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Here we discuss the Hermitian operator for photon polarization. These operators are derived from

the projection operators. These operators are closely related to the Pauli matrices for spin 1/2 electron.
The rotation operator for the photon polarization will be also discussed.

1. Basis {|x), |y)}

(1) Horizontal state | X>

Xy =) =|H) = @ 110+ 0]y): (horizontal state)

(i1) Vertical state | y>

| y> = ‘T> = |V> = (l)j = 0| X> + 1| y) (vertical state)

BIy) =)y} =1)

A A A 1 0 : : A
X,=R-F :(0 _1] (corresponding to the Pauli matrix &,)
20=10. ly)=-y)

The commutation relation:



[P.P,]=0
since
PP, =|x)}{x[y}y|=0. PP, =|y)y[x)x|=0

The kets |X> and |y> are compatible. We note that |X> and |y> are orthogonal and form the complete

set of basis.

<X| y> =0, |X><x| + | y><y| =1 (Closure relation, Completeness)

Thus |X> and |y> are the eigenkets of the matrix f)z with the eigenvalues +1, and -1, respectively. iz

can be expressed by

20 = 2,0+ y)yD = x)x|=|y)y]
Measurement Eigenvalue (+1)
- | X>
>
— 2.,
- |y>
Eigenvalue (-1)

Fig. Measurement of iz = FA’X - If’y. ﬁz|x>:|x>. f]z|y>:—| y>. The state |1,//> is the superposition
0f|x> and |y>

2. Basis{|6),]0,)}
(i)  Basis |0)
We define the basis by

|e>:("f’s‘9}cose|x>+sine| )

sin@



The projection operator is defined by

R, =[0)]
cos@ )
= ( _ j(cos 0 sind)
sin @

sinfcosf  sin’@

11 0} 1(cos(20) sin(20)
“2l0 1) 2lsin20) - cos(20)
1~ 1

:EIZ +529

_ ( cos’@  sinfcos Hj

Rlo)=(6]0)|0)=0)
where

0=

S cos(260)  sin(26)
sin(28) —cos(20)

(i)  Basis|6,)
We define |9¢> as

10.)=

0+ %> = (_ Sinjj = —sin 9| X> +cos 6’| Y>
cos

The projection operator is



Po =10.)0.|

= [_ - HJ(— sin@ cosf)

cosd

_( sin’ @ —sin&cos@]

—sinfcosf cos’ @
11 0} 1fcos(20) sin(20)
210 1) 2(sin(20) -cos(26)
1~ 12
zzlz_EZH

cos@

<‘9|‘9¢> =(cos@ sin 9{_ sin 6) =0.

Ag + F’S‘g L= i (Closure relation, completeness)
Rl6.)=lo)ole.) =0, F.]6)=[6.)6,]6)=0.

The commutation relation;

0 sin @ cos & 1 0 sin 20
[P,,P,, 1= 0

— sin@cosf 0 _5 — sin 26 0

We also get the Hermitian operator 3 o as follows.

. 5 _p cos(260)  sin(26)
sin(20) —cos(26) )

29: o ToL —

Then we have
i67|9> = (Isa - IS&U_)|0> :|9> > 26|0L> = (Isg - ISHJ_)|9> = _|01_>

Note that |9> and |9¢> are orthogonal and form the complete set of basis;

9> and |6?L> are the

eigenkets of 2 , with the eigenvalues +1 and -1, respectively.

29 :29(

0)0+[0 L)(0 L) =|0)0]|-[0.)¢.]
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We note that

A

4

0> _(cos(20)  sin(20) \cosf) (cos(20)cosO+sin(20)sinf) (cosf) |9>
B sin(20) —cos(20) )\ sind B sin(28)cos @ —cos(20)sin “sing)

319 >_ cos(26) sin(20) | —sin@)| (—cos(20)sind+sin(20)cosf) ( sinfd | |0 >
oL sin(26) —cos(20) )\ cos@ - —sin(260)sin & — cos(26) cos l-coso) T

Measurement Eigenvalue (+1)

| 6>

>

— ZQ

»|6,>
Eigenvalue (-1)

Fig. Measurement of f)9=|<9><6’|—|6[><<9L

2,00.)=-6.).

, where |9n>:|6ﬁ> for convenience. ig|0>=|9> .

((Note))

Using the Pauli matrices, & , can be expressed as
3, =cos(20)6, +sin(20)6, =6 -n

where n = (sin(26),0,cos(26)) . We note that

cosd —siné . \
_ _ - —n)= = —sin 6| X) + cos 0
|+ n) sin@] cosd|x) +sind]y), n> [ cos 0 ] s | X) + Cos ‘Y>
. 7 Vs
3. Basis { Z>’ _Z>}

We define the ket vectors as



and

>

/4

ZVNE
4/\4
A T T
S

Then we have

A A 1 0
P a+P = INE |- Z) -2 = (Closure relation, completeness)
4/\4 4 41 10 1
The Hermitian operator is defined by
A B 0 1 : . A
D = 1 g (corresponding to the Pauli matrix &, )

Then we have

A

Z:)(

T A A
Z> = (Pﬂ'/4 - P—/Z'/4)

72- p—
z>—(

ik




M>

>

7[ A A
_Z> = (P;r/4 - I:)7”/4)

-

—%> are orthonogonal and form the complete set of basis;

Note that %> and

£> and
4

—£> are the
4

eigenkets of ﬁx with the eigenvalues +1 and -1, respectively.

Thus %> and —%> are the eigenkets of f)x with the eigenvalues +1, and -1, respectively.
Measurement Eigenvalue (+1)
- |1T/4>
>
— 2
- |- 7T/4>
Eigenvalue (-1)
Fig. Measurementof £ =P_, P .. ix|7z/4> =|7z/4>. ix|—7z/4>: —|—;7z/4>

4. The basis {| R> and |L>}
(1) Right- hand circularly polarized photon (clockwise)

[R)=alx)+Aly)

where ¢ and f are complex numbers,

=t ()t

We choose

Then we have



R) =) +ily)

(i1) Left-hand circularly polarized photon (counter clockwise)
Similarly we get

1 .
L= 003}
We note that
<R| L> = %(l — i{_li] =0 (orthogonal)

((Example)) The RHC (right-hand circularly polarized light) passes the polarizer with angle 6.

——] Polarizer @ -

Probability of finding the system in the state |9> ;
P =[l0IRS =
2
since

(8|R) =—=(cos® sin@{ﬂ:%em.

-



It should be noted that this probability Py is independent of 6.

We define the projection operator:

Note that
RIR) =[R). RIL)=|L)
and

A

P, + FA’L =1 (Closure relation, completeness)

We define the matrix

- s o (0 =i

X, =R-P = (i 0 J (corresponding to the Pauli matrix &)
with

=1

Then we have

2,R)= (B =P)IR) =[R). Z

Note that |R> and |L> are orthogonal and form the complete set of basis;

R> and |L> are the eigenkets

of ﬁy with the eigenvalues +1 and -1, respectively. Thus |R> and |L> are the eigenkets of iy with the

A

eigenvalues +1 and -1, respectively. We use 3 instead of 3, because of the similarity with the Pauli

y
matrix 6'y



2, =, (RYRI+LYLD = [RYR|=|L)(L.

Measurement Eigenvalue (+1)

»|R>

— zy

» |L>
Eigenvalue (- 1)

Fig. Measurement of fly. iy|R>=|R>. iy|L>=—| L>

5. Rotation operator

We now consider the rotation operator defined by exp(—iiyé?)
exp(—iZ,0)R)=e"|R),  exp(-iZ 0)L)=e"|L)
since
exp(-iZ,0) =1+ l(—i 0%, + l(-i 0)’s,? +l(—i9)32y3 + l(—i 0)'S," +...
I 2! 3! 4!

IR PP (R (DRSS [
_1+ﬁ( |0)Zy+2!( i6) 1+3!( i6) Zy+4!( 10)"1+...

=1cos@— iiysinﬁ
B cos@ —sind
~sin@ cos@

This rotation operator can be also derived in a different way.
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exp(—iZ,0) = exp(—iZ, O)[|R)(R|+|L)(L]]
=eR)(R| +e”|L)L|

(1 =i . i
:le—lg . I +leh9 1 I
2 1 2 -1 1
_[cos 6 -—siné
“|sin@  cos®
The rotation operator §(6’) is defined by

=lcos@—isink ,

A cosfd -—sinf) -
S(H)z( ]

sinfd cosd
Note that
S@|R)=e|R), S(O)|L)=¢€"|L)

|R> is the eigenket of §(9) with the eigenvalue e’ and |L> is the eigenket of §(0) with the

eigenvalue €'’ . Since the eigenket of §(0) is the same as that of f)y , we have
§(¢9)| R) = (1cos@—i sin@%,)|R) = (cos@ —isin)|R) =e’|R)
S(@)|L)=(lcos@—isinéE,)|L)=(cosO+ising)|L) =€"|L)

If we apply the rotation operator exp(—iiyﬁ) to the ket vectors of the {| X> and | y> } basis, we get the
rotated vectors |0> and |9¢> .

S(0)|x)=(lcos@—isinéE,)|x)=cosd|x)+sind|y)=|6)
S(0)|y)=(lcos@—isinéE,)|y)=—sind|x) +cosd|y)=|6, )
since
2,9 =), Z,ly)=-ix).
We also note that
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R,)=S(O)R)
=%é(9)[|x>+i|y>]
=%[|¢9>+i|9l>]

= L[(:os 9| X> +sin 9| y)] + iL[—Sin 49| X> +COos 49| Y>] =

-8 ~1ly)

-lo)-i0.)

N5 5
= %(cos&— i sin0)| X>+ i%(cos&— i sin9)| y>
= e ) +ily)

e [R)
L) =S@)L)
1

- %[cos 6|x)+sin ] y)] i %[— sin 6 X) +cos 6] y)]
:%(cosﬁ+ [ sin9)| x> - i%(cos0+ [ sin9)| y>
- X)=iy)

~e“|L)

Thus the ket vectors |R€> and |L5> differ from |R> and |L> by a phase factor only and they represent

the same physical states.

6. Summary
In summary we show a list of basis which is based on the basis {|X> and |y> 3.

T 1

o3[t
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0 =—%>=%[_1 J =%<|X>-Iy>>a (-45°)

LAV N (ot NN PR o
o= (-
|R>=L2(|x>+i|y>), (RHC photon)
|L>=%(| X)—i]y)) . (LHC photon)

The rotation operator is given by

:lcose—isinﬁiy.

R cos@ —sinf) -
8(9):{ ]

sind cosd
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