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Spin angular momentum of photon
The spin angular momentum for photon is given by

X i L
(SEM)| = 4ﬂChIdr(_lhgijkEjAk)
i A ~
:mjdrEj(_lhgijk)Ak
i s
=4—ﬂchjdrEj(Si)jkAk

(S;) comes from the cross product operator, however, it can be seen to be a quantum spin

operator, that couples different components of E and A. This operator is defined here by its
matrices, one for each component i, where j and k are the column and row

(éi)jk = _ihgijk'
with
0 0 0 00 -1 0 10
S,=—in/0 0 1], S,=-in0 0 0], S,=—ihl -1 0 0
0 -1 0 10 0 0 00
We note that
[S,.S,1=1nS,, [S,.S,1=inS,, [S,.S,]1=ihS,

None of the matrices §X , éy , §Z are diagonal when expressed in Cartesian. This just means that

the Cartesian axes, to which these correspond, are not the good quantization axes.

((Eigenvalue problems))
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Eigenvalue: (—%) Eigenket: |u_1>:L —1i
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The unitary operator UZ and its Hermite conjugate sz+ are defined by
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We have
1 0 0
U, SU,=n0 0 0 |=J,
0 0 -1
01 0
US0 =1 0 1]=3§
z Xz \/E X
01 0
0 —i 0
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where J < J y» and J . are the conventional angular momentum with the magnitude 7 .

2. Rotation operator
We now calculate the rotation operators

) cosf —sind 0
R,(0) = exp[—%ézﬁ] = sind cos® 0
0 0o 1



R,@[u,)=e"u,), R,(Ou,)=|u,), R,(O)u_)=¢"|u)
Note that

R,"(0)S,R,(0) =S, cosf S, sind

R, (0)S,R,(0) =S,sind+$S, cosd

We also have

_ 1 0 0
FAQX(H) = exp[—%SAXH] =|0 cosf -—sind
0 sin@d cosé

) cosé 0 siné
R,(0) = exp[—%§y9] -l 0 1 0
—sinf 0 cosé

If we choose the eigenvectors of the spin operator §Z ,

E.(S,) w A = E.(u,[S,|u. )A, +E_{u_|S,[u)A +Ey{u, S, |u, ) A,
_BE.A —hE_ A

The two states |+> and |—> correspond to states where the A and E fields are rotating around the

Z axis. It is typical to consider waves propagating along the z axis.

((Mathematica))



O 0 O
Clear["Global +"]; Sx=-1h (0 0 1] ;
O -10

(0 0 -1\
Sy=-1A2|10 0 0 |;
\1 O O
( O 1 0O)
Sz=-1hA|-1 0 0];
\ 0 O O/

SX.Sx + Sy.Sy + Sz.Sz // MatrixForm

202 0 0
0 2h% O
0 0 2h?

SX.Sy -Sy.Sx-1hSz
{{o, o0, 0}, {0, O, O}, {0, 0, O}}

Sy.Sz-Sz.Sy -1 hSXx
{{o, o, 0}, {0, O, O}, {0, O, O}}



Sz.SXx-Sx.Sz-1h Sy
{{o0, 0, 0}, {0, 0, O}, {0, O, O}}

Ergensystem[Sx]
{{-h, n, 0}, {{0, 2,1}, {O, -1, 1}, {1, 0, O}}}

Ergensystem[Sy]
{{-n, n, 0}, {{-1, 0,1}, {1, 0, 1}, {0, 1, O}}}

Ergensystem[Sz]
{{-n, n, 0}, {{2,12,0}, {-1,1, 0}, {0, 0, 1}}}

When & is a vector operator, the commutation relation
[Li.ay]=1heya,.

where L is an orbital angular momentum.

((Example))
(1) a=rfr
) a=p
(i) 4=A=— >n="_
f r
. . aa R
(iv) a=|f|[p—>—-rv

) é:ﬁx(|f|f))—>?nx(rV)

((Proof)) Using the Mathematica, we show that & for each case above shown is the vector
operator.



| B¢

Clear["Global "+«"]; px := = D[#, X] &; py := g D[#, y] &;

H

h
pz = i D[#, z] &; Lx 1= (y pz[#] - zpy[#]) &;
Ly = (z px[#] - xpz[#]) &; Lz = (X py[#] - y pXx[#]) &;
nx = ; Ny = ; Nz =

X y z .
\/x2+y2+z2 \/x2+y2+z2 \/x2+y2+z2 ’
Ox := \/x2+y2+z2 px[#] &; Qy :=\/x2+y2+z2 py[#] &;
\/x2+y2+22 pz[#] &; hx z= (ny Qz[#] - nzQy[#]) &;

Qz :=
hy := (nzQx[#] - nxQz[#]) &;
hz = (nxQy[#] - ny QX[#]) &;

Commutation [Li, ak] with a={nx,ny,nz}; n=r/|r|

LX[Nny ¥ [X, Yy, z]] -ny LX[¥[X, Yy, z]] -2aBnzy[X,Yy, z] //
Simplify

o)

Ly[nzy[X, VY, z1] -nzLy[¥[X, VY, Z]1] —iAnXy[X,Yy, z] //
Simplify

o)

Lz[nX¥[X, Y, z]1] ~-nXLz[Y¥[X, Y, z]]l-a2anyy[X,Y, 2] //
Simplify

0



Commutation [Li, ak] with a={Qx,Qy,Qz}, Q=(|r|p)

LX[Qy [¥[X, Y, z]11] -Qy [LX[¥[X, Yy, z]]] -
1ihQz [¥[X, VY, z]] // Simplify

0

Ly[Qz [¥[X, Yy, z]11] -Qz [Ly[¥[X, Yy, z]]] -
1hAQX [¥[X, Y, z]1] // Simplity

0

Lz[OX [¥[X, Y, z]]1] -OQx [Lz[¥[X, ¥y, z]]] -
1aQy [¥[X, Y, z]] // Simplify

0]
Commutation [Li, ak] with a={hx,hy,hz}, h = n X (|r|p)

Lz[hx [¥[X, Yy, z]1]1] -hx [LZ[¥[X, ¥y, Z]]] -
iahy[¥[X, VY, z]] // Simplify

0

Lx[hy [¥[X, Y, z]11] - hy [LX[¥[X, Yy, z]]] -
ihhz[y[X, Yy, z]] // Simplify



Ly[hz [¢¥[X, Yy, z]]1] -hz [LYy[¥[X, Yy, z]]] -
1hhx[¢¥[X, Yy, z]1] // Simplify

0]
Commutation [Li, ak] with a={px,py, pz},

LX[py[ ¥[X, Yy, z]11] - py [LX[¥[X, Yy, Z]1] -
1hpz[¥[X,Y,z]] // Simplify

0

Ly[pz[¥[X, Yy, z11] - pz [LYy[¥[X, Yy, z]]] -
1hpx [¥[X, Y, z]] 7/ Simplify

0

Lz[px[ ¥ [X, Yy, z]11] - px [Lz[¥[X, ¥y, z]]1] -
ihpy[¢¥[X, VY, z]1] // Simplify /7 FullSimplify



Commutation [Li, ak] with a={x,y,z},

LX[Y ¥ [X, Y, zZ]1] -y LX[¥[X, Yy, z]] -2hz ¥[X,y, z] //
Simplify

0

Ly[z¥[X, VY, z]1] -z LY[¥I[X, Y, z]] -iaX ¥[X,Y, z] //
Simplify

0

Lz[X¥[X, VY, 2z]] -X Lz[y[X, VY, z]] -1hy ¥[X,Y, 2] //
Simplify

0

(éi)jk = _ihgijk
[I:iaé-k] =ih&yd = _§iék

L&, —4L =ihe, 8 =-S4,

jié‘k = ([I +§i)é-k = é‘kli

Cartesian spin one operator
(Kelly)



0 -a, a
é-a:aX§X+ay§y+az§z=ih a, 0 -a,
-a, &, 0
0 -a a |k -a,F, +a,F,
(S-a)F =in| a, 0 -a |F, |=if-aF +aF |=itaxF
-a, a, 0 \F, -a,F +a,F,

or

(S-a)F =iraxF
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WAl =(w[RARw) = X Ry(w|Alw).

]

cosd -—sind 0 cosd sind O
R, =|sind cosd® 0], R'j=|—sin@ cosd 0

0 0 1 0 0 1

Rlr)=|%r) (9rr[=(r|R*

F§+|r>=“}{“r> <r|F§:<9{“r‘

Infinitesimal transformation:

ﬁ|r> :|2Rr> :|Xcos:9— ysin @, xsin 6 + ycos6> =|X—6y,6‘X+ y)

R|r) = ‘iR“r> =|xcos@ + ysin6,~xsin @ + ycos @) = |X + &y,—ex + y)



Rly) = FAQJ'dr0|r0><r0 )
=.[dr0FA2|r0><r0|y/>
:Idr0|ERr0><r0|w

)
= Idr|r><iR‘1r‘w>

Here we use a new variable; Rr,=r.

Idr0|9%r0><r0 )= Idr|r><i)%’1r‘w>

since

dro — Mdr =dr
o(X,Y,2)

where the Jacobian

004 Yor2) _,
3(4,Y,2)

For the infinitesimal rotation, we get
) = [t )

.
e = Jar ) 0

Evaluation of <W|§+A §| 1//>



(R ARl )= Jar o el oA ) o el
= [Jar (st vy (9t r|y)(r(Alr)
_ J'J'dr'dr<ir{‘1r"z//>*<9{‘lr‘W>A(r)5(r )
= Jdr(®rfy) (%7 |w) A D
= Jdr{r[y) (rlw)A @)
= [arl(rly ) A

and

wlAlv) = [ferdr ly Al
= [ [ drdr(y[r)A ()(r|r)(r|w)
= [[drdr'(y |r)A (S - r)(r|w)
= [dr(y|r)A (r)(r|w)
_ IdrAj(r)Krhz/)‘2

Then we have
Ai (Rr) = ERij Aj (r)
or

A(r) =R AR T)

U |

Infinitesimal rotation



AN = AR ) —A RT)
= A (X+&y,—eX+Y,2) — A (X + &Y,—eX + ¥, 7)

_ o _, 0
_&(Xayaz)"i'g(yax Xay)p‘x(xayaz)
A . 2) ey LKA (6.2
_ o_,0

- Ax(xa y,Z)+ g(yax Xay)Ax(X’ y,Z)
A (X, y,z)+e<y§—xa%)Ay(x, y.2)]

0 0
~ A((Xa Y, Z) + g(y&_ XE)A‘X(Xa Y, Z) - é‘Ay(X, Y, Z)

Similarly,

A(r)=eA R+ A ®RT)
= eA(X+&y,—eX+Y,2) + A (X+ &Y,—ex + Y, Z)
= A (X, Y,2) +

FA (X y,z)+e(y§—x%m<x, y.2)]

0 0
~ Ay(X, y,Z) + g(y&_ Xa_y)Ay(X: y,Z)+ gAx(X: y,Z)

A1) = A (X+ g.—ex+Y.2)
A, y,z>+a(y§—x%m(x, y.2)

A<(r) 5 P 0 -1 0 A<(X,y,Z)
A |=[re(yZ =X )+ 10 0l Alxy.2)

A(r) 00 0J{AXY.2)
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