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To speak roughly, the Born approximation may be useful when the energy of the incident 
particle is high. There is another approach, known as the partial wave expansion (or partial phase 
shift), that is most useful at low energies and is somewhat complementary to the Born 
approximation. 
 

Rayleigh's expansion 
Optical theorem 
Phase shift 

 
1 Introduction 

We now look for the solution of the Schrödinger equation for a particle in the presence of 
potential energy V(r) (with spherical symmetry) 
 

),()(  m
lklklm YrR , 

 
and 
 

r

ru
rR kl

kl

)(
)(   

 
with 
 

)()()](
2

)1(
)(

1

2
[

2

22

rERrRrV
r

ll
r

rrr klkl 













 

 
or 
 

)(
2

)()()](
2

)1(
)(

1

2
[ 2

2

2

22

rRkrERrRrV
r

ll
r

rrr klklkl 












  

 
or 
 

0)()](
)1(

[)]([
2

2
2

2




 rrRrU
r

ll
krrR

dr

d
klkl  

 
where 
 

)(
2

)(
2

rVrU



 , 2

2

2
kE





 



 

2 
 

 

))((
1

))((
1

(
1

)(
2

2
22 rrR

rr
rrR

rri
r

rri
rRp klklklr 










 


 
 
and  is a reduced mass. Then )()( rrRru klkl   satisfies the differential equation 
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(i) Case-1 

The radial equation for the external region r>a, where the scattering potential vanishes, is 
equal to 
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The solution of Rkl(r) is 
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Fig. Attractive potential, which becomes zero for r . 
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Fig. Repulsive potential which becomes zero for r . 
 
(ii) Case-2  (free particle) 
 

In the complete absence of a scattering potential (V = 0 everywhere),  
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The condition of the normalization: 
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2. Semi-classical argument for the angular momentum, 
((Classical mechanics)) 

The particles with the impact parameter b possesses the angular momentum L given by 
 

pbL  , 
 
where p (= k ) is the linear momentum of the particles. Only particles with impact parameter b 
less than or equal to the range R of the potential energy would interact with the target; 
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When energy is low, Lmax is small. Partial waves for higher l are, in general, unimportant. That is 
why the partial wave expansion is useful in the case of low energy incident particle. The main 
contribution to the scattering is the S-wave (l = 0). The P-wave (l = 1) does not contribute in 
typical cases. 
 
((Quantum mechanics)) 

In quantum mechanics, we have 
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The potential of interaction is appreciable only over the range 0r . If 0rs  , the interaction is 

negligible, 
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where s is comparable to the impact parameter b in the classical mechanics. The partial waves 
with l values in excess of kr0  will suffer little or no shift in phase. 

 
3. Asymptotic form 

Far from the interaction point, where the potential is negligible, the scattered wave function 
has the general form 
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since the position of the particle is far from the origin, where the function )(krnl is poorly 

behaved. We use 
 

lll a  cos , lll a  sin . 
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Note that l = 0 for free particle (the case-2). Since 
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Suppose that the scattering amplitude ),()(  r is independent of Since 
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the magnetic quantum number m should be equal to zero. Thus we have 
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The complete solution of the scattering wave function is 
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where the replacement of the coefficient is made as 
 

l

l
ll a
l

iac






)12(4
. 

 
((Note)) Spherical Hankel functions, )()1( xhl  and )()2( xhl  

 
)()()()1( xinxjxh lll  , )()()()2( xinxjxh lll  . 

 
4. Partial wave expansion of the scattering amplitude 

On the other hand, ),()(  r has the form 
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(Rayleigh's expansion) 
where we take k in the z axis. Since 
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Fig. Schematic layout for scattering experiment. The scattering angle is the laboratory angle. 
 
 
Therefore we have 
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((D. Bohm, Quantum Theory p.564)) 

This formula yields the angular-dependent cross section, once we know l . The value of l  

must be obtained by solving the Schrödinger’s equation. The angular dependence arises, in part, 
from the interference of waves of different l.  
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What this theorem means? The probability conservation requirement indicates that the amplitude 

of the incident wave (
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) must ultimately be reduced in proportion to the total probability that 

the particle is scattered in any way [ totmk )/( ]. 
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Fig. Optical theorem. The intensity of the incident wave is mk / . The intensity of the 

forward wave is )]0(Im[)/4()/( fmmk   . The waves with the total intensity 

totmkfm  )/()]0(Im[)/4(    is scattered for all the directions, as the scattering 

spherical waves. 
 
When scattering occurs, part of the energy carried by the incident wave is radiated into all 
angles. This energy must be removed from the incident wave. Consequently the energy flowing 
in the forward direction is reduced and this modifies the scattering amplitude in the forward 
direction ( = 0). 
 
_______________________________________________________________________ 
We now consider the complex plane 
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This is a circle of radius 1/2 centered at (i/2) in the complex plane. 
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Fig. Argand diagram of )(kkfz l ; The circle is called the unitary circle. 
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6. Expression of the Forward scattering (based on the book of Gasiorowicz) 
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We show that the forward scattering is expressed by 
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since )cos1(   is smoothly changing function at 0 . 
 
(a) Contribution of 43 JJ   to the forward scattering 
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where   is very small but is still finite. We assume that )(f  has a sharp peak only at  = 0. 
Then the first term of K can be rewritten as 
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(i) The choice of n = 2 
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(ii) The choice of n = 3 
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)(uF  is strongly localized about 1u  and is infinitely differentiable. We may thus assume that 

)(uF  and all of its derivatives at 1u  vanish. In this case, )(1 xG  vanishes faster than any 
power of x. 
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in the limit of x .  
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7. The total scattering cross section (A. Das, lectures on Quantum mechanics) 
For large r, we have 
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At fixed Rr   (large sphere with a radius R), we have 
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where v is the velocity of the incident particle and 
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The scattering cross section for the inelastic scattering is obatined as 
 



 

24 
 

























0

2

2

0

2

2

0

2

2

)1)(12(

)1)(12(

)1)(12(
1

l
l

l
l

l
lin

l
k

Sl
k

Slv
kv







 

 
When 1 llS  , the net flux moving out of a large sphere is zero. This is simply the 

conservation of probability. It states that the amount of particles that go in is the same as the 
number of particles that are scattered. However, there occur, in nature, processes in which the 
number of particles is not conserved in a scattering process. In fact, when a neutron is scattered 
off a complex nucleus, two things may happen. The neutron may scatter elastically. It may also 
scatter in-elastically by raising the nucleus to an excited state or may be absorbed by the nucleus. 
Clearly, this mean that the net radial flux out of a large sphere would not vanish in such cases. In 
fact, it should be negative since we are losing particles. Looking at the expression for the flux, it 
is clear that for this to happen, we need to have 
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8. Partial wave approximation for inelastic scattering 

In the elastic scattering, we must have 
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In the case where there is no flux loss, we must have 1)( kSl . However, this requirement is not 

valid whenever there is absorption of the incident beam. In this case, )(kSl  is reduced by 
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The scattering amplitude is 
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The scattering cross section for the elastic scattering is  
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Thus the total scattering cross section for the inelastic scattering can be evaluated as 
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From the optical theorem with 
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so we get the total scattering cross section as 
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This is in agreement with the expression of tot  obtained above. 

((Note)) 
Since we do not specify what the inelastic processes consist of, we can only say about the total 
inelastic cross section, which describes the loss of flux. 
 
Suppose that 0l  we have the total absorption. Nevertheless there is still elastic scattering in 

that partial wave. This becomes evident in scattering by a black disc with a radius a. We consider 
the scattering for short wavelength, that is large k-values. The maximum value of l is kal max . 

Then we have the cross section of the inelastic scattering 
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and the cross section of the elastic scattering 
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So the total cross section is 
 

22 aelintot   . 

 
which is larger than 2a , partly because of the shadow scattering (see Gasiorowiz). 
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Fig. Black disc scattering and the shadow effect. 
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9. The phase shift and the Green function 

We use the following formula, 
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Using the above relations, we can derive the integral equation for Rkl(r). 
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10. Physical meaning of Cl and l 
We consider the physical meaning of Cl. For simplicity we assume that 

 
U(r) = 0, for r>a. 
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where we make use of our assumption that 0)( rU  for r>a. The second term vanishes. The 
upper limit of integral in the first term extends from r to ∞. 
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The wave function (for r>a) given by Eq.(3) has the form 
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In the large limit of r, this solution is approximated by 
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The asymptotic form of the incident plane wave is given by 
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We note that the phase of the scattered wave shifts from that of the incident plane wave by the 
phase l . 

 
11. Born approximation from the phase shift 

In the first Born approximation,  
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Then we have 
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This approximation is good when the phase shift is small. The function )(krjl  is approximated 
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Then we have 
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For low energies and high angular momenta,  
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((Example)) The phase shift for l = 0 (s wave). 
 
We assume that 
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When 1ak , we get 
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We note that 
)1(

l >0 for the attractive potential and 
)1(

l <0 for the repulsive potential. 
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APPENDIX-I 
 
((Mathematica)) 
Spherical Bessel function, spherical Neuman function, spherical Hankel function 
 

 
 

 
 
____________________________________________________________________ 
APPENDIX-II Green function with spherical Bessel function  
 

Free particle wave function   satisfies the Schrödinger equation 
 

jnx
n=0

1

2 3 4 5 6

2 4 6 8 10

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

nnx
n=0

1
2

3 4 5

2 4 6 8 10

-0.4

-0.2

0.0

0.2

0.4



 

35 
 

 kE
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 2
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
, 

 

where m is the mass of particle, ( 2
2

2
k

m
Ek


 ) is the energy of the particle, and k is the wave 

number. This equation can be rewritten as 
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This equation is solved in a formal way as 
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(separation variables), where L is the angular momentum: 
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We put x  kr  (dimensionless) 
 

x
k

xr

x

r 













, 
2

2
2

2

2

)(
x

k
x

k
x

k
r 














 

 

RkR
x

k

k

x

r
k

x

k 2
2

2

2

2
2 )]1()([ 



   

 
or 
 

0)]1(
1

1[)(
1

22

2

 R
x

xR
dx

d

x
  (Spherical Bessel equation). 

 
or 
 

0)]1(
1

1[]'2''[
1

2
 R

x
RxR

x
  

 
or 
 

0]
)1(

1['
2

'' 2 


 R
x

R
x

R


  

 
or 
 

0)]1([)'( 22  RxRx
dx

d
 . 

 
This is a Sturm-Liouville-type differential equation. 

Here we suppose that 
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The solution of this differential equation is 
 

J(x)  J1 / 2 (x), or )()( 2/1 xNxJ   . 
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Then the solutions of R are obtained as the spherical Bessel functions defined by  
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Since the spherical Neumann function diverges at x =0, it cannot be chosen as a solution. Finally 
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We define the spherical Hankel functions as 
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where the spherical Bessel function and spherical Neumann function are given by 
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Asymptotic forms 
The asymptotic values of the spherical Bessel functions and spherical Hankel functions may 

be obtained from the Bessel asymptotic form. 
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Now we consider the Green's function given by 
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The solution of the Green's function is given by 
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with the boundary condition 
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where r is the variable and r' is fixed. 
 
Within each region (region I (0<r<r') and region II (r'<r), we have the simpler equation 
 

0)',()( 22  rrGk . 

 
The solution of the Green's function is given by the form 
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Then the differential equation of the Green's function is given by 
 



 

39 
 

)'()'(
)'(

),(])
)1'('

()(
1

[
2

','

'
'''2

2
''2

2

 







 r

rr
YA

r

ll
krA

rrml

m
lmlml . 
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The possible solutions of Gl are jl(kr), nl(kr), hl

(1)(kr), hl
(1)(kr), or a linear combination of these 

functions.  
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We need to calculate the Wronskian 
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________________________________________________________________________ 
((Mathematica)) We can calculate W by using Mathematica. 
 

 
________________________________________________________________________ 
Thus we get 
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