimal translation operator as
AT ()7 =T ()

since
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A (07 = 2 —% B )7

(e) Translation operator 'I°(a)
We have the relation for the translation operator as

AT(-a)z=T(a)
since

AT (@)x) =7

X+a)=|-(x+a))

T(-a)A|x) =T (-a)|-x) =|- (x+a))

® Rotation operator R and the angular momentum J

We start with the relation

Rr)=|%r)
Then we get

AR|r) = A|Rr) =|-Rr)
and

RA|r) =R[-r) =|R(-r))
Since

R(=r) = —Rr
we have

AR=R#
or
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[#,R]=0

We now consider the infinitesimal rotation operator around the i axis (i = X, y, and z),

J.60 (i=Xx,y, and z)

Then the angular momentum J is even under parity (axial vector, or pseudovector). We note
that J is an general angular momentum operator including the spin angular momentum S and

A

the orbital angular momentum L .
((Note))

R(-r)=-Rr

where for example,

cos¢p —sing O

R,(p)=|sing cosg O
0 0 1

around the 7 axis by a rotation angle ¢.
Then we get

ERII 9%12 ERB -X 9%11 iRlz mls X
ﬁR(—I’) = 9%21 ERzz 9323 -Y|=- iRzl ERzz ER23 Y= —Rr.
9%31 mn ER33 -z ER31 9332 ER33 z

(g) Spin vector S : axial vector
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(h) The scalar S-F: pseudoscalar

A A

AS-H)F=Sr Ar==SF.

-~

A

(i) The spin-orbit interaction L-S:an ordinary scalar
AL-Sr=alr Sr=L-S.

4. Eigenvalue problem for the parity operator

We consider the eigenvalue problem for the parity operator.

w.)=av.)

2y, ) =atly,)=aily,)=a’ly,)=|v,)
Thus we have
o =1 or a=+l1.

We define |1,1/+> and |1//7> such that

Vs

v.)=2y.)

Note that

(x|z* = (x|# =(-x|
(X|#w.) ==(x|y.)
(~xly.) = 2ixlv.)

w.(—X) =2y, (X)
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w.(X) is an even function with respect to X. y_(X) is an odd function with respect to X.

S. Commutation relation between the Hamiltonian and parity operator
Suppose that the potential energy is V (X) is an even function such that

V (=X) =V (X) : symmetric potential
We consider the Hamiltonian given by
H = ﬁ P2 +V (%)
Note that
7V Rz =V (-X)=V(X)
2P =(-p) =P’
Thus we have
A HA=H, or  AHA=H
In other words, we have the commutation relation.
[#,H]=0.
This means that the average of H is invariant under the parity operation,
(W Rly) = (vl aly) = (v R]y)

A

The Hamiltonian H is invariant under parity. Since [#,H]=0,

y/a> is the simultaneous

eigenket of H and 7.

A

H

V) =Edw,)
and
Av.)=alv.)
with o =+1: a =1, symmetric state (even parity) and o = —1, antisymmetric state (odd parity).

6. Projection Operartor
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Any function y(X) can be expressed by an addition of even function y, (X) and odd function
w_(X).

() =y, (X) +y_(X)

with
v (X) = y(X) +w (=X)
2
v (X)= y(X) —y(=X)
2
Since
#|X) =|-x)
or
x|z =(x|#=(-x]|
Ax)=|-x)
Then we get
v (x)= YOIHY(EX)
2
or
()= Txly )+ (=)
—~L(xlw)+ (2 |y )
— X+ (Xl )
or

1~ . .
y.) =50+ lw) =P,

V)
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(xlw_) =S L(xlw) = (- X))

— LX)~ (x}lw)

) =5 (- 2lw)=Ply)

We define the following operators (projection operators)

>

N>

(i+

N | —

)

+

o>
Il
~
—>
|
3>
~

N | —

We have

7T

1.~ . 1~ . A
v.)= A+ Bly) =1+ Dly)=Ply)=|v.)
Thus |1//+> is the eigenket of 7 with the eigenvalue +1. We also have

A

iy y=2(- ) v)=-Ply) =)

v) ==~

Thus |1,//7> is the eigenket of 7 with the eigenvalue -1. In summary, the projection operators

satisty the following properties.
. P+P =1

2. [P,P]=0

4 IE\)+IE\)_ = 6’ Is_é = 6
5 P =P, P =P
((Proof))

2.
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éé:%d+md—@=6

U
PP =—(i-m)(i+m)=0

[P.P]1=0

7. Parity Selection Rule (Even and Odd parity Operators)
We define a new operator as

SN
T A=A

for operator with even parity

>

A

T Ar=-A

and for operator with odd parity.

((Example))
#*J #=1J_ (even parity).
7' =—X% (odd parity)
7' P =—p (odd parity)

Suppose that |goa> and ‘(pﬁ> (parity eigenstate, = +1, f=+1)

o) =de.), 2o,)=Blo,)

with o=+ 1 and f=+1.

A+|¢a> = <(0,B A+|¢a>

<(Dﬁ 7%+A+7%|(0a> = aﬂ<(/7ﬁ
When a = -f (different parity) the matrix element <(/)ﬂ ‘A7|(/Ja> is equal to zero.

A

?.)

<(pﬂ 7%+A—7%|¢a> = aﬂ<(oﬂ‘A—|¢a> = _<¢ﬁ

When « = S (the same parity), the matrix element <(pﬁ ‘Af|%> is equal to zero.
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((Example))
Simple harmonics

7

-l
#m)=—(n

A5 =(=1)"(n|

e %|m)

m> — (_1)n+m<n

or

(n% %|m)
8. Applications to the Simple Harmonics
Suppose that [H,7]=0. The Hamiltonian H and 7 are commutable and |n> is

m> — (_1)n+m+l<n

nondegererate eigenket of H with the energy E,.
Hln)=E,|n).
Then |n> is also a parity eigenket.

((Proof))

I5+| n> (even parity) and I5+| n) (odd parity) are the eigenkets of 7 with eigenvalues +1.

A

Since [H,7]=0,

HB.|n) = B.H[n) = E, P,

)

I5i|n> is the eigenket of H with the eigenvalue E,. |n> and |5¢|n> must represent the same

energy. Otherwise there could be two states with the same energy-contradiction of our
nondegenerate assumption.

FA’i|n> should be proportional to |n> .

or
P.|n)=a,|n)
#P,|n) =2P,|n) =a,#|n)
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or
+a,[n)=a,z|n)

or
#[n) =4n)

[n) must be a parity eigenket with the parity +1.

9. ((Example)) Simple harmonic oscillator (nondegenerate)

Since

<X|7%| 0> = <X|0> = <— X|0> (even function),

A

7rl>=7ié+

0) = %fz(k - m'z)o )|0) = —a*4/0) = —a"|0) =|1)

Then |1> must have an odd parity. Similarly |n> has a (— 1)" parity.

10. Parity of spherical harmonics

((Proof))

Note that

7 =3 or [7,d,1=0

X

[ RN

(7,32 1=m3, -3 2=[%313, =0

We now use the following relations:

A

[7,,]1=0, [#,3]1=0
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|Im) is an eigenket of 7:

7

Im) = (=1)'|Im)
From the definition of the spherical harmonics

(n|¢m) =Y,"(0.,¢)

<n|fz:<6’,¢fr:<7r—9,¢+7r|
)
-
¥,
a

(Note that <r|fr = <— r|)
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(n|z|Im) = (7 — 6,4+ x|Im) =Y,"(x — 0,4 + 7)

Here
Y7(0.9) = (;'ll)!I \/ (2!1; : E: . :ﬁ;iem smlm 0d (ci;len;“m) (sin6)”
for m> 0.
and
Y, "(0,9) = (-D"Y,"(0,8)]
Note that

for @ > 7 -6, cos@— —cos O,

and

for p—> g+, e™ - (-1)"e™
(m=0,¢+z|Im)=Y,"(z - 0,4+ )

=(=D"=D""Y"(0,9)
=(=D'Y"(0.4)

Therefore

(n

Im) = (1) (n[Im)

7

or

7[Im) = (=1)"|Im)

11. The state for NH; molecules

N

H u: electric
H dipole
H

moment |1> when the nitrogen is up.
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|2> when the nitrogen is down.
The property of the parity operator:
r)=|-r). (rf* = {rf = (=r|

A2 2 A
7°=1, T =7

7T

A

=—f

-
>

7fz\_+
It is appropriate to assume that

(rf2) = (=rt)=(rl#(n).
Then we get

[2)=7

), #2)=4°

)=h)

We consider the parity operator 7, such that

2)=1)

Therefore the kets |1> and |2> are not the eigenkets of 7. Since

L (0 1)
= =o0,,
1 0

we have the eigenkets as

1)=|2) 7

7

7%|+ x> = &X|+ x> = |+ x>

A

T

—X)= Gy X) =+ x)

with
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|+ X> = LGJ = %(m +|2>) (eigenvalue +1)
and
1 (1 1 .
|—x>_ﬁ(_l)_ﬁ(|l>—|2>) (cigenvaluc -1)
When r —r'=-r,
)=y =4y), or (=l

We assume that the Hamiltonian H is invariant under the parity change.

(wRly) =y Rly)
or
#*HA=H
or
A =Hz

Thus |+ X> and |— X> are simultaneous eigenkets of H and 7.

For NH; maser, the Hamiltonian H can be described by

A EO _A ~ N
H = =E,1-AG,
A E,

In fact, H commutates with the parity operator 7, since

[H,7]=[E,1-AS,,6,1=0
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[1=+]2=

[1>—I2=

s L
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